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1961 BECTHHK JIEHHHTPANCKOFO YHHBEPCHTETA Ne 7 


MATEMATHKA 


A. Jl. AnekcaHipos 


OJIHO YCJIOBHE PABEHCTBA 3AMKHYTDIX BbIIYKJIbIX 
“  MOBEPXHOCTEHM 


PacCMOTpHM 3a€MKHYTHIC BbINYKAbIe MOBeEPXHOCTH B M-Me€PHOM CBKJIH- 
LOBOM IIpOcTpaHCTBe H Ha30BeM HX TIPOCTO NOBePXHOCTAMH. | 

Ilyctp fp(S, N) o603Hayaer 21eMeHTapHO-cuMMeTpHuecKyl0 (pyHK- 
tW1I0 R-of CreneHH OT Y/aBHbIX paHYCOB KPHBH3HbI moBepxHocTtu S 
3 TOUKE C BHeMHeH HOpMabio N. Masecruo [1], sro ecu y ABYX Bax Dbl 
wupdepenwupyembix nmopepxuocreh S’, S” npn Kakom-1u60 k, 1<k<n, 
ip (S’, N)=fp(S”, N) aaa, Bcex N, TO nopepxHocru S’, S” papun u 
lapaIeibHO pacnomoxenbl. TIpop. C. C. UepxH o6parua moe BHUuMaHue 
ja caefyroulyro Teopemy |[4]. 

Ecau aaa apyx mopepxuoctrel S’, S” (qBax ab HeMpepEBHO Andde- 
JEHIMPYEMBIX HW CO BCIOLY NOMOMKHTESHOH KPMBH3HOH) WA Kakoro-H60 
aHHOorO k, 1 <k<n—1, wu gan Bcex N 


Prat (S N) <Faai (SN), fy(S, ND > f,(S", N), (1) 


ro mopepxHoctn S’, S” paBHbl HW NapasiembHO pacno70*Keubl. 

Mbl 2OKaxKeM 3eCb OOee CHJIbHYIO TEOPEMY, OKAa3bIBaIOLWLYIOCA NOYTH 
{EMOCPEMCTBEHHbIM CJI@ACTBHEM HEKOTOPHIX Pe3YAbTaTOB, MOLY 4eHHBIX 
=| 1). 

: Ilycth Fpe(S, M) o3nauaet k-yto PyHkKuMO KpHBH3HbI MOBepxHocrn S, 
<OTOpad ABAAeTCA PyHKuNeH MHOKeCTBa Ha eAnHHYHOH c*epe F, tak To 
M—muHoxkecTBO HOpMawei K ONOPHHIM Mu10cKocTaM S uM, YTO paBHOCHAbHO, 
OOTBETCTBYOMLeEe MHOXKeCTBO TOVeK Ha eHHHYHOH ccdepe EL. Onpexe- 
leHHe Tako yHKWHUM ZaHO B padote [2]. Ecau S ppaxazp Aupdepen- 
Iupyema, To Fp(S, M) ecrb mwurerpan or fp(S, N) no MHoxectsy M, 
[@e@HHbIA Ha 4YHCTO COueTaHHA Cy_1. 

Bpejem eure OO03HaueHHe: 


Fp(S, E)=Fe(S), 1<k<a,, (2) 

r, €. 9TO CCTb COOTBETCTBYIOUIaA MHTerpaibHad KpuBH3Ha BCeH MOBepx- 

iocru S, B uacrHocTu F,y-1(S)—ee mromagts. Kpome toro, nog Fr(S) 

SyMEM NOApasyMeBaTb YMHOXeHHBIM Ha M OObEM TeAa, OrpaHHyeHHOrO 

1oBepxHocThio S. . ’ 

3ametum [2], uro ecan A(N)—onopHaa cynKuua nosepxuocmn S, 
33TAA JIA CAHHAYHBIX BeKTOpOB N, TO 


“Fras (S)= J (N) Fy (S;' dM). (3) 
Pe 


Teopema. Ecau dan deyx nosepxuocmei S’, S” dan KaKo20-Au60 


OaHnHOoz20 kh, 1\<R<|A, - 
Fy i (Sa) ree 5) . aaa (4) 


6 A, I], Aaekcaxopos 


u OnA BcaKOz0* MCE 
F, (S|, M).> Fe(S] My); (5) 


mo nosepxnocmu S’, S" pasnsi u napannenbno pacnonoscenst. (HuKa- 
KHX TpeOoBaHHi peryapHoctu Ha S’, S” He HamaraeTca. OueBHaHO, 4TO 
yKa3aHHa# Bplme Teopema C. C. Uepxa cogepxuTcA B AaHHOd.) 

Jlokasateapcrso. Ilycth #’(N)—onopnaa PyHKUHA MNOBEPXHO- 
cru S’. YMuoxwaa (5) Ha A’(N), unterpupya no E u moapsysacb (3), m0- 
JYUHM, 4TO 


Fas (S’) > VA (N) Fe (8, aM), ee 
ih 
TaK 4TO BCAeAcTBHe (4) Tem Oomee : 
Fes (S’) > | h! (N) Fy (S", dM). (7) 
Ee 


H3 Hepapeucts (6), (7) caenyer, uTo 


1 ke 
ye (S vibe Fest sy.) > | w (N) Fe (Sm dM). (8) 
18 


Ho, cormacHo Teopeme, oka3aHHOH B padoTe [1], 41a wNOObIX ABYX 
nopepxHoctei S’, S” pceraa uMeeT MeCTO OGpaTHOe HepaBeHCTBO, KpoMe 
Toro cy4ad, KOrZa NOBeEPXHOCTH TOMOTeETHYHbI H HMeeT MECTO PaBeHCTBO. 

Takum o6pa30M, H3 (8) caenyetT,- YTO NOBEPXHOCTH FOMOTeTHUHEL. 
A torga “3 (4) u (5) o4veBHAHO, YTO OHH K TOMY Ke paBHbl, H TeOpema 
WOKa3ana. 
 Sameuanne. Teopema O HepapeHctBe, OOpaTHoM (8), Ha KOTOpy!O 
MBI COCMaIHCb, He CPopMyHpoBaHa B [1] aABHO (OHA COMEPXKUTCA B pPa- 
6ore [I], § 7, reopema II B coequHeHun c BEIBORaMH § 4). 

Ho MO#xKHO paccyxKaTb HECKOMbKO HHaye. CoulemMca Ha TO, 4TO 
uMeeT MeCTO HepaBeHcTBO, OOpaTHoe (8), C MOMyUeHHeM paBeHCTBAa 
(cm. [1], § 4, dopmyaa (18)). Sto BMecre c (8) npHBogquT kK TOMY, 4TO 
B (8) uMeeT mecTo papencTBo. A Torfa H3 BHIBO,a PopMyupi (8) ACHO, 
YTO PaBeHCTBO JOMKHO ObITb TaK#KE B (5), T. e. TO A-bIe PYHKUHH KPH- 
BH3HbI NWoBepxHocteli S’, S” paBHbl. Orcioga, BCAeACTBHE TeOPeMBI O pa- 
BEHCTBE H Mapa/ebHOCTH MOBEPXHOCTeH C paBHBIMH MYHKILHAMH KDPH- 
BH3HbI ([1], § 7, Teopema I), noayyaem, uto S’, S” papubl nu napai1erbHO 
pacnoox*KeHBl. 

O6o6menne. [lycth F,,...,; Ea-1— 1paxKaH HeENpepHIBHO H®- 
cbepeHWHpyeMble 3aMKHYTHIE MOBEPXHOCTH CO BCWAY NOOKHTeADHON 
KpHEH3HOH. Ilycrb Fe(S, M) osnayaet k-yto OTHOCHTeABHYIO (PYHKUA 


KPHBHSHbE TOBepxHocTH S, T. e. 
Fe(SyM) =F (S)AOVS CE ir eae) mC) 
k . 


Onpenerenue cm. B [2], 1<k<a. B uacrnoctu, ecan sce E, aBaaiorca 


€HHHYHBIMH Cibepamu, to F,(S, M) okas3pipaetca R-oi dyHKuMe KpH- 
BH3HbI B Mpe2%KHeM CMbICe. ; 


Tlonuman F,(S, M) 8B yKa3aHHOM CMBICIe H OOO3Ha4aA, KaK npexze, / 
onopHyl0 d@yHkuHIo nOBepxHocTu S, NOAOKHM Ob ae), age 


Fess(S) = J 0(N) Fe (S, dM), Go 
J | 


. 


* Hmetorca B BUHAY OopeneBckHe MHOKECTBA. 


OHO ycnOBHe paBeHCTBa 3aMKHYTHIX BbINTYKAbIX MOBepXHOcTell 7 


Torga, ecau noxumamb Fp(S, M) u Frii(S) 6 yKa3QHHOM CMBCAe, MO 
OOKA3QHHAA bBHLILE MeOopeMa COXpanAem cuAY. 

IIpH Takom o606ujeHuu Hamel TEOPeMbI JOKa3aTebCTBO ee OCTaeTCH 
MPp@2XHHM; HY%KHO JIMIMb BMeECTO BHIBOJOB padorTsl [1] Bocnob30BaTBCA CO- 
OTBETCTBYIOWMM HX OOOOMEHHeM, NOy4eHHHIM B [3]. 

SaMeTHM B 3aKIOUeHHE, ITO, NOKaTyH, Tyume POpMy.MpOBaTb Hally 
Teopemy A ee OOOOMeHHE ClEAYIOUIMM OOpa3som: 

Ecau 0AA Abyx 3aMKKHYMBX BELnyKAUX nosepxHocmei S’, S” npu 
“KAKOM-AUO0 OaHHOM k, 1<k <n, 01K ecex M F,(S’, M) > Fp(S’, M), 
mo Frs1(S’) > Fryi(S”) u Feat (S’) = Fesi(S”) mozda u morvxo mo2da, 
KO20a nosepxHocmu pasHbl U napaAAeAsHO pacnoroncenol, 

Ec BMeCTO TIOBEPXHOCTef TOBOPHTb O BHIMYKABIX Tenax, TO MaH- 


Had TeOPeMa BepHa TaKXKEe IA BbIPOXHKTaloulHXCA, HO He MeHee, 4yem (k+1)- 
M@PHBIX BBINYKJIbIX Te. 


Summary 


Let F,(S, M) denote the &-th function of curvature (&-th area fun- 
ction) of a convex surface in n-dimensional Euclidean space, M being 
a set on the unit sphere E. Let F,(S) =F, (S, £), 1<k=< 7, and F,,(S) 
be the volume bounded by S. 

Theorem. Let for two closed convex surfaces S’, S” for a fixed R, 
l1<k<a, and for every M F,(S’, M) >F,(S”, M). Then Fei (S’) > 
> Fri (S”), and Fra41(S’) = Fri1(S”) if, and only if, one of the surfaces 
S’, S” can be carried into the other by a translation. 

Generalization. Let £,,..., En-1 be closed convex surfaces of class 
'C? with everywhere positive curvature. Let, for an arbitrary convex sur- 
‘face S, F,(S, M) be its k-th relative function of curvature: 


FRS, Mya FAS saa, S, Boos, | oa as M) 
and, A being the supporting function of S, 


Fess (S) = J h(N) Fe (S, 4M). 
E 


If we understand Fp(S, M), Fx+1(S) in this generalized sense, our theorem 
- rémains valid. 

The proof of the theorem and its generalization is based upon the 
results got in [1—3]. | 


JIATEPATYPA 
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B. A. Anapeesa, H. A. JleGezes, A. B. Crop6y 


OB OBJACTAX 3HAYEHMM HEKOTOPbIX CHCTEM 
®YHKUMOHAJIOB B HEKOTOPbIX KJIACCAX. 
PEPYJIAPHbIX. PYHKUMM. 


Ilycrh M (a, b)—Knacc dynKunlt p(t), a<t<b, ne yOpBaIoWNx Ha 
mpomexytKe [a, 6]; M, (a, 6), A>O—nogKaacc PyuKuni p (t)EM (a, dD) 
HM YMOBIeETBOpAIOWAX ycaroBulo: p(b)—p(a)=—2A; C—kaacc byHKunt 


f(z) =o 4 Sor Cy > 0, peryaspHnix B.Kpyre!|}z|<1 u ygoBaerTBO- | 
y=1 | 

paloulux B Hem ycoBuio Re f(z)>0; Cy —xKaacc hyuKuni f(z)E Cu | 

yAOBIeTBOpAIOWWHX ycaoBHio f(0)=A, ASO. M3pectuo, To Kaacc C 

TIpeAcTaBUM HHTerpasom CruaTpeca: 

eff 4. 

Hem 


fe=z |G, eOEM(—s, 5) (1) 


B TOM CMBICIe, YTO WIA KakDOH dyHKunn f(z)EC uatgzerca hbynKnua 
» (€)@ M (—7z, =) Takaa, 4TO Oy eT HMETH MeCTO chopmy.ta (1), H, OOpaTHo,. 
Kakylo Ob dyHKyHo p(t)@M(—7z, =) nu B3aTb, PopMy.a (1) onpezenser 
HekKoTopylo dynxunw f(z)E@C. Kaacc C, mpenzcrapum dopmyaon (1). 
cp(Q)EM.(—7, x). | 

O6osHauuM yepes C(t), O<t< 7, Knacc yHKUNA, npeAcTaBHMBIX 
HHTerpasioM CTHuaTbeca 


tT 


fa=z (Grid, »OEM(—s, 9. _) 


—t 


Ilycrp C, (t)— Kaace pynkunit f(z)EC(t), yaosrerBopsiomnx yCOBHIO- 
Fae); NS 0: 

- M. JI. Monactnipcxni [1], onupascn na pesyaptatn H. MW. Axnesepa 
uM. I. Kpefina [2], pemmua 3aqauy 0 nHaxouKeHHH HeOOXOMHMBIX H JO- 
CTaTOUHBIX YCIOBMH CylmecTBOBaHua dyHKuHN f(z) Kaacca C, umeromen 


n—\ 
HayaJOM pa3ioxKeHHa B pA MaksopeHa 3a2aHHbIit 10JIHHOM a +S Oar | 
2) sa 
yv=1 
Cy > 0, H mpHHuMaiomel B WaHHOH TOUKe Z) #0 uz xpyra|z|<1 manHoe 
3Hauenve W. Ananorm4unyw 3anayy M. JI. MonacrsipcKnit pemua B Kvac- 
ce Cs), 0 rm 
Cueqya yka3aHHbim paooram [1] u [2], B Hacrosme pa6ore mocta- 
BJICHBI H PeWeHb! 34a, WA KOTOPHIX CPOPMYJIMPOBAaHHble BbIMNIe 3ala4H 
M. Jl, MonacriipcKoro sBAMIOTCH YaCTHBIMH Cayyaamu. Kpome Toro, 
B paOoTe abl HEKOTOPble NMPHIOKCHHA WOKA3ZaHHHIX TeEOPeM. 


O6 o6sacTAxX 3HaueHHii HeKOTOPHIX cHcTeM yHKUNOHATOB 9 


Jlia jatbnetmero mpercrapisetca yROOHBIM BBecTH KaaccEr OC, Ht 


CG.) byxKunii f(z), mpexcrapumMplx coorTBercTBeHHo HHTerpadaMu 
Cruarpeca, 


f= laa), w(NEM(-5, 9) (3) 
a * i . 
fA= \F—HO, #OEM(-+ 9. (4) 


0 


AcHO, uTO ecu, Hanpumep, f(z) E Ca, To ~ (f (z)—A) EC, u, ecru f(z) EG, 


To A+2f(z)EC,.. (§ 1 apropamu uanucaH coBpmectHo, § 2 nu 3— 
H. A. Jle6enesum.) 


§ 1 
1°. 3anaua. Ilycth 2)=0, 22, R=1, 2,..., m, — pasanunpie To4U-- 
KH H3 OOnacTH O<|Z|<1 (To¥Ka Z =O MoxeT OTCYTCTBOBATH); ap, 
k=0, 1,..., m, —3afaHHble HaTypabuBe uncia u we), k=O, 1,..., m, 
y= 1, 2,..., %, — 3aNaHHBIe 4HCHa. 


Tpe6yetca HaHtw HeEOOXOUMbIe H MOCTATOUHbIe YCAOBMA CYINeCTBO-- 
BaHHA PYHKUMH wW—f(z)EC,u yroprerBopsioMmet yCIOBHAM 


’ 1 — 
we =—oayt Pp) the Ok hae Re ee 
OueBHAHO, YTO TaKHM HeOOXOAMMBIM UH JOCTATOUHbIM YCJOBHeM’ AB-- 
AAeTCA CymecTBOBaHHe dyHKuuH v.(t)EM(—z, 7m), Taxon, TO 
w= bere 0), 1. Recon Sy ex Canc are 
AN 
a (1,1) 


2h = 4 dy (t)=p (n) —p(— 2) = wf), 


Jia toro uToOpt uMeO MeCTO mpemctaprenue (1,1) (cm. [2], CDE 
121—126), neo6xomzuMO HM BOCTATOUHO, TOOK! WA BCAKHX UNCe 4, 4S, ,, 


fa—(, |, Mm, v=1, 2,..., Gp, TaKHX, MIA KOTOPHIX BHIMOUHHeTCA 
HePaBEHCTBO | 
t)= | Sy: Rete en Sa, 2,1): 
¢ (t) Bayo k, aay (2,1) 
k=0 yv=1 
BHIMOJHAIOCh TaKKE HEPaBeHCTBO 
m *k 
H=Re m+ SS we) > 0, (3,1): 
k=) v=l 


Py uKuHIO y(t) MO2KHO npeacraBure B Bue 
Tq (t) 

ei ee 
[] (e!* — zz) “R 


k=O 


> 0, 


10 B. A. Axdpeesa, H. A. JIebedes, A. B. Croebyn 


m 
roe 7, (¢t) — TpHroHOMeTpH4eCKHH MOAHHOM CTeMeHH He BBILe g = D> %e- 

k=0 
CormacHo Teopeme Fejer’a — Riecz’a (cm. [2], crp. 14), HeoTpunaTebHBIA 
moauHom 7,(t) monycKaetT pat 


Tq (t) = S ae |, 


v=0 


rae B, — KOMIIMeKCHbIe 4nCa. CreOBaTeIbHO, 


q 2 
eee m %p , 


9)=|—g— > |= + Dray 


] a 
| [ ] ce’ —zx) * h=0 v=1 


ik=0 


= +2Re >) SU: 


k=0 ve 


a SS Sh, vEp, A 
4 | S GED aay (4, | 


Rip=0 V=19 7=1 


1 
~ aa) Way 
Zp HE PaBHbI HY/MIO. JlerkKO BUAeTb, YTO BOSMOXKHO CAHHCTBEHHOe Pa3i0- | 
JXKeCHHeE BHa 


PaccMOTpHM BbIpaxkeHHe Be Ilyctb cHayala 2, H 


1 : 1 
(eit — zp)’ (ec #—z,Y aoe ANE 1 (eit — 24)! Bi 


j=1 


+ aE, a ee i + AME 6 
j=1 


Jlan HaxoxKqeHuA KOIpPPHUHEHTOB Are j MOAOKHM B 93TOM PpaBeHCTBe 
een: | 


ec te —— 
(u— zp)” (1 — uzp)” Pa Fe = LER, aati eae Ay’ +, 0- 
J/= 


YcrTpeMAa 30eCb W K HYIO H K ge SIS B npegeae NOAY4HM 
> : i 
a yp.k (—1) 
Ay 0=— Sane, a ey) Ae ee 
j=0 J=1 


-YMHOKAA TO KE PAaBEHCTBO Ha (“—Z,) HK 3aTeM Audpepenuupya ercé 
v¥—j pa3 no W, ph &=—Zp NOMYYHM CL 


At Pies Call Cee Zh —y+j+a, 25 | 
Ly, 7,,p—0 4 a) ee k+#0, p#0,- /+0. (5,1 k 


(1 — Zpzp)"** 


O6 o6nactax 3HayeHHit HEKOTOPBIX CHCTEM* PYHKUHOHAIOB ti 


TaKuM O6pa30M, pu 2p H Zp, HE PaBHBIX HYvI10, 


“i Sear (—1)/ | 
oa a A Set (ee = 5 az |. (6,1) 


Jlerko TakoKe NowyqdHM 


nuts al eirt as j zi Nay a 
malay = 210 aT AAO, Bitmetions D 
7=0 


Hcnoan3ya dopmyvipt (2,1), (3,1), (4,1), (6,1) u (7,1), yBugqum, 4ro 


Boe %p 
Ae na+2Re |S > d oh E, ft 3 > B BAN yO (8,1 
k=0 v=1 k,p=0 v=1 r=1 

3iecb 


v 


F Eeatlyy. 
: Ae, (2 Sa) + 
k 
i+ yA (PSP), h+0, p+0, 
| 


(9,1) 


> Czwet?, k#0, p=, 


>» Claw ri, p#0, k=0, 
j=0 
{ — wl, k=p =0, 
rae peo i ahede ompeneasioTca 10 dopmyute ( (5, Hie u ue v<0 


y )— 
cuntaem wy) > Cla z2xt, wi =2). 
j=0 
TakHM OOpa30M, Aa TOrO YTOObI HMeO MeCTO npencrasnenne (1,1), 
HeEOOXOZHMO H ocTaTOuHO, 4TOOLI spMuTOBa dopma (8,1) Opbiwia HeoTpH- 
uateibHa. Marpuny AY, dopmpt (8,1) yqo6HO 3anHcaTb B Bue 
ONOUHOH MATPHILbI 


+ vay 


AS Atal eno Omieea tm (10,1) 
rie Ao,o=|a;, »|, aj = wh; 7, v=0,1,...,%, Hw An, p=lAn Fl, v=1, 2,. 
oP —1,°2,.. 05, ecru 1n60-%, an60_ p He PaBHO HYQJI1b. Saémentis 


Av? marpuubt Ap, p ompeserniorca 10 dopmyaam (9,1). 

M3 w310%KeHHOrO BBILe H CBOHCTB 9PMHTOBEIX opm (cM. [3], cTp. 
249, 272) cneayeT Teopema. 

Teopema 1,1. //ycms z,—0, Zp, | deme Lag m, — pa3zrninole 
MOL“KU U3 ob nacmu Gal2| <1: ie,; aa jean m, Mice? Ha- 
mypancHue tucna u wy), R=0,1,..., m, v=1, 2,..., %p, — 3a0annDme 


12 B. A. Andpeeea, H. A. JIe6edee, A. B. Croe6yx 


uucna. JAX mo2z0, 4mobK cyumecmbeceana HyrKyUuA W=f(zZ)FC, ydo- ~ 
BACMBOPAIOWMAA VCAOBUAM 


1 v—1 : 
wy = cea: (Zp), = 0) 1s Magee, Vie eee ors 


HeEOOXOOUMO  OOCMAaMO4LHO, 4MOGbbL bCE 2NAbHKLE MUHOpHL Mampuye (10,1) § 
OblLAU KHEOMmpuyameAbHo. ; 

2°. PemmmM tTenepb mocTaBeHHy!lO B MyHKTe 1° 3aqauy B Kaacce 
Cy(t), OM t< a, hynKuni f(z), mpeactaBumplx opmyaon (4). 

3anaya ONATb CBOAMTCA K BO3MO%KHOCTH MpenctaBeHna (1,1) c cooT- | 
BETCTBYIOUMM H3MCHEHHEM TIpeweO0B HHTerpHpoBaHua. Takoe mpemcTaBule- « | 
Hue OymeT MMeTb MeCTO TOrJa H TOAbKO TOrfa, KOrJa H3 BHMOMHeHHA 
HepapeHcTBa (2,1) Ha mpoMexyTKe —t<f<7t caefyer HepaBencTBo (3,1) 
®yuxuna ¢(t) onaTb MOKeT ObITB npeacTaBaeHa B Bue 


(Os 


m vi 


Di a 
vga car: 


{k=0 


oe 
re 7g(t) — Tpwronomerpuyeckuh MOMHOM CTeneHM He BHIe J= ») ag, 


k=O) 
Tako, uTo 7g(t)>0 npn —t<t<v. Sror noannom (cm. [2], crp. 130) 
EOS npeacranaente 

2 q—1l 


Ty (2s 38, is + 2 (cost — cost) S) Beit 
v= 0 0 | 


BBuy He3aBHCHMOCTH KOs@PuUHeEHTOB 8, HB, ROCcTaTOUHO paccMOTPeTb. 


OTZebHO cayyan: 1) Korga Bce 6B, =0, uTO npuBegeT K ycuoBHAaM Teope- | 
mpl 1,1, H 2) korga Bce 8, =O. Bo Bropom cayuae 


g(t) = (cos t= cos ti 


k 
| m SS [2 
= (ef — 2cost + e-i) 


oa (i —2z,)" 


k=O y—1 


i 59) it 
See See 7 2 cosine SAGs ue ee 


h, p- — =1 7=1 ere ome ess 
Jlerko Buketb, 4TO 
ef—_Qcostpe fe 1 
(et — Zp)” (eo = rEg jl telly (e~# ie ZY vs 
2p — 2COSt + Zp l! 


(eit — z,)” (e-# es a (eit — zp) (aie 
Orciona u u3 (11,1), (5,1) w (7,1) cnenyet, uTo B paCCMaTPHBaeMOM CAly- 
uae He paBeHCTBO @ 1) npymer Bug 
Ik OD a 
oy OSD OE ae 0 (12,1) 


ens Get 


O6 o6sacTAX 3Hay4eHHii HeKOTOpBIX cucTeM (PyHKUMOHAaOB 13 


3 L@Cb 
x 
aR, p k, p ' in FS k, ; 
Aye = Assy -o (Zp —2cost+ a Neg Was AS sar Sh) 


Rk, 
rae Kospdpunnentn Ay’? onpeneasiorca m0 (bopmyvam (9,1). Matpuua 
SPMHTOBOH Gopmyr (12,1) umeer Bug 


eve. A*=||An, ol, ko p=0;1,... 0m (14,1) 


9 


* mill k, p | F % 
pre Ag, =| SE ear Le De cronty ane Ie Sa Oe ant, Ap. DeMeHTHI Ae 
MaTPHUbI ONpezetaiorca 10 Popmywam (13,1). Ormerum, uTo 

Ay = ww”, wy = wi —2cos wh? +o, wh — w. 


M13 M310%KeHHOPO BHILMe HM CBOMCTB 9PMUTOBLIX OPM CaemyeT Teopema. 


Feopema 2,1. {Tycms: 2)=0, Zp, R=1, 2,.+., m, —=pasaucnse 
Wowk uz obnAacmu O0<|2|< 1; a,, R=O, 1,..., m, —s3a0annwe na- 
meypansnne wcna uw), R=, 1,..., m,.v—1,.2,..., Op, — 3adan- 


Hoe uucna, JLAA moz0, umobol cyumecmeosana PyAKyun w—=f(z)EC,, 
yOOBACMBOPAIOWAA YCACBUAM 


BS ee (x1) _ 
Wh = Ose (2p). Raa Lyk. seatiyie 1. 2) aes 


HEOOXOOUMO LU OOCMAMOYXHO, 4MOObL BCE 2AABHKKLE MUHOPKL Mampuy (10,1) 
u (12,1) Oo#au neompuyamerono. 


§ 2 


Bpefem B paccmoTpenue (cM. [3], crp. 49—50) KommneKcHoe 7-Mep- 
Hoe mpoctpaucTBo Ry, 2 > 1. Ilpu stom paccTosHHe Mex Ay JIOObIMU ABYMA 
TouKaMH X)=X (x!%,..., xc) wu X, = X (x), ..., x) mpocrpanctsa Ry 
OymeM OnpeseaAaTh 1O PopMyvie 


p(X), X= > | x — AM). 
v=1 


1°. Ilyctb Ha HeKoTOpom xkaacce K dyuKun f(z) 3amqanet PyHKmHO- 
mais D,(f), k=1, 2,...,n%. OONaCThIO BHAYTEHUH CUCTEMHE 
©(f, K) dyxkunonanon ,(f), R=1, 2,..., n, Ha Klacce K Ha30BeM 
MHOMeCTBO D(f, K) ToueK X(X,,..., X,)GRy, Takux, ITO Daa Kax LOH 
TOUKH Haligetca PynKuua f(Z)EK, naa kotropor D, (f)=x,, R=1,2,..., 0. 
Ilpu stom 6yeMm ropopHtTy, 4TO TOUKe X cooTBetcTByeT pyHKunA f(Z) EK. 

hivcte 2, —0, Zp, k-—-1, Z,..., .M,.=Pasiu4nne TOUKM Ms COnacTH 
0<{z|< 1 (TouKa 2, =0 MoxeT orcyTcTBoBaTb), a, k=O, 1,..., m, — 
3afaHHble HaTypabHble uncna. Ha kaacce Cy dyuKunh f (2), mupemacraB- 


ACHHEIX PopmyasoH (3), 3amanum cuctremy P(f, Cy) PynKmHonaos 
bag 
Dye i(O) i iPo (f= KO) sa. 


1 — 
PN=—Bopl” O, Ww AN=fe)..., 


: I ois 
De eee hee cera, Cn fens. 


of” N=—or hl” ? en). (1,2) 


am — 1)! 
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: 1 a 
Kaxnok Touke X= X (wl) = X (wh,..., we,..., WR,.--; wh”) E Ro, 


g== Dap, conocrasum apmutosy d@opmy H=H(), X) (cm. (8,1)) u ee 
k=0 

matpnuy A=A(A, X) (cm. (10,1)). Tenepp reopema 1,1 mMoxeT 6bITb. 

copMy.1HpOBana Tak. 


Teopema 1,2. O6zacmb 3Ha4eHui cucmemo O (f, Cy) gynKyuona- 
m 


re J i 
N06 (1,2) Ha KAacce C ecmb MHomeCMbO Bcex moweK XERg, 7 = > om 
h=1 


MAKUX, 4MO BCE 2AABHHLE MUHOPoL Mampuyol A(h, X) HeEOmMpuyameAbHol. ; 

TakHM 2Ke CNOCOO6OM MOKHO CPopMy.npoBaTb Teopemy 2,1. 

Tlyctp touxa X€@(f, C,) u nycth Touke X coorsercrByet yHK- 
uua f(z)@Cy. Torna pbyukuun f(z), 10 npezctapaennto (3), coorBercTByeT 
HekoTopaa dyHKuna p(t)E MM), (—7z, =). B 9TOM CMb se OyAeM TOBOPHTh, 
-uTro Touke X coorsercTayeT PynKuus p(t) GM, (—7x, =). Ecan ape TouKw 
eH XxX, npHHaqaiexat MHOxecTBY © (f, Ci) WH 2THM TOUKAM COOTBET- 
cTByIoT dyHKunn f,(z) u f(z) Kaacca C, nu p(t) u p(t) Kaacce 
M,(—*, =), TO npH BcAKOoM t, O<t<1, PynHKuua p. (f) = (1 — 7) p(t) + 
+ tp, (t)@M, (— 2, =) u, crenopaterbuo, dyHKuns f; (z)=(1 — ty fy (z) + 
+f, (Z)EC. 3HaunT, TOUKa 


XS kt) X, ene Gre). 


Orcioga cuenyeT, ur0 O(f, Cy) ecTb BbIMNyKIOe MHOXKEeCTBO TOYeK Mpo- 
crpancrpa Rg. : 

OrmetuM, 4TO O6saeTh 3HaueHHA cucTemp! ®(f, C,) dyHKWMOHaTOB 
(1,2) ecrb orpaHH4eHHOe 3aMKHYTOe€ MHOXKECTBO TOUeK mpocTpaHcTBa Ro. 
OrpannyueHHoctbh MHoxecTBa ®(f, C,) erKO ZOKa3aTb C MOMOLIbIO Pop- | 


Myvibl KOUIM 21d MpOM3BOAHBIX PeryAPHOH MyHKIWMH, ONHPaACcb Ha JerKO ~ 
1 


nowyuaemylo H3 Mpenctaprzenun (3) ONeHKy PACH eres, yale |z|< 19 
aaa f(z) €C,. 3amKuytocths mHoxectBa @(f, C,), Hanpumep, caezyer ne 
Teopempbl 1,2. 

SameTuM, uTO ecan TOuKa XE@O(f, Ci), TO mpH BcAKOM 7 > O ToUKa 
tX EO(f, Cy). B CBA3H C 9THM BO3SHHKaeT 3afa4ua: nO 3aaHHOH TOUKe 
X€Rg nalitu HaumeHbulee A=), Takoe, YT0OH! XED(f, Cy). Sta 3ana- 
ya pelleHa B CeYIONLEM MYHKTEe. 

2°. Jiemma |. 28 mo2z0, 4mo6ol Hexomopax mou4uKa X ERg, 


m™m 
al - 6 ~ 

g= Diop, Oona sxympenneit mouxoi oOb62acmu 3HareHuit cucmemot % 
k=) 


D(f, Cy) SyrKyuonazoes (1,2), neoOxodumo u Oocmamo4no, 4mo6et ) 
opmumosa gopma H(i, X) Oza nozowcumeAbHO OnpedeneHHot. | 

Joka3saTeabcersBo. Jloctatounocts. Ecan spmutosa dopma H(i, X) | 
ABIACTCA MOMOKUTEBHO ONpenemeHHOn (cm. [3], crp. 248, 272), To sce 4 
raBHble MMHOPbl ee MaTpHItbl A (A, AX’) MOAOKUTeAbHEI. Temepb ACHO, 4TO | 
ecam X’ — IIpOM3BOJbHad TOUKA H3 LOCTATOYHO MasOH OKPeCTHOCTH TOU- | 
Ku X, TO BCe YaBHble MHHOPb! MaTpuubt A (A, X’) nomOxKuTeAbHEL U, 1 
clmefopaTeabHO, TOUKa X’EO(f, CQ). . 


Heo6xogumocts. Tlyctb tTouka XEO(f, C)) wu nyctp TouKe X { 


coorBercTBylor pyHkuna f(z)EC, u uw (t)@M,(—x, =). 3ametum teneps, | 
4TO, YMHOMKaA TpaBylo -yacTb HepaBexcTsa (4,1) Ha dp({t) u unrerpupya | 
B mpelewax OT —® 10 7, NOAYYHM SpMHTOByIo dopmy H(h, X) (cpaBun- § 


O6 o6macTAX 3HayeHHii HeEKOTOpBIX CHcCTeM (PYHKUHOHAJIOB 1> 
a 


Te (2,1) c (3,1) u (4,1) c (8,1)). Orcioma cieqyeT, 4TO eCAH TOUKE 
X€®@(f, C.) coorgerctayer xora 6H Ona bynKuna p(t)E My (— 7, 7), 
KOTOPad HE ABJIACTCA KYCOUYHO-NOCTOAHHOH (cTyNeHYaTOH), TO 3PMHTOBA 
dpopma TLS Xs) ABIACTCA NOJOKATeIBHO OMpemereHHOH (u TOUKa, X — 
BHYTpeHHad TOUKa D(f, C))). 

Hayag KoopaHHat O=O(0, 0,..., OVER, H ABIACTCA BHYTPeHHeH™ 
ToOuKOl MHOxKeCTBa ®(f, C,), u6o rouxe O coorsetctsyer, HalpuMep, 
yxkuna fo(z)=0, Koropoii coorsercrayer dynKuna yp, (t)= Ls te 
€™M)(—7, =), He ABAAIOMaACA KYCOUHO-NOCTOAHHON. 

Ilyctb Tenepp X —npou3poibHad BHYTPeHHAA TOUKA MHOXKeCTBa 
®(f, C), ormmuHaa ot rouxkn O. Ha ayue, BHxomamem u3 touku O u 
MpOXOJAWLeM Yepes TOUKY X, BOSbMEM MPpOH3BOuIbHy!0 TOUKY X,E® (f, Cy) 
Takyt0, uTo p(O, X,) >p(O, X). Acuo, aro waligerca uncao t, O<t <1, 
Takoe, uTO X = (1 —7t)O++X,. Tyctp touxe X, coorsercrsywr jyHK- 
mun f; (Z)E Ci up, (EM, (—z, =). Baegem dbyuxumio p (t) = (1 —*) uy (+ 
+ tH (2)€ Ma (—%, x). To bynkuun p(t) m0 popmyuse (1) nocrpoum @yHK- 
muito f(z) (= tf; (z)). Scuo, uto f(z) GC, uw rouxe X coorsercrsy1ot PyHKUAH 
f(z) w p(t). Tak Kak dvuKuua p(t) He aBAMeTCA KyYCOUHO-NOCTOAHHOH, 


TO apMuToBa dbopma /7/(A, X) saBIAeTCH NOMOHKUTeEABHO OnpemeeHHON. 
JlemMMa 2OKa3aua. 


CuenactBue 1. Touka O=O(0, ..., 0)ER, — BHyTpennaa TOUKa 
MHOxecTBa D(f, C,). 

Caenactsue 2. Jina toro, wro6n Touka XE@(f, Ci) Gnwia rpa- 
HM UHOH TOUKOH MHOxeCcTBa ® (f, Cy), HEOOXOAMMO M fOCTaTOUHO, 4TOOH 
A(A, X)|=0. 
| JIemma 2. Kascdoti epanusnou mouxe X o6nacmu 3Ha4eHuit cu- 
icmemu O(f, Cy) SyxKyuonaros (1,2) coomeemcmeyem moAbKo odHa 
@yrxyun R, (z) EC, u ona umeem 6ud 


q 
y 
Ry (z) € Nan , (2,2) 
e S74 
y=1 
q m 

Wed, >0, w= DW, gq= Do, HEC 2, tl, Ht, npu vek;y, k= 
: v=1 K=0 


eM 2, <s,«5. G 

Tlokasateapcrso. Ilyctp X=X (wl) — rpannyHasd TOUKa MHOKe- 
ctpa ©(f, Ci). U3 noKasaTeapctBa aemMbI 1 caenyetT, YTO TOUKe X cooT- 
BETCTBYIOT TOJbKO TAaKMe KYCOUHO-NOCTOAHHbIe PyHkunH p(t) E My (—=, wT), 
KOTOPEI€ HME€IOT TOUKH pa3pbiBa TOAbKO MpH TaKMX 3HayeHMAX 7, IPH 
KoTOpHIx dbyHKuua p(t) (cm. (4,1)) OOpamlaeTca B HYJIb MpH HEKOTOPHIXx 
3HAYeHHAX 8,, HE PaBHBIX’ ONHOBPCMeCHHO HyJIO. CeOBaTeABHO, KaxKlaAa 


mm 
‘5 ay 
c HE MOKECT HMe€Tb OObUIE WEM Y= LQ A 
dyukunsa p(t) v3 Takux PyHkKunH q Sy 


ITOUeK paspbipa Ha MpoMexyTKe —T<E<T. Ilyctb {49 (¢) — kakaa-n60 
ibyHKmus, cooTpercraytoujaa Touke X. Hazem 3nayenns 8,, He paBHble 
OMHOBPEMEHHO HYVII0O, TaKHe, TOOL MPH STHX 3HAYCHHAX dynkuna o(C) 
joOpamanacb B HYb B TOUKAX paspblpa PyHKUMH vo (t), H @UKCHpyeM HX. 
{PaccMOTpHM 


(n= | ede (0. 
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Thana Kaxgok myuKuuu p(t), coorserctByiwomel Touke X, unrerpaa 3() 
papen A/(A, X) pH 3Ha4YeHHAX MePpeMeCHHEIX § H =, ,, COOTBETCTBYIOMINX 
HalieHHbim uncaam B,. Ho o(p,)=0. Orcioga caemyet, uTO A TOUKU X 
HawMeTCA CMMHCTBCHHBIM HaOop pasaMyHEIX nce f,, v=1, 2,..., DP, 
p<q, t.€(—7, =], Tako#, uro Bcakaa dyHKuna p(Z), CooTBeTCTBYIOMaAd 
rouke X, MOKET HMCTb Pa3pbIBbl TOAbKO B TOUKAX f,, y= 1, 2,..., Dp. 
Orcioza u u3 mpezctaBaenua (3) caemyet, 4TO BcaKad PyHKuna f(z) EC, 
cooTBeTcTBylolwad TOUKe X, umeer BUA (2,2) (ecm HaOop uncer ¢, Comep- 
*%KUT MeHee 4eM J UHCe/l, TO MBI IPOH3BObHbIM OOpa3s0M JOMOJIHHM ero 
Oo g pa3iMunEx uncer t,@(—7,'t]). Ima HaxoweHua uncen A, uMeeM 


Cle LYIOULyIO CHCTeMY ypaBHeHHH: . 
q 
A cys »> 


1 v— nv: : 
~ RY ” (zp) = wh, Pe eee) ae == Die 
F .S1 


(v— 1)! 


rue Ry (2) “cre nyer 3aMCHHTb ee€ BbIpaxkKeHHeM H3 (2,2). OTa cucTema 
uMeeT e/MHCTBEHHOe pemleHne.,CreqoBaTebHo, TOUKe X = X (wi) coor- 


BeTCTByeT eMMHCTBeHHad cdbyHKuna R,(zZ)EC,. Jlemma goKasana. 


M3 u302KCHHBIX BHIMIe CMM H CJeRCTBHH caleaqyer Teopema. 
Teopema 2,2, /lycms X—npouzs0AbHax morka npocmpaxcmea Rg, 
m 


= dee, ua nycmb hy — HAUOOASUUL KOpeHb ypasHeHuA 


[AK Xx) | == 0 (3,2)"f 
(|A(4, X)| o3nayaer onpegeautTerb Matpuupt A(A, X)). Tozda npu scaKxom | 
h>hy mouxa XEV(f, Ci), pu ecakom <i, mouxa XE@(f, C), a | 
mouxe X coomeemcmeyem moAbcKko odHa MyrKyur R,(z)ECi, uu ona 


umeem bu0 
iw e's 
R= si iS ee 


al 
A ; 
20e hy > 0 Ay = 2, t.é(—z, El Lose te npu v= Re v5 t= | .0 2 q. 
v=] 


Touxa X sapaserca rpanuyHof TouKol MHOxectBa O(f, C,,). 
OrmMeTHM, 4TO BCe KOPHH ypaBHeHna (3,2) BelleCTBeHHBI, HOO MaTpH- 
uy A(A, X) MOXHO NpemcTaBuTb B Buse 
A(h, X) =A(1, X)—A(1, O) +A (1, O), 
rye O—nayaio0 Koopaunat mpocrpaucrsa Rg, u A (1, O) — HeocoGennaa 
MaTpuua (cM. [3], cTp. 252, 273). 
_ Jlerko chopMyupoBatb anavior 9TOH TeEOpeMbL Aa CucTeMBI ® (f, a (t)) fi 


cbyHKuMonanos (1,2) Ha Kaacce C(t), Ot <4, bynkuntt f(z), mpeacra- § 
BUMBIX (popmywton (4). | 


§ 3 

QTOT naparpad mocBaulaerca OGOOMIEHHAM HEKOTOPHIX Pe3yaAbTAaTOB; I 
TOMYYeHHHIX B §§ 1 u 2. \| 
Ilyctb M— kaacc dyHkunh w= f(z), peryaapHptx B xpyre.|z|<1,j) 

G — T1pousBOqHaA OMHOCBA3HAA OGlaCTb MWIOCKOCTH W, He CORepxamaa I 
TOUKH co M eme Kakof-1M60 TOouKH. Bygem ropoputs, uro dynkuua dh 
f(z)EM nogunnena oOmactu G, ecan mpu smw6om z us Kpyrall 
izZI< 1 touxa w=f(z)@G. O6osHauum uepes Me xaacc dyuKuni 


O06 oGacTAX 3HayeHHit HeEKOTOpBIX cucTeM (PYHKUMOHAIOB 17 


f(z)@M, nonzuunennprx o6nacru G. Tycrs z, =0, PR XN aoe 


Pel Apa 
pa3IM4HbIe TOUKH H3 OOMacTH O<|z| ae oF fem), laines., be — 3a jlan- 
HbI€e HaTyPabHble 4NCa U wo, Ras0, bass v= | 2. ., %,— 3ayaH- 
HbIe 4nCa. O6o3Ha4uHM 

X= xX (Zs) ee (2, sey 2m), Ci a (a, )i= (%, sey am)» X= X (wy) = a 
Ya (a 
= (wi), ees >) Bee wit), ae wm)), 


Ilyerh M(x, a, XY) —kaace pynKuui f(z) EM, yrxosnerBopaioumx ycCulo- 
BHUAM 


coh ee = wy, a= OS in, v= BR ee tp; 


Me(x, «4, X)—xaacc bynKunii f(z), npnnagrexamux oOHOBpeMeHHO u 
Kaccy Me u xaaccy M(x, a, X); C(x; a, X)—xkaacce dynKuui f(z), 
NPpHHaWMWexalwluxX OMHOBPeMeHHO KwIaccaM G u M(x, a, X). 
Sameuanue. MoxHo ObIO Obl, H3MEHHB COOTBETCTBYIOWIUM OOpa- 
30M OMpeeeHHA, BKJIOUMTh B pacCMOTpeHHe Mepomopduble dyHKUUH. 


OqHako mpu 3TOM PopMyaMpOBKM HEKOTOPHIX MOAYYeHHBIX Jasee pesy.b- 
TaTOB HECKOJIbKO YCAO2#KHUANCD OB. 


1°. Ilycrb gan we mycroh xaacc Me((0), (1), (wW)) (7%. e@. Kaace 
@yrKkuui f(z)EMe, yxosnerBopsiomux ycrosuwo f(0)=w) u wi) EG), 
a dyukuna §=F , (w), 1s gy (0) = 0, peryapHaa B O6macTu G u OZ- 


‘-HOJHCTHO orgasim none G ua oOnmactb G,: Re&§ > —1. [lyctp 
E- im 2 (byHkKuna, OOpatHad dynKuun § =F 4 ay (@). AcHo, 470 ecan 
0 


1 — = 
F(DEMo((0), (V), (@P)), 70 AO =F Fw FOE, ecau f,(% EG, 
| 0 
10 f (2) = Fy (2h: (2) € Mo (0), (1), (wf). B atom cuuicne bynkmua § = 
0 
=F ,)(W) ycraHaBiMBaeT B3aHMHO-O2HO3HAYHOe COOTBETCTBHE MeXK/LY 
0 


@ynkuuamu Kaaccop Me ((0), (1), (w)) u C.. Tlycets xaact M@(x, %, X), 
|X = X (wo), we nycr wu nycth f(2)EMc(@, X). Samerum, 4TO 4NCAa 


* 1 dias 
n= Gayl = erat (2) )| 


ee ena %—1, k=O, 
fe ats = ee a (ated 
ee Oe: m,V ages age a An, k #0, 


(1,3) 


He 3apucaT of BBlOopa dbynKunu f(z)EMe (x, 2, X) (4ncu0 we) BbIpa - 
waeTca uepes uncia WY), 7 = 1,2,..., ¥ mpa R#O un yepes uucta wy), 
12,6 oy Viel, upH peceoe Orciosa caenyeT, YTO eCiH F(z) E Mo (x, 

Se «) (TO. Fu Ff @) EC (Ee eX); a= (2,), Maz X (w). O6parHo, 
ecau f(z) EC, (x, a EX) er oulen wll (zf (z)) GMa (x, «, X). B 970m cmpicie 


dynKuna € = F wf (w) A clamannviuder B3aHMHO- OMHOSHA THOS COOTBeETCTBHEe 


Mexy @yHkKuuamu kKaccoB Me (x, ¢, Toa C en dt, vey Bymem TakxKe 


9 Becruuk JlexuHrpaycKoro yHHBepcuTeta, Ne 7, 1961 r. 


18 B. A. Axdpeesa, H. A. JIebedes, A. B. Croebyx 


TOBOPUTb, YTO PYHKUNA E=1F (w) npeoOpasyer kaacc Me@(x, a, X) 
0 


= * * 
Boknacc, Cy ue cauye é 
3anaua. Ilyctb man Kacc Mge(x, «, X), T. €. 3afaHbl OOmacTh G u ; 
HaOopbl ucel X= «(Z,), = a(a,), X =X (wl), npnyem Ha6op x co- 
[epxKUT TOUKY 2 = 0. i 
TpeOyeTca BbIACHHTb, ycT HH HE nycT Kaacc Me(x, a, X). Dpyru- 
MH ClOBaMH, TpeOyeTCA BbIACHHTb, CYWeCTBYeT JIM XOTHA Obl OfHA DYHK- — 
wun f(Z)@Me ,yaopierBopalolmad yCAOBHAM . 


1 v—- 
pean, ? (zp) OOUER = Oe yi, ee 


Heo6xofuMbIM yCJIOBHeM CyIlecTBOBaHHA SyHKunH f (Zz) EMe(x, a, X) | 
aBaaeTca ycnoBue: Bce WEG, R=O0,1,..., m. Bynem cuntatp, To 3TO 


ycsopue BbInomHeHO. Torga, POpMadAbHO NoOaE3yacb PopMy.on (1,3) (mpez-— 
mojarad cyujecTBoBaHhe dyuKunn f(Z)E Me (x, a, X)), 10 TouKe X (wy) 


% * * 
Haiigem Touky X= X(w?) (k=0,1,..., m, v=1,2,..., &) mw BBeneM | 


—— * x 4 
B paccmoTpenune Kaacc C,(x, 2, X). M3 npegbayusero cenyer, uTo Klace 
Mc(x, «, X) Torga HW TOABKO TOrMa He TycT, Korga He MycT Kaace 4 
ae * * = ' 
C,(x, «, X), T. e. Korga cymectByer dyHKuua f(Z)EC,, yaosaetso- | 
palomlad YCJOBYAM 
1 


(v—1)! 
Ho ata sagaua pemena B § 1,19. Utoon chopmMyaupoBatp nowy yeHHblii pe- | 
mt 


* y—1 ‘ = 
wy) = POrh (zy \eok 0, 1 yatey Vee ea 


r | 
3yabTatT, ComocTaBuM c TOUKOH X ERg-1, g = ae Kak ONHCaHO B § 2,19 7 
k=0 ; } 

* 
matpuny A(1, X). M3 u3smoxeHHOTO cieayer TeOpemMa. 
Teopema 1,3. Lua mozo, 4mo6wu KAaacc M(x, 4, X) Geta He nycm, | 
HEVOXOOUMO WU OocCMamMO4HO, 4MOObL BCE 2AABHLLE MUHOPKL Mampuyoel 


ACV, X) OblAU HeompuuamerbHo. 
Sameuaune. Ilycrb Ha6op ancen x= x (Zp) = (2;,..., Zm) HE CO- 
RepxutT TOUKH 2 = 0. Ecan f(z) @Ma(x, a, X), To 


Fe) =F (FEE) EMo (x, a, X), re x= x %), Ze = 


1— zzz 
# 1 as z+z; 
ry (y) —— oo ——_—__ —$—$—$$—__— = a 
- (v—1)! ae ee } 5 ’ R Le at y Mm, eS re: Xp. 
|2-1, | 
Ecau f(z)@Mo(x, o, X), 10 f, (2) =f (Sp) € Mol, a, X). Ha6op x | 
=e, | 


* 
cokepxUuT TOUKY Z,=0. ITO NosBoOAeT paccMaTPHBaTb TOKO HaGOpHt xX, fi 
comepxaulnwe TOUKY 2 =O. 

2°. Tlycrh waH kacc Me u nyctb Ha xKaacce Mg 3anana cuctema |i 
®(f, Mc) dynKunonanos: / 


OP (N=FO, P= TF O,.... (f= 


1 


= Gly Ce ee 
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ree a ey abe 


a,— | 
1 


Asa Ge), (4 ,—1) 

= Tks Cw ee a: erat! a Zan) (2,3) 
is 2..= 0, Zk: kR=1,2,..., m, —3afaHHble pasM4Hble TOUKH 3 O6macTH 
i | 2|eF 1 “u o,, R=0,1,..., m, — 3anannne HaTypabHbIe 4HCVIa. 


Sanaua. Hatirm o6sacrp snayenuii cucremp &(f, Mc) yh KuMOHa- 
NOB (2,3) Ha Kaacce Ma, T. e. TpeOyerca HafiTH MHOXKECTBO TOURK XE Rz, 


m 
~~! 
| a >, Gp, TAKOe, YTO WIA KaxZOH TOUKH X = X (w)) sroro MHoxKecTBAa 


k=0 
aiimetca dynKuun f(z)EMo, aaa KoTOpon 
(») l (x1) er 2 ke 
lt On CS rial (2p wer = Ol a eRe 1k Gao 


AcHo, uTo TouKa XEO(f, Mc) Torga u TOABKO TOrAa, Kora Kaace 
Me (x, 2, X), « = x(Zp), a=a(ag), He myct. Heo6Oxoxumbim yc1oBuem 
fymectBopanka dyuKunu f(z)EMe(x, a, X), X= X (wf), sasanerca 
ycoBue: Bce WEG, R=0,1,..., m. Tloxtomy satee orpaHuynBaemca 


MAaCCMOTPeEHHEM TOKO KIaccoB Ma, (x, 4, X), id KOTOPHIX 3TO yc7oBue 
BINOMHeHO. Ilycth § = F(w) — kakan-u60 WyHKuUMA, peryapHaa B OG- 
actu G@ MW OAHOAMCTHO OTOOpaxalomlad OO 1acTb G Ha OGsacTb Gy: Re&> 0. 
Tyctb Wy) — 1pou3BO1bHad TOUKa u3 O6macTH CG. Beemem dyHKUHIO 


: 
; F (w) — F (@) 
t= Fey (00) = Rear 


Ta QyHKUMA oOTOOpaxaet OONacTb G Ha O6nacTb G,: Rei >—I1 u 
Kw, (W)) =0. PynKuusn E=iF ay) (@) (cm. 1°) npeo6pasyert Kaacc Me (x, 
20 


i, X), X = X (wh), 8 xnacc C, (x, a, XS i X (w) GR,-1. Ilpu strom 
ucla we) = w) (X) aBasiotca dpyHKunamu oT uncer WY), R=O,1,..., 
, Y= 1,2,..., a, (cm. dopmysn (1,3)). Takum 06paso, TouKa X & 
®(f, Mc) torga u ToABKO Torga, Korga Kalacc C,(x, «, X) He mycr. 
HOMKEeCTBO BCeEX TAKHX TOUeK XE Ry-1 O6pa3yeT O67acTbh 3HayeHuA CH- 
tempt ®(f, Cy) dynkKunonanos Of (f)= cy (2 ae = aoe tt, 


* — 
e 12 ..., &, B Kaacce Cy (cm. § 2,19, Teopema 2,1). YroOn chopmy- 
MPpOBaTb MOJIYYeHHbIA Pe3yAbTAaT, COMOCTABUM TOUKe 


X = X(WO)ER 1, = YViep, 
R=0 


Z 
ak 3TO ouucaHo B § 21°, matpuuy A(1, X). -Torga 3 M310 *KeHHOTO 


Jienyer Teopema 2,3. ; 
Teopema 2,3. O62acmb 3Ha4eHUu cucmeMo O(f, Ma ) PY HKGEO- 


aoe (2,3) Ha KAacce.Ma ecmb MHOHCECMBO BCEX MOLEK XERg, I= ye, 
e (fe 


% 
akux, 4mo ece 2AaeHole mMunopH MampuyeL A(1, X) REISS Ee 
3°. Bygem ropoputs, ¥TO 1epeMe4Had OOMaACTb GO) ah 1, Hee 
/ > uw 5 ; 
‘pepbipHa 10 A Ha MpOMexKyTKe McK <d; ecm ana aro6oro uncata 


20 B. A. Anopeesa, H. A. JIebedee, A. B. Cros6yx 


dE [V, X”] wu ac6ok mocnenoBaterbHocTn }j, f= 1,2,..., A;E[A, A”, 
CXOMAMeHCA K Ag, MOCMELOBATEADHOCTH OGsacreH G(A;) cxoguTcA K AApy 
G (Xo) (cm. [4], crp. 62). 
3anaua. Jjan mepemenupit Kaacc N(A)= Mog (A) (x, a, X), MV <<’, 
roe x, a, X — cbuKkcupopaunl,* a G(A), A’ <h < 2X”, —nepemennaa O6acTb, 
HempepbliBHad MO A Ha MpoMexyTKe ’ <A <d", OGaaaloMlad TeM CBOH- 
CTBOM, 4TO Avia mMOOBIX uNCeT A, UH dg, WM <A, <<’, G(A,)CG(A,) u 
G(A,) # GQ). Mycrp kKaace N(4’) nycr wu Kaacc N(A") we mycr. Tpem 
Oyerca HalitH TOUHYIO HMKHIOIO rpanHUy Ag ancem AE [’, A”], Takux, 4TO” 
kiacc N(A) He mycr. | 
PaccMoTpHu cCHauaa ciyyai, Korga Kaacc M(x, «, X) comep Kut, 
gyukuuio f(z)=const. Ito Oyzer Torga HM TOAbKO TOrga, KOrfa BCE, 
wi) — wy = const wt) =O npn v > 1. O6o3sHauuM yepes Ay TaKOe YHC.O, 5 
uTo Mp A>Ayg TOUKA Wy EG(A) u np A<A, ToUKa W)EG(A). AcHo, yTo! 
xaace N(A) He mycT npu A>A, wu MycT npH A<Ay. SHaUHT, A) — MCKOMOE 
yucio. B gaibHeHieM 3TOT ClydaH M3 pacCMOT eHHA HCKIOUaeM. | 
Iycth X = X (wt). Ecau > xaacce N(A), A’ <A <2", He nyct, TO BCE 
wi @G(A). B yactuoctu, sce wWi)EG(d"). Cuuraem, 470 sce wYEG(K) 
uupH A> Bee WYEG(A) (B npoTHBHOM cayyae MBI 3aMeHMIM OBI AY 
Ha 6OubwMee, YHOBMETBOPAIOMee ITOMY YCOBUIO). 
Nycth §=F(w, &) F(w), dK) =0, VA <d’, — ynkuna, peryaap= 
Had B OOJacTH G(A) H OHOAMCTHO OTOOpaxatoulad O6aacTh G(A) Ha 06-} 
Jactb G,: Re’ > —1, nh w= PG. 4) —cbynKuusa, oOpatHaa dyHKuuH 


} 


touke X,E@Riu, g= yi @p, COmocTaBuM apmMHTOBy dopmy AA) =| 
k=0 I 

—H(1, Xx) u ee marpuny A(A)=A(1, %)). 
Teopema 3,3. //ycmb 6oinoOAHeHbL YCACBUA 3ada4U 3moz0 NYHKma aif 
xaace M(x, 4, X) He codepxcum myxkuyuu f(z) =const. [lycms h,— 
HANOOAbULUL KOPeHb ypasHeHUun 
[AQ =O, 8 eee (3 3) 
Toeda Kaacc N(h) He nycm npu h>ky u nyem npu kh < do. Kaacc N (ho) 
codepacum Bce20 OOHY PyHKYUIO Fr (z), & Ima MyYHNKYUA UuMmeem BuO 


q-1 
: 
f,, @) =F" (eR) RO= Da, 
aaa e —-“ 
20e 
q-1 m 
hy 2.0, dy =o, G = Son en, eee 
v=1 k=vU 
mpu 
VER: Rye vel Dy s ange 


Woxa3sateabcerso, TloKaxkem cHayana, uTO ypaBHenue (3,3) umeeise 
m0 KpaHHeH Mepe OJMH KOpeHb Ha MpOMexyTKe ’ <i <X”, Jlonycrum, tech 
UE hae ak J 


Ny 
Ht 


* HaOop x = x (Zp) AOMKeH CORepxKaTb TOUKY zy = 0. 


O6 oOsacTAX 3HayeHHii HeEKOTOpEIX cucTeM (PyHKUAOHAaOB ZA 


TO He Tak. Tak KaK NO ycoBuio Kaacc N(X”’) He mycr, TO He TycT u 


| — * x 
Kaace C,(x, «, X,). CaegoparerbHo, BcCe raaBHbe MMHOPHI = MaTPHILbr 
A(X”) neotpunatetbubl. SHaunt, spmurospa dopma H(X”) neorpunatesbna 
M, SHAYMT, XapakTepucruyeckue uNCa MaTpHub A (”) HeoTpHMaTebHEL. 
3 Homywenna caegyet, ato |A(A”)| >O (Tak Kak onpemeantTerb mat- 
wupt A(X”) nomkeH ObITh HeOTpHNaTenbHEIM). Tak Kak ONPe LeMTeIb 
jA(Q)| e@f, Henpeppipnaa dyuKuua ot A, <A<X", TO n3 ONY WleHuA 
KaenyetT, uro |A(A)|>>O npn scex », ’<k<d”. Tax xKax xapakTepu- 
cTHYeCKHe 4YHCAa MaTpnubI A (A”) HeoTpnuaTenbHE u |A(A”)| >0, TO BCce 
iXaPaKTePHCTHYeCKHe UnCa MaTpHubl A(A”) nOmORKUTeEIbHEI. SACHO, uTO 
apakTepHCTHyeCcKHe 4YNCa MaTpuUbl A(A), \’ Ch<dX’, ecTb HenpepHB- 
Mere cbyHkuuu or A, AL<A<A”. Tax- wax |A(A)|>0, V<A<X, TO 
KapakTepHcTHyecKkHe uNCIa MaTpHubE A(A), VM <CA<X’, nomOxKUTebHEI 
(ecIM Obl MPH KaKOM-1H60 A=), KaKkOe-HuOYIb XapakTepuHcTHyecKkoe 
FIHCIO OOpaTHOCch B HYb, TO |A (Ay)|=0). Tax Kak mpu m060m i, Vv < 
h<X", xapakTepucruyeckue unca MaTpuubt A(A) MOMO%KNTeAbHBI, TO 
ppMuToBa cbopma /7(A), ’<A<2X” aBaaetca NOMORUTeEDHO ONpeeeH- 
HOU. SHayut, Bce MMHOpH MaTpuub A(A), V<A <2’, nomOxKNTeDHI. 
i & % 


(CremopaTetbHo, Kmacc C,(x, a, X,) we nycr. Torga He mycr uw Kaacc 
ee Re”, 

SafaluM Tenepb yObilBatollyio mocweqopaTembHOCTh A;, /=1,2,..., 
iim j=. Ilycrs f7(Z)EN(Aj). Cemetficrso {f;(z)}; Hopmaapuo (B cuuy 
oro, uro Bce dbynKuuu f;(Z) nogqunnenst G(X”) (cm. [4], crp. 78)). Hs 
MOC LOBATeIbHOCTH Fy l2); J=1,2,..., MOXKHO BHIOpaTh NOAMNOCMeLOBa- 
WeMbBHOCTh, CXOMAMLYIOCA K HeKOTOpOH dyHKuun f(z) EMoe(aA”). To yeuo- 
Buio f(z) const. Acuo, uto f(z) EN (A), <A<d”. 3uauut, f(Z)EN QQ”). 
o mo ycmospuro Kaacc N(A’) nyct. IIpotupopeyue! Utak, ypaBue- 
Hue (3,3) umeerT mo Kpafinefi mMepe O2MH KOpPeHb Ha MNpOMexyTKe 


Hua (3,3). Bygem cantatp, yTo \’ <A, <A” (cayualt 4p =X” npoue). Pac- 
ryxKad Kak uw paHee mOKaxKeM, uTo Kaacc N(A) mpu Bcakom A, \y¥<A< 
I<”, He TycT, MH BCe raBHble MHHOPHI MaTpumbl A(A), ky) <A <A’, nonO- 
MTCAbHBI. SHauMT, BCe P1aBHble MHHOPbI MaTPHUbI A (Ao) HEOTPHIAaTebHbI 
H, CI@MOBATebHO, KMAaCcc Cale a, XD) He nycr. He nycr u kaacc N (\). 
M3 cnegctBua k aemme 1 § 2,29 (| A(Ao)| == 0) wu us nemmbr 2 § DO ene 
hyer, uTo Kaacc C,(x, 4, 0) conepxKuT Bcero ogHy dyHKunio R(z) 
H ata dyHKIMA uMeeT BUA, YKa3aHHEIH B CopMyMpoBKe Teopembl. Cae- 
hopaTeibHo, Kmacc N(A) cogepxuT sBcero ogHy cbyHKunio f, (Z) ykasaH- 
Horo B TeopeMe BH sa. 

|  Tlokaxem Tenepp, uro Kaacc N(A), ’ <A <A, nycr. Honycrum, utTo 
TO He TaK, T. e. cymlectByer cbynKuna f,(Z)EN(A), MCA <do. PyHk- 
ius f, (2) momuunena oOnacTH G (A), a 3Ha4uMT, HM OO/acTH GOS), Ts & 
F(z)EN(A,). Ecam mpr moKaxem, uTo tbyHkyua f, (Zz) He NoauMHeHAa Zoe 
mactH G(A), TO 3TO OymeT O3HaYaTb, YTO Kaacc N (Ao) COMepARUT MO Kpan- 
Heli Mepe Be PYHKIIMM, H MBI NOoAyauM mpoTaBopeyne. JfocTraToOuHO 110- 
kagaTb, 4TO OOpas Kpyra |Z] <1 npn oro6paxenun dynKunel w= f, (2) 
hOmepxKUT BCAKYIO TOUKY WEG(A,). aa gsToro WOCTATOYHO NOKa3aTb, 
170 OOpa3 Kpyra |z| <1 npu oroOpaxenuu dyxKunel w(z) = 2R(Z) 
rOolepxKUT BCAKYyIO TOUKY WEG,:Rew>—1. ITO xe crenyeT U3 TOTO, 


DY B. A. AnOpeeea, H. A. JIe6edee, A..B. Crosdyn 


uro TouKa w(O)EG, uv oxpyxHocTb |Z|=1 dyxHKunet w(z)=zR(z) 


oTo6paxaioTca Ha npamylo Re w=—l. $ 
Teopema OKa3aHa. ¢ 
Sameuannua. 1) M3 gOKa3saHHOH TeOpeMbl 7erKO CaemyeT TeOpemMa 


2,2, mOKa3aHHad panee uHaye; 2) Teopema 3,3 saBaaeTca o60OmleHHeM 
TeOPeMBL, MOKa3aHHOH B paodore [5]; 3) Tlome3HO cpaBHUTb pe3yIbTaTHI, 
NOJYYeHHBIE B paOoTe, C H3BECTHBIMH pesyibTaTamu KapaToogopu Hu Pen- 


epa (cm., Hampumep, [6]). : 
Summary | 


Let G be a simply-connected domain in the finite W-plane which 
does not contain at least one point, and let Me be a class of functions 
f(z) regular in the circle |z|< 1 and such that for every z of the circle 
|}z|<1 the point W=f(z)EG; zz, k=0,1,..., m are different points 
of the circle |z/< ly ag, #=0,1l)ve mm are) posilineriniczer, wea 
k=0,1,:.-:., m, v=0,1,..., a= 1 are given” numbers. Necessan vam 
sufficient conditions for the existence of the function f(z)€@Me satisfying 


q 


the conditions f” | z,=¥! We k= 0.14 nye OE eee are | 
found in the present paper. Some corollaries are obtained. 
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Jly Benb-TyaH 


K TEOPEMAM BJIOXKEHHSA JIA NPOCTPAHCTB ®YHKIMK 
C YACTHbIMH NPOK3BOJHbIMH, CYMMUPYEMbIMH 
C PASJIAWHBIMH CTEMEHAMH 


Hccreqopahuio co3qaHHbEIx C. JI, Co6omeBbiM TeopeM BIOXKeHHA M0- 
BAU,EHO MHOrO paooT. Lieb HacToaujeH CcTaTbH — yCTaHOBUTb HEKOTOpHIe 
COPeMEI BIOKeHHA MIA MPOCTPaHCTB, MPeACTABMAIONINX o6o6ujenHe Mpo- 
pancts C. JI. Co6onepa [1] W,(D), mpocrsmm metogom, ocHoBHad used 
oToporo mpnHawiexut K. K. TonosKuny [2] u 9. Taapapgo [3]. 


§ 1. OcHOBHOe HepaBeHCTBO 


ByaeM ropoputs, 4TO KOHeuHAaA OOactb D mpocrpauctBa Ey, ecTb mpo- 
Tad OOMaCTb, CCIM Kak ad MpaAmMasd, napasmeimbHaa m1060H ocu x; (t= 
=1, 2,..., nm), mepecekaeT rpanyuny. S o6mactu D ne 6onee aByx-pa3 
epeceyeHHA MOryT ObITh TOUKAMH HIM OTpPe3Kamu). 

TIpopezeM Wu.HHApHUecKyio Bae Ponte C OOpasylouluMH, Mapad- 
@JIbHBIMH OCH X; H aoe eae yactu S$” rpanuns S npoctof o6aactu D. 


ctambubie ype uactu S{? u S$? rpanuus S Ha3pipaloTca OCHOBaHHAMH 
6mactu D oTHocuTeabHO ocu x; (puc. 1). Iipeanonoxum, 4yTO OOnacTh D 
rpaHunehi S ectTb o6aacTb kaacca 7, ecw OHA MOXKeT ObITh IpescTaB- 
€Ha B BHA€ KOHeCYHOH CYMMBI MPOCTBIX o6slacTeH D; (jae 1 2.) ee 
Aa pcakoh Dj; OTHOCHTeAbHO KaxK MOH OCH *; Gar Dee: n) XOTA Obl 
HO M3 ocHoBanuli o6aactn D; npunannexut S. 

Teopema 1. Ecru D— o6iacme KAacca T npocmpancmea Ey, (n>2), 


1 
— nosepxnocms o6zacmu D u u;(x)€& GC “DY; mo umeem mecmo Hepa- 


€HCMBO 
(Mico tax) <; < I {|e 


D i=1 


flasoonas) (1,1) 


MokasaTenbcTBo. Cuayama JOKaxKeM pu J1000M # 10 HHAYK- 
HM TeopeMy JA mpocTou o6aactu D mpocrpancrpa Ey. Ilyctb npn 2=2 
paBHeHua OCHOBaHHH O6aacTH D uMmelor ce Ly 10 WMA Bu (puc. 2): 


ABE: x= b, (x2), 
AGFE: XM 2= 95, (¥o)s 
BEF: xy = %(%), 
BAG: x= (4%). 
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Torya, OUeBHAHO, CIPaBeIMBbI HeEpaBeHCTBa 


| 21 (X4, Xa) |< (,(%2), X2)|< 


OC? Nae 
AX, + | 4, (9, (%2), %_) | = 4, (%2). 


dy (%2) 
= 


vy (%2) 
AnaaOrnuuHo 


tea, a) ee ae 


fe 


| ax. + | ee (x1, 9, (%1)) |=. (%). 


Orciola cAeYeT COOTHOLICHHE 


DG» (1) 
\ 1 (K, MOV) fax <{ | 1 (x5) it, (odes, = 


av ip 


b oh 9 (5) A b 7&2 (*;) 
={ Uy (x1) dx; “ Uy, Sees | ee AX, +|U2(X), ev (adi) aa 


9, (*1) a 1 (%1 


d /% (¥3) 
x \ ( {5 52 AX, + | Uy (41 (X2), Xe) AX,< 


ES, 
Ou Ou 
< \ ae fern I am dx+ | aie): 
[Jl BEF ed ABE 
& I os 1; ids) (1,2) 
i=] D 


IIpeqnouarand, uro TeopeMa BepHa Jia #—1, OKaxKeM, 4TO OHA 
BpepHa u fan 2. Ilycrb o7—mpoekuua mpocTroh o6mactu D Ha naOCKOCTb 
Xn =0, YpaBHeHHA OCHOBaHMM OTHOCHTebHO OCH X, cyTbh S$)”: 


Xn =9j(%1,..., Xe) i=1, ase) 


HW MWIOCKOCTh X,= a mepecekaeT OOnacTb D zB (m#— 1)-mMepHyio o6nacTb 


D(a) c rpanunei S(a) (puc. 1), Torga 
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Py (“1 egy *n—-1) 
Un (xX) < 


91 (Ky e+ *n—1) 


2 
LG | axa + | tn (%,, 2a Xn] Yj (X35 aees Xn=1))| = 


SET (A pee, “ph )e 


OTcio nay, NObSyACb HepaBeHCTBOM léapaepa H HepaBeHCTBOM 
1 


(SISK (P, Q) AP) dQ}? <S[f|K(P, Q)/’dQ\? aP, p 1, 


cunrad u;(*)=O0 Bue o6aactu D, coraacno IPC ANOOKeCHHIO HHAYKIUE 


NOJY 4aeM 
haf n call n—1 
([Miscorar} < 
Dimi 
Po (*1 are Xn—-1) 1 net i n—1i 
< i | Un ({X1,-.., Xn—1) ae 0 | 4; (ax, -..dXy = 
Oe fi (4h Xp) , i=1 
1 Pa (45 +++ %y_1) n—1 vin i 
- = Cpe ae a [I CREO aw Wak (SOME ny ORS 
on 1 (%p-+-»X_—1) i=1 
< Va, (oot in 8) G4 ha 
| n—| ' 
©» (*1 X¥n—1) rel 1 n—2 n—2 
x \ i I] les la)iam Oty, (OS ec edi Ge ze 
| SB (4 »<n—1) i=1 
< WO. oeey ya, wae ka 
“a n—2 
d pl 1 n—1 n—1 
Sc \ \TI eMedia 
co. f=1 
; ee (C7 1 3 
a Kn= Ales ern VAG, 2 1 jn \ am Oki. a eee 
oy } |: pau D (¥y) 
ae ik 
ae \ lap(a) ESS axel pe 
S (¥n) ) 
‘ ZN ae 9 
SS i 
<a Dene a aero | All i Bes €%) 2 0X;1-- 
c, Pl e D (Xn) 


oe 


erect feet) 


-- i | 4; (x) Pe On (le 


S (<n) 


OTHOCHTeIBHO CIpaBeAAMBOCTH TeOpeMb! Aad OOMacTH Kaacca T yo- 
TaTOUHO 34METHTH, YTO WIA BCAKOH MpocTOH OOaCTH B KaxKTOM MHOKH-- 
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Tele mpaBol yacTH HepaBeHcTBa (1,1) MoxHO 3aMeHHTD uHTerpaa no S 
MHTerpasioM 110 GAEOMY, M3 OCHOBaHHH OTHOCHTebHO COOTBeTCTBYIOMNeH 


ocu (1,2). 

Teopema joKas3aHa. 

Caeactsue 1. Ecau D— o6aacth xaacca 7, Piel CS) eee 
Ee <lu ¢(x«)6é COMEDY, TO pu m060M g> a4 HMe€T Me€CTO He- 
PAneHCTES 

lel, wo) < Lyi, [ec i a a i io +1¢ley is) | (1,3) 
i=1 
rye Aji +t: “a ee pa Damn, 
Pi SPL P; 1 
> Pi 
i=1 
1 1 
(h,-1) (> -—- — 
C; = (mes D) ; Gi r) 
ALokasateaperso. Toncrapaaa | a; (x)|=]o(x) |B (1,1), umMeem 


(firey <A (a iets ees iota) 


< I] (als 


1A; 


i F 
ae i i 
kad as) +( fiefas 


s 
OTCciowa, MOAbSyACh HepaBeHCTBOM TénBgepa u HePaBeHCTBOM 


1 Q.1?< Saha, [a>0, Yai=1), 
i=1 b= i=] 


i=] 


TOY 4aeM 

n—1 

yh; 

lel wo) = ( Jie lax) 1 Ra 
hi; 
pT | ee er 
poh, 0 pif; faite 
J leas f \\z dx | +iel, of . 
D 


Oo 
0x; 


< I e h, eas o i 
= Got ‘ah h, lit, (py (mes D) * ae Pa oa oft 


i j (oe 1— h; 
eng hihh, [eal ell, oy] m [er tc 


CNEL, TP ae Ka ‘3 < hy 
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—— 


ale 


A (1 — ze) alta, cot 


sh ta C; 
an : 
TIPH J1O6bIX ¢; ae (v= 1, 


| 
* Ox; 
Arca 


, a + |e 3 (1,4) 


Ecau ej==h; 7, To u3 (1, . eo eee 


Itk,o< mone D>. Ye I lele wt 


1 n 
‘eect |G as 
i=1 


) 


file yA Lol ==(1— geeyy ell, wr 


ya él, ? 


orciowa cleayer HepaBeHcTBO (1,3). 
Cnuenactspue 2. Econ D-—-o6nactb Kaacca 7, Dror, (ak...) 1); 


n 

1 
Bee | nu e(x)@C™ (D), to npu ————— uMeeT MeCTO Hepa- 
f=1 


BeEHCTBO 
a 


-shleet Iwy, /|| 99 
lige <a [3 


7s Pj 


+ Wl, ©) (1,5) 


roe Aj=1+-—- 
P; 
ITO CeACTBHE MOXKHO TOKa3aTb TaK %#Ke, Kak U CegcTBue 1. 
SamMeuaHne, Ms3BecrHoe HepaBencTBO DpuApuxca 


flees ra <0( 3) (at Ale dx {ie(a)as) 


HENOCPeACTBEHHO BbITeKaeT 3 HepaBeHcTBa (1,5), Tak Kak pH 


q P= a <2 (i=1,...,”) g=2 


(hee ae 8 (Ga Ree) 


L 


§ 2. Teopembi BOKeHHA LAA MpocTpaHCTBa Wee aah (D) 


Mycth D—koneqHad 001aCTb MpocTpaHcTBa En, [—uenoe «C10, 
qucaa i,, ij, ..., %, MPpHHuMaloT 3HayeHuA OT 1 AO A, MpHuemM CpeAM HUX 
MOryT ObITb H paBubre. Iyctb uncta pj ;, YAOBeTBOPAIOT HepaBeHCTBY 


l<p, _<0O H H@ H3MCHAIOTCA MPH MPON3BOAbHOH TepeCTaHOBKe HH- 
l 


bitosesul 
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mekcosB. ByeM roBoputb, uTO PyHKuuA o (x) E Wr, ver (D), ecu OHA 
UMeeT BCE OOOOMICHHEIE MpoMsBORHEIe nopsyzKa J, mpuyem ¢(x)EL (D), 


ap : ee 
OX, + OX;, Cree) (Dy liye ie 


Ly 


Hopmy 9(x)€ Wi,,....i,)P) MOJO2%#KUM PaBHOH 


a] (i, 2p tf Lee eee 


Seis SCTE een A Mee RG IONE S Genatams 


IIpocrpancrBo Wr, i) (P) "pH Pi, 
sHauuM, caenya C. JI. Co6onesy, vepes Wp (D). 


O6osnHauum uepes C”(D) muoxecTBO BCeX HeMpePHIBHEIX HU (UHHTHBIX 
B OOmactH D dyHKnui ¢ (x), UMeloulNX TaM BCe MpOH3BOAHbIe FO NOpAT- 


(1 
ka J BKMIOUNTe HHO. SamBIKaHne MHOxKecTBa C\)(D) no Hopme (2,1) 060- 


3Ha4UM Yepes We, ) (P). 


Jemma 1. Ecau 9(x)€Wi))(D) u ye 1, mo (x) @L(D) npu 


i=1 


ie cae 2 . (Ip amom 
key 
a 
n 1 
|| oe n G1 |< 
IPleg i) S G1 la ‘Lp (D) on! Flavio) (2,2) 
tt ? 
ihe. 1 
cae Cy= J] (i+ a 
Sith: Vi 


Hoxasateapnetso. JlocrarouHo ycTaHOBUTbh HepaBeHCcTBO (2,2) . 
) 


man ¢(x)@C(D). Mycrh D 3akaouena B n-MepHom xKy6e I (o6nacrn 
kacca 7). Jjoonpeazemm dgyukunn ¢(x) B J, nonoxuB 9o(x)—0 na 


muHomectTBe /'— D. Tloxcrapasa | uj(x) | =| 9 (x)j 4, h,=1+—+ (i=1, ou 


L 
B HepaBeHcTBo (1,1), noayyaem 


n—1 & hi-11 @q 
en < HE (%Jle! SE 2 
a / f=1 ip 
WAM 
n—1 i fs 
n ella: 
[ire ae) <a} ] fier sn (2x < 
D [=a J9) 


<TH (fret ax)( {| ef ash 


D 


} 
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Jlemma 2. Ecau 2 (x) € W), (D) 11 Sin< l, mo ¢(x)G@L,4(D) 


npu Awobom q>O0. [lpu anom 


1 
. £8 |r a 
aa Ply (oy SOs [| lz Lp (D) — lee eoy> o 
i=1 4 
20e 
They | | 
SS ap -¥ 2] n 
q ue Pi i 
== (mes.D) ae [ [f+ max(S, 0)|" hee eee 


D; 
rat : l 


a Pj 


L 
JLoKasaTeabcTBO. Ora emma OyyeT ROKa3aHa, CCM B MOKa3a- 
h 
TeAbCTBe Je€MMbI | 3aMeHuM Hh, = 1 Bete Ha h,=1-+— wu 3ameTuM, 4TO 


i Pj 
yi =< g, CMCLOBATEIbBHO, CMPaBeIHBO HeEPpaBeHCTBO 
1 1 


Ile, (D) < (mes D)" “lel, (D) Ip h es 


B rom cayuae, Korga B yCAOBMH weMMb 2 MMeeT MeCTO CTpOroe Hepa- 
BeHCTBO, CUPaBeJWIMBO Oovlee CHIbHOe yrBepxTeHHe (eMMa 3). 
nl 


Jlemma 3. Ecau o(x)€ Wi (D) ul ~ —< 1, mo o(x) 6 D yooe- 
i=1 


: PS al 
Aemébopaiem ycaosuiw Téavdepa c noKka3samenem a= ae 206-8 = 


1 


eye - DN, Seren 
=—al > mar f— min (72 )): IIpu amom 


1A 
, 2nby 
I? line S > | Phe (D)? (2,4) 


_ns (p—p) 


20e b= all plr+Ps) a R—oduamemp o6aacmu Du p= max (p;). 


i<n 
ILoka3aTeapcerBo. JlocrarouHoO ycCTaHOBuTb HepaBeHcTBo (2,4) 
maa ¢(x)@C(D). Onpeneaum ¢(x) Bue o6uactu D, noaarax ee Tam 
paBHoh nyo. Jlo6ne TouKu x, yED Mbl MOXKeM 3aKJIOUNTh B /-MePHblit 
A h, A ian 
3QMKHYTHI pamoyrombHuk D% c peopamu qd I er ha 
a 
n he & ce 
pS d=d(x, y)=max|x—y|i<b° |x-y| 
; 


1<i<n 


Vurerpupya H€ paBeHCTBO 
|e (x) —9(y)1<[e(z)— 9)! +1¢ (Z)—e | 
no z B o6mactu D@, nony4HM 
(mes D4) |e (x) — (9) |< | le (2) — 9 ldz+ \le@)—¢() Ide 
pa In 


, le)—e(I<h-bh, (2,5) 
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rae 
h=d-" | |e (z)—9 (x) |dz, 
pe 
= d | }9(2)—9(y)laz. 
pe 


Oneuum /,. Jaa mpocrorsi Pe MMOO2%*KUM, YTO X — Hayao KOOPAMHAT 
u D4 — npamoyroabunk, ac cn te ce Ay 1OMMM 06pa30m: 


an< <b,=a,+a" 


TIlpumMem Pee Aer 


Ox rE 
Tora 
1 n 
=a" \1\ Sie, (dhe. 
pd |0 i=1 


(i 


—1, 


n). 


, t'"2,) hit" ‘zdt\dz< 
i, 
a 
\ |; (x) | oe 
ite ie 


n Hp, 
= hea 
= \ di "a, \ th dt 
* I 0 tia, 
n 1 '» t'Np 
Wo igsaie he 1— 
eNA Ele “ee i 
1=1 0 fa, ing, 
n 2 1 
h; - 
=< \a ‘fh; 
= 0 


nb 


<— 


Ap ies 


1 1 


n Pi n =a 
| 9, (x) Pidx (I I] a) Be 


“ha Dye (x) |, »(0%) < 


= ITI lhe. (pt 


AHaJIOrH4HoO oneHuMm ZJ,. tees OWeHKH i u is B (2,5), no.y4HM 


|e (4) — e(W)1<—- |x—yl le les ok 
OTCIO1a BbITeKaeT HEPaBeHCTBO Acs 
Teopema 2. Ecau ¢(x)€ hide i) 2 
‘ , 
~ Pa ae ob ee nope ye 
Pee sea Sie" 1 SN 
i ip =1 n=l; -f 
Tgievekeas k 
if 
mo o(x)@Llg(D) npu awbom q<q* = = : 
> 1 In} 
P;, 5) ep aly ty 
EUR tecsiots iy=1 
[Ipu amom 
n 
| uae ul a zs 
| a) 
lel, (D) S a Be, Ox, B <7 le ) (D)? (2,7) 
Ly. . (D) fhyeesy 
jee Fay sey dy 
2de Cy 3a6ucum monies om Pi. i, (1, kare eaiel Mb) I 2g 


x 
, 7 ee 
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QTY TeOpeMy erKO AOKa3zaTE NO HHAYKNMM us AeMME 1. B Cary 4ae,, 


KOrga ycroBue (2,6) He BHIMOTHAeTCAH, HMeeT MecTO cmenyiomaa o6masn 
reopema. 


Teopema 3. /Iycms o(x)€ vie ,) (D) u 


1 
© | 
— ge TF = max ie 0 ’ k=; 3» l 
DE a ty [ >) Pig ae ies Ui] aM 
ip_j=1 
nl ’ (2,8). 
J 
Os P; 
imi | 
To2z0a 
a) e(x)EL,(D) npu awbom gq <q*, ecau fa > 0: 
e(x)E@Lg(D) napu zob6om q>0, ecru a <0. 
[Ip IMOM Onepamop BAOHCEHUA O2paHu4en 
n 1 
ae nl ee C4 7 
herent Presid ) 
“ BnOAHE Henpepolben, 20e Cy 3aeucum MOALKO OM Pi ys FU DP} 


6) Ecau ra <0, mo o(x)E@C(D) u yoosrnemsopsem ycaosui Téno- 


, ps 
depa Cc AlMbvlM NnoKa3amenemM a< aay 
IP ilcine SCs F lye Dye (2,10) 
Pie sce) 
fl 
1 ; 
20e s=1— ies = min (p;,) 4 C; 3a6ucum om p, Oe ont oh 
aed Pi, 1<i,<n aes 
i= 
ie} 
l 
1, %. [Ipu 9ImoM Onepamop bAOHCEHUA U3 Wi, i) 6 C(D) snonne 


HENpepoleeH. 


WoKka3zsaTveabcrTso. 
a) Hawo goKka3aTb, uTo HepaBeHcTBO (2,9) BepHo mpH s1060M 4q,. 


YAOBACTBOPAIONEM HePaBeHCTBY —| > itax = 0) . HepaseucrBo (2,9) 
qin 21 caegyer u3 emM 1 u 2. IlpennomoxHM, 4YTO OHO BEpHO Aa: 
f/—1, torga 
i 
eK ae 
OX; <C, I] OG en iOe, (2,11) 
i ; ; (2) 
a igisonn ti maak Oech 
1 1 F 
pH s11000M qi, Y LOBJETBOPAIOWEM a = an (Sie, Ee TLOKa KEM, 
4 i 


1 
TO OHO BepHo Hu wan 7. Jina atoO0ro 9, yAoBeTBOpsAIoMero geen 
max (ae 0), MOMKHO HaHTH TaKve 4HCJa q, Gai oe... 2) oto. 


1 1 : 
a (71 Ce emt) 
qi, Pi, 
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u 
i n 
pu ae ee ee A 2,12 
a De qe ( ) 
int i=! 
Ec BS ae > 1, tons. (2,8). 0 (2312) creme aa —_*—_ , 
qh, 


i=1 SA —1 
ind i, 
‘OTKYAa mo wemmMe 1 


(2,13) 


n 
(0) 
leh, < GAs 
i= 


nN 
1 
Ecanu » ri <1, To no aemme 2 Toxe umeem (2,13). 
i= ‘I 
V3 (2,11) u (2,18) Boirexaer (2,9). 
Ocraetca OKa3aTb, 4TO OepaTOp BAOXKeCHHA BIOTHE HEIIPeCPbIBeH. 
Tlycrp 9(x) =O Bue o6aactn D. JlocrarouHo noKa3aTb, YTO CYULeCTBY1OT 


TaKHe MOJOKUTCIBYBIC MOCTOAHHHIeE &@ u Cy, He 3aBHCAMMe OT Y (x), 4TO 
JIA mroOnx Ax 


le(x + Ax) — o(x) le w) $< C,| Aol ae Oy, (2,14) 
LY fase ran 1 


, iy) 
He wapyuiad OOU{HOCTH, MOMKHO MpesqnoOKUTS, YTO 1<QqY< q U 


1 1 
> “Ge 7 max ee : 0). Torga umMeem 
0 


q 
le(etAx)—o(ly (ry <i 9+ 4x) —e (leo X 

Xe (e+ Ax) — 9 (lf wy <2 le le lle (@ + Ax) — 2 (4) Ew 215) 

IPH ay H . 

Pleo) < Cy i¢ lw) ) (D) - (2,16). 


Lib eenneey 
‘VUssectuo [4], uro i 


le (« + Ax) — 9(x)||, (p) S | Ax| ele (D) < 
<Cyp [Ax | le re 2 : (2,1 


neon 
l 


is (2,5) (2,17) crepe on). 
6) Mbt ROKa3aIH B a“, 4TO 


fl 
Og | | dg 
| Ox; le D = a BS la, Macy? Ox; D (2, 
Bea shee alee ERIE LS 
1 1 : 

pH w1060M G1  YAOBNETBOPHIONIeEM 7 = rei (7=1h 0 |“) a 

f i) ty 4 

ps ( 
oes n-+ ps 
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1 1 
RveTD —- == —— y= 2 
YCTb a, qed Gip2= don), rorna 
5, Se ere EL eA Ss BS 
pare Digrne ne POSH 


yTCc10 Laefio “nemMe 3 BbITeKaeT 


! 4 Ieipe < b, ? l(t) (D)? (2,19) 
re (7%;) 
n , ( 
Rie fe Ae ef) ~~ ret 1 merass 
: 2 iy eae We eats (4,) Bil lgren tae ge. 
ij=1 Feit 7 


ub, 3aBHCHT TOJbKO OT 2X, 9, Hid 
Hakoueu, v3 (2,18) u (2,19) caenyer (2,10). 


CaeactBue. Ecau (x6 We, aus i) P) M Js HeKOTOpOrO m 
@<m<f) 
Nv ae oe sf ae hac eae ks 2; gilt 
nr = 1 .c., m—1 


1 : ‘ 
> a Ces eee hey His ap Rene ie (28 


i— 
To g(x) EC ™) (D). Tipu atom omepatop B1OxeHHA BOOTHE HempepbiBeH. 
Mpl MOXKEM YCTAHOBHTb TeCOPeMbI BAOMKECHHA B MpocTpaHcTBe 
; 
Wig ty) (D) nocpeazcTBoM cieqyouleH Ae€MMBI, KOTOPy10 MOKHO 2OKa- 
3aTb C HOMOLLbIO MeTOAZa, mpeznomenHOoro B [5] u [6]. 
Jiemma 4. Ec2zu o62acme D ozpanurena Kyco4no-2AadKou epaxu- 
ye KAaccAa Cc, mo cyuecmeyem makasx o6bzacms D*DD, «mo Oaa 
l 
ecakon 9(x)E Win... +) (D) cyuecmeyem npodormncenue 9* (x) PyHK- 
yuu o(x) u3 D6 D*, Komopoe pasHo HYAIO 6B NOe@paHu4tHOK NnoAOCKe 
o6zacmu D* u 0Ax KOMOpO2O cnpasedAuso HeEpasencméo 


| p* lyn) 5 (D*) < Cie | Y llyp(2) ; (D)? 


Pi... 5 by (Piet 


20e D* u nocmoxnHasn C,. 3asucam om D wu He 3aeucam om 9 (xX). 


Orcioga BbITeKaeT Teopema 2’. 
Teopema 2’. Ecru o62zacms D ozparnurena Kyco4Ho-2AadKou 2pa- 


nuyei xaacca C”, o(x)E Wi...) (D) u 


mo ¢(x)@L,(D) npu N1060M 9 <q? = ————_—_—_.._ [pu 


3 Becruuk JiexunrpagcKoro YHHBepcHTeta, Ne 7, 1961 r. 
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IMOM 
Nol, eC elon @ ; 
Fl os 11 ay 


ede C\, 3asucum om p, 1, 9, Du ne 3aeucum om (x). 
cent 


Onepamop bAaomceHuA 13 W (i, oe (D) 6 La (D) npu q<q* 6noa- 


He Henpepoleen. 
Teopema 3’. eee obAacms D oepanu1eHa KYCO4HO-21a0KOU 2pa- 


nuyea Kaacca C”, o(x)€ Wi, ae D (D) u = onpedeanemcaA paser- 
cmeom (2,8). Tozda 
a) ¢(x)EL,(D) npu 060m 9 <9", 


fn 
q* SO: 
xX)@Lq(D) npu swbom gq >0, ecau ae 0. 


[Tpu IMOM ONeEpAaMop BAOHCEHUA O2PpaHuteH 


lel, (wy S Cis |1¢ by Wei...) 


Wu BnOANe HenpepoleeH, 20e Cy, 3aBuCUM MOALKO OM Price eae Ly 
Hay 


6) Ecau = <0, mo o(x)@C(D) u ydoszemsopsem yeaosurw | eAb- 


f 


depa c mbm noKasamenem oa < —P>— | 
n + ps 
lol, = Celel.o By, 
UP Unie S15? Wi aeeat) ) 
n 
1 
z0e Gi, BSaeuchm “Om p) ., Da s=i— MW gpa min 
1 Leto Bhi ee (2;,)- 
i=l 
IIpu amom onepamop BAOICEHUA U3 Wor, enV 6 C(D) é6noarne| 
Henpepeleen. 
\p 
rei! t 
§ 3. Teopembl BaoweHHA asa npoctpaxctBa Wier, eed fee i) 
Soest E,—N-mMepnoe mpocrpancTBo Ttoyek x= (x),..., x), rel 
id, = (x, vey XQ), Thy, Seah al ead pee ee ty +... + yp 


Hi sae! KOHE4Had ObsaCcTb mpoctpanctBa £),. [IIpeanomoxum, uTo /,,..., l-—| 
HeAbIe MOMOKUTeIDHBIE yNca H uNcTa | <p) i, = 00 Ch ee 
k 


=1,..., mp; R=1,..., r) He 3aBMCAT OT MepecTaHOBKN HHKHUX Mie 
I f 

ekcos. Byem ropoputb, uro dyuKuua (x) GE wie i ) (D) mpH lp > 1¥ 
red, 


ecaH OHA uMeeT BCe O6OOmeHHEIe MpousBoAHHIe no x),..., x” nopan} 
k | 
Ka lp, TIpH4ueM 
l 
; 0 ky ; 
eC EL D) So oar eo ie ei, (D) (45... gel ee ip). 
ase - 
lp 
Hopmy ee n070%xuM paBHon 
1p j 
‘ | | OF © | 
| F | (Up) D =||9 + | ae AR) ae eae | 3,15 
ph : ) EDN arr | ( ‘ 
lp i, fl 
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J4HTAeM Ww pth) (D) = rs p(k) (D) pu bps O% 
ByeM ropoputs, uTO PYHKMUA 
a fs) 


PO) EW gy Pe Be eal ae) 


r 


can pat) (a in \(D) np scex R= 1-2, ..., r. Ee wopmy mono- 
: Ty) 


KHM PpaBHOH 


Fs 
et mea ee : Pre 
We 


aay > | oe! (k | Pe (3,2) 


(k) A(R) | 
OX oo } Lp(h) (D) 


l 
Sampikanue MHoxectBa C”* (D) no HOPG (3,1) o603Ha4uHM 4Yepes 


a o aes , a 3aMbIKaHHe mMHOxectBa C")(D) no HopMe (3,2) uepes 
Bi. iy 


ee 
aes oe ee mare). 


ene ys esi | 


JIemma 5. Ecau o(x)€ Wim (D), mo npu 


Pie Np E 
~ = + n— ip — 1 
(= Il : 
Ipu 3mom 
ap a 
lL «de>, 1 "z By 
I? py rom < =| ¢ lh (3,3) 
Wt lz g (AYP I Fr ‘Lplh) (D) Np mise ny 
pe L 


de B, — nocmosnnax, 3asucauasz om tp, lp, p\),D u He sagucaumaa om 
(x). 
Tloxa3aTeabcerso. JlocrarouHo ycTaHOBMTb HepaBeHcTBO (3,3) 


A e (x) EC ( (D). Tlyctp D 3aKmouena B #-MepHoM Ky6e J (o6sacTu 
macca 71), u fanee, wycth o(x)—=0 npu «Gs — D: gars sa 3a- 


ucH npemnonaraem R=1. Nogcrapaaa | uj; (x)|=|¢(«)| ‘: Mt; =1+-4. my? 


M(x) G1)... 5 V=1 ep 1) Be HepaBencrBo (1,1), 
Oy uaeM 


i 


(J e(x) |" ax) CEE I (: (n Ste hl 


ay om | ux) < 
i=1 


ts i 


" a) A eae P| 
< Bt ET) ( {ie dx\ (\|aam ccean 
i ts CN Sias ee 


i=1 + 


oe 
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rae mes Sr — naowatb noBpepxnoctu Sr ee ~ Hi 


va 


B==(mes Sit ‘ Tee 


i=] 


Orca TouyduM HepaBeHcTBO (3,3). 
3 sToH AeMMBI JIeErKO ORAS nO HHAYKUMH cleqyomee. 


Jlemma 6. Ecau o(x)€ Wr 0 ee u 
( =e ay 
1 = 1 . 
ans : = be 
te-—— SY ay >e-l al... &-1), G 
: ek: i i anh wb -G 
1) 7m 
mo 9(x)@L,(D) npu 
4 nf , 
qe<q= iy . 
(Gat 
SS (R) + lpne “! AC 1) 
: gf A \ 
by yon ty =1 Rk wal 
IIpu amom 
1 
= | 
n nek 
R akg | ae -3 ¥ 
lolz, (n) < Be [ | ax$®) ... axi®) : | 
t 1 k . 
= ‘ Ly) wid, Mey 


20e B, 3aeucum om Np, lp, Pee , 9, D u He 3asucum om (x). | 
‘k | 
Ecan xepes Su El O603Ha4uHM CYMMMPOBaHHe H epeMHOK CHE 


k 
mo Tem k(1 <k<r), aaa KoToppix J, > 1, nu nOAOKUM 


Fg Pes 
Cg » rae ; ae a 


1), @=1,.., 9 | 


TO HMeeT MECTO CHeLyoUlaA TeOpeMa, MOKa3bIBaeMad Ha OCHOBaHHH J@MM} 
1, 3, 6 H aeMMBI O MPO MOK CHUM A eRan: aHaJIOrHuHOH semMe 4. 


Teopema 4. /Tycms ¢ (x) € We a) bs, ee (72 une fees (2) | 
vee dy, aes 


(pees le) Cuil 

€ Ua pt) a (9) . i 8 cAy4ae, Kozda Ob6Aacms D oepaxnsena) 
eee 4 Cy aes UY 
’ 


KYCO4“KO-2Na0K0 z2panuyei Kaacca C”, | = max (4) u 
1<i<a 


mp +1 { 1 = =n |} 
i > “Tete at % Wee ay a 
b r H 


Mp 
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Tozda 
. Wing 
@) ¢(x)ELq(D) npu awbom q <q* = *—, ecau H>0; 
9(xX)ELy(D) npu azw6om g>0, ecau H <0. 
[Ipu 9mom onepamop bAOHCeHUA O2paHuren 


oe ~ loll = Del Ghee) 
Mg (D) 3 || aes ante Me 
tyes dy, ! i ( Dieters au ) 


0e B; 3asucum om np, lp, Pe, , L\ u xe 3aeucum om ¢ (x). Onepa- 
Rk 


nop 6AOHeHUA BNOAHE Henpepwleex OAR AWb020 g<q* npuH>O u 
JAK Ai060z20 g >0 npu-H <0. 


6) Ecau-ece ly > (kR=1,..., 7) 4 H<0, mo 9(x) yoosrzemso- 
nem ycAosui | éabdepa c noKa3samenem —, =e ; é 


alae <By| 9 ly an t,) fe , 
r 
(Pe Nea) nas sh ay | ) 


ae p= min (Pi) u B, 3aeucum om np, lp, p\” i? 9 tt Dc tipe 
‘ poe bee 


Esl <0, 


1<k<r 
MOM Onepamop BAOHCEHUA BNOAKE HeEnpepoleen. 
Sameqanue. lipy r=, tjoel—=l (01, 200, 2) YONOBUE TA -¢g 


‘eopembl 4 OTMYAeTCA OT YCIOBUA TEOPEMEI BIOKEHUA AAA MpocTpaHcTBa 
2. M. Huxoapcxoro [7] ' 


Nn 


1 1 n 

| Gans =i 1 n 

fis 7 Pi Ue tase {te ee sees 

staat > i. ae es Be 
i j=1 


OJbKO TCM, 4TO IIPeAbITyilak TeEOPeMa CiipaBeVIMBa HW TIipH 


Nn 
n ] 
q=g= 7, («=0), ecam H= S)>-—1>0. 
L 
i=1 
B 3akmmuenue Bbipaxaio OmaromapHocth O. A. JlaabokenckoH u 
‘. K. Toaopkuny 3a pyKOBOACTBO H NOMOM B paboTe. 


Summary 


The functional spaces W (Pins... 4) (D) which are the natural generali- 


tions of the well known Soboleff’s spaces W\(D) are considered, and 
me embedding theorems are established for them. 
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A. Il. OckoaKos 


<td oe ee a ae 


O PEWIEHHHW KPAEBbIX 3AJJAY JIS JIMHEAHbIX 
3JVIANTHYECKHX YPABHEHWA B HEOPPAHHYEHHOR OBJIACTH 


1°. Ilycrp @;—orpaHnyeHHad OOaCTb M-MePHOrO 9BKANZOBAa TIpO- 
crpanctBa R”, n > 3, rpanuua KoTopoH S mnpHuaaqaexutT eS Hele oe 
O<a<1, [1]. Beegem ynkumonaapubre mpocrpanctaa C’'”(Q;), m =U: 
10 Onpewerennlo, PyHKUMA U(X) NpMHawexuT MpocrpaHcTBy Ce 0/0), 
ec Ona O6amaeT B 3aMKHyTOM OOuacTH Q;—Q, + S wenpepbIBHEIMH Tpo- 
H3BOHBIMH JO MOPALKa M BKJIOUMTEIbHO, MpHYeM M-bIe MPOH3BOHEIC- 


HenpeppIBHE m0 Teabgepy B Q; c noKagaTenem % OmpeqeaumM HOpMy B> 
Cc” (Q;) caenyiomum o6pa3om: 


m 
D™u (x) — D™u (x’ < 
[peo ones |D¥u(x)|-+ sup - (x) af (x’) | oe 
ey xeEx. Rn leOy | — x’ | 
k=0 i i 
pk pm 
roe D?, k=0,..., m, o603HaUaeT BCEBO3MO2%KHEIe IIpOH3BOAHbIe NOpAy- 


xa k. Torga C’””(Q;) npespamaerca B 6aHaxoBo IIPOCTPaHCTBO. 
AnamorMuko onpeseasiotca OanaxoBsl mpocrpancrsa C’”’*)(S) (PyHK- 
IM, OMPeMeICHHBIX Ha rpaHume S. 
PaccMoTpyM B OOsacTn &; 3agauy Jiupuxse gaa oOnlero HHEHHOTO : 
QJ. MMITHYeCKOrO spe BToporo BS ae 


ba Qi x)= ia a + aj (x ee + a(x)u=f(x) B;, (2) 
u| = . (3) 
VY NpeUOIO#KUM, YTO 
n 
Oh IE apt) Ge 9616 Pe ‘ bene (4) 
i=l 
laisleon@» Mleoaeas, Ile og, S& <%, (5) 
Fil (0, «) (2,) < oO, (6) 


1 llc, a) Sines (7} 


Torja, Kak mOKa3a BrepBpe IO. Lae [2], [3|, aa sm1060ro pe= 
WleHHaA 3afaum (2)—(7) uz Kaacca C *2)10,) cnipaBeWIMBa allpHopHad 
OI@HKa: 

Ihe gS CO, bm [Flee gy +l elec a) tmaxlei}, @ 


Q, 
i Et 


rye mocrosHHad C 3aBHCHT TOABKO OT YyKa3aHHbIX @ApryMeHTOB, T. @. 
ONPeAeIACTCA AMIN KOIPPuUKeEHTaMH YyPaBHeHHA WM pa3sMePHOCTHIO Mpo- 
CTpaHcTBa nN. | 


O pellieHuH KpaeBbIxX 3aau Wa MHeMHBIX 9WINMTHUeCKHX ypaBHeHHnit 39 


EcaM MpeAMONO2%*XUTh LONOAHMTEILHO, YTO, a(x)<0, TO max|u(x)| 
2; 

MOXET ObITh OMEHEH Yepe3s AAHHbIC 8ayaun, T. e. vepes KoabPunnenrel 
YPaBHeHHA, CBOOOZHHIA uwieH WH rpanuynyio PynKynio. A rorga, mpuMeHsA 
MeTO], IPOMOJ2KeHHA MO NapaMeTpy, MOXHO OKa3aTb TeOpemy cyumlecT- 
BOBAHHA pelmenuaA sanauu JIupuxue [4]. 

Teopema Illaynepa. Sadaxa (2)—(7) npu ycaosuu a(x)<0 umeem 
OOHO  MOAbKO OOHO peweHue us KAacca C™ ”(Q;), 

2°. B 1955 r. A. Jlyrauc u JI. HupenOepr |5] ony6.ukopaan HeCKObKO 
MHOK MeTOA WOKasatenperBa ONeHOK Llaynepa (8) (cm. Takxe K. Mupan- 
ga [4|), BBena yHKNNMOHAIbUbIe NpOCcTpaHcTBa, HOPMbL KOTOPHIX comep- 
WaT B KayeCTBE COMHOXKUTeEMeH PaccTOAHHA MO rpahuupl OOmactu. M3yyuaa 
aTy padory, a Takwxe paOotn P. Ounna u JI. Tua6apra [6], J. Pua6apra 
u VW. Ceppuua |7|, MbI npHiau K BEIBOLY, 4TO, HCHOAD3yA MeTOAUKY U 
HopMmpl Jlyrauca—HupexOepra, MOXHO NO.yunTh OWeHKH THMa (8), a TaK- 
#Ke H Teopemy Lllaywepa H B HeOrpaHHyeHHOH OGOMaCTH, ECM HaOXKHT 
HEKOTOPbIe yCOBHA YOHBaHHA KOIPPUNMEHTOB ypaBHeHHA WH CBOOOAHOTO 
yleHa Ha O€CKOHEYHOCTH H UCKaTb pelleHve B kKacce (PyHKMMA, BMeCTe 
€ MPOW3BOJHBIMH OLIPeeIeHHbIM OOpa3s0M (3aBHCANIMM OT MoBeeHHA 
KOSPDUNNEHTOB yPaBHeHHA HM CBOOOAHOTO YIeHa) YyObIBAaIOWNIHX Ha OeCcKO- 
HEUHOCTH. 

Ilycrp S — nopepxuoctsb Kaacca W/g(1, a), OC a<1, mexamaa B KO- 
HeqHo uacru R”, n> 3, Q,—o6nacTb, Aexatian BHe S u BKAIOYaIOMaA 


6e€CKOHEYHO yMaeHHy1o TOUKY, 2,—2,+4 S. Bygem cuvtatb, uTO Hayao 
KOOPAMHAT e@2xKUT BHYTpH mMOBepxHocTu S, u ycrh @,— paccTOAHHe OT 
rouKH «G2, no rpanuun S, d, ,,—=min{d,, d,,}. Tlycth bynKuua w(x) 


ompememeHa B 3aMKHYTOH OOmacTH 2. BBenem cuemyiomuMe OOO3HaYeHHA: 


BV 8-0 [z, 2,| = max {qr +848 (x) | \ Ae oe nee el) 
M,.. , [@, Qe] = max si Fie a OP eal pei) 
Ls Ps eel TA ae |x — x! |? 

MA sears ae max Mgr ea Dia (x) | , ae. (11) 

a I I 

n— +6+a|D — /D) y 

M,, 6, ee | zz, Q,| = max cee | = ak (12) 

Lees s E2, | x XxX | 

Db! : 
| ees eG hnaal (Day ahh tee) ie (13) 
oe 1 I | 
om (n—3) +k4+148+0| Du (x) — D'u(x’) 
Mn+, [+a [w, 2 o| ean =f a, e) pes? 7 0 (14) 
pb! 


3aMeTHM, UTO B CMY KOHeUHOCTH pa3sMepoB obacTH &;, examen 

(1 -3)+R+1+8 1 d (n—3)+R+1+-8 

BHYTpu WoBepxHoctTn S, paccTosHHA |x| 7 O ere eh eee 
: n—3)+kR+/14+6-+-4 —3)+Ro 

Tak ke KaK u [min{|x], |x’ iene u (1+ dx, x) , 

3KBUBAJICHTHbI UW MOFyT 3€MeCHATHCA OHO APyryoM. i : 

ByeM ropoputh, 4TO dyHKuuA U(x), ONpemeeHHad B OOMACTH e, 


1, ; 
UpHHaexUT MWpocTpaHcTBy Ge Opa es Leer i TeO€, 
O<a, B<1, ecau min Hee ONpememeHa MU KOHeYHA Ce AYIOINad BeMYNHA- 


R-+-B, lo 


il 
a f°? =YM,,, [4 S15 = Mase ial Sel: (15) 
i=0 p 


oe i 
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BymeM ropoputb, 4uTO yHkunaA u(x), ompewenenHan B 3aMKHYTOR 
g rae 
o6aacTu Q,, NpHHadexHT MpOCcTpaHcTBy Coy (Q,), ecanv Id Hee ompe- 


meneHa W KOHeEUHAa Ce Nyloman BeH4NHa: 
1 


Liivewre = Mase. [#, 21+ Mase ral% 2]. (16) 
Muoxectsa C$%,2 (Qe) u Ck (Q,) c HOpMaMH, OnpeneneHHBIMH op- 
Mysiamu (15) u (16) cooTBeTCTBeHHO, OOpasyloT OaHaxOBbl MPOCTPaHCTBa. — 


Jlaa jaibHevmero BaxkHa Ciefyioulad JeMMa. ; 
Jiemma 1. Ecau M, ,[u, 2,], Ms,.[4, 2,] <0 (coomsemcméenHo — 


M,, (4, 2.1, M;.[4, 2,] <<), mo daa sm6020 «, O<e <1, 


M,,,|#, 2,] <M, »[#, 2] Hine, is 2], (17) 


sa | 
MM, [u, Q.] <M, , [u, Q.] + C(e) Mz o [u, Q.] : (18) : 


B camMom gene, nyctb x@&,. Bo3Mem «, O<e< 1, WH paccMOTPHM 


map Ext, C IlCHTPpOM B TOUKe X paguyca ed,. B sTOM mape, MCNONb3yA 
TeopeMy O CpeqHeM, NOJyuHM ; 
max | u (E) | 

Eva 
| Du (x) |< “£5 — + edy max | D*u (8)]. (19) 
; xa, : 

D? 
Orcioza 

Ge Cay On arms (2 (E)/ ped OV" max aes | 
ed y Eva, > 


M,, 0 [u, 2,] 1 eM, 2 [u, 2] ) 


4YTO H TpeOOBalOCbh WOKa3arTb. 

Onenku Tuna Ulaynepa B HeOrpaHHyeHHOK OOMacTH, KaK HM B Orpa~ 
HHYeHHOH, pasOuBaloTCA Ha MBa Ksacca: OWeHKM BHYTpH oOsmacTu Q,, 
YUHTHIBAIOIMe NMOBeAeHHe PYHKIWH Ha Oe€CKOHEUHOCTH, HO HE YUNTHIBAIO- 


mywe €€ NOBeeHHA BOH3H TpaHHUbl, H OMeHKH B 3aMKHYTOH OOsacTH Qe, 
KOTOPbl€ yKE YUMTHIBAIOT NOBeEReEHHe MYHKUNH BOAM3H TpaHHLbl W Te 3Ha~ } 


YeHHA,KOTOpHle PyHKUUNA NpHHuMaeT Ha rpaHnue S oO6sacTH Le. I]pu sToM., 
OWCHKH B 34MKHYTOH OOMaCTH CaraloTCA M3 OWeCHOK BOAM3H TpaHHIbl H 
M3 OMCHOK BHYTPH OOMAaCTH, Tak YTO CIeCMHMUYHIMH JA HEOrpaHHyeHHOH, 
OOacTH ABJAIOTCA JHUIb OW€HKH BHYTPH OOmacTH. MmMu MBI XH 3aHMeMCA. 

3°. Paccmorpum B o6OaacTH 2, aMHeHHOe 9SMNTHYeCKOe ypaBHeHHe — 
2-ro NOpAKa C NepeMeHHHIMH KOadpuNNeHTAaMH 


02u2 
Lu = ay (x) ao5e + (x) 5= +a (x)u=f(x), (20). { 
O<A IEP Saj; (x) bE <A 1EP (21) 
H Npe€ANO10%xUM, YTO \ 
Nail? lade, lake <K <0, (22) 
Whe, (23), 


Torja cipabejiuBa crezyrolad Teopema, 


O peuleHHH KpaeBbix 3afau AA AMHeMHEIX SnHNTHYeECKHX ypaBHeHHit 4} 


Teopema 1. Ecuu u(x) ecmb Pynxyun uz Kaacca Cy *)(Q;), ydoe- 
Aemsopsi0uad ypaexexur (20)—(23), mo 


lel eeS COs, K, m) {IR +My ole, 2,1}. (24): 


Bpenenuble HaMH NHOpAdKH yOnBaHua KOsd@HNMeHTOB ypaBHeHun Ha° 
OeCKOHeYHOCTH ABAIOTCA MOCTATOYHBIMM JWIA TOFO, YTOObI pewieHnA ypaB- 
HeHHaA wé1n ceOa B OKPeCTHOCTH GOeCKOHEYHOCTH Kak OG6OOUIeEHHBI cTe-- 
NeHHOH pA Mu, B eS yOpiBaH BMeCTe C NPOW3BOAHBIMM Kak He-- 
Jx|° 

Bowee Toro, CCM OrpaHW4MBaTbCaA TaKHMH PeLIeHHAMH, TO 9TH NOPADKH: 
ABAAIOTCH TOUHBIMH B TOM CMBICe€, YTO CYMECTBYIOT KaCCbl ypaBHennii, 
JIA KOTOPbIX OHH HE MOryT OBITh yBeHUeHHI. 

B caMoM eve, Mmpeqno10%xMM, YTO Halla 3ajaua OOmamaeT panuanp-- 
HOH CHMMeTpPHeH. Torga ucxXOqHOe ypaBHeHue (20) B uaCTHBIX NpOoV3BOL-- 
HBIX CBOAMTCA K OOBIKHOBCHHOMY uddepeHwMabHOMY YPaBHeHH10 


gat PONG: FOP) EFA. eta 


JiAa OMHOpOAHOTO ypaBHeHHA, COOTBeTCTBYOWero ypaBHeHHo (25),. 
TOUKa fF = CO ABIACTCA PeryAAPHOH OCOGOK TOUKOH Torgza MH TOAbKO Torsa, 
eCAH B OKPpeCcTHOCTH O€CKOHEYHOCTH 


P(r=F+o(>), 


Fetal 


he eee 


KOTOpaa CTeneHb 


(26): 


Oia 


Ycaosua (26) noKa3bIBaloT, ¥TO KOamdunNeHTH Q;(x*) nu a(x) ucxogHoro: 
ypapHeHua (20) OU*KHbI B TOUHOCTH YOBAeCTBOPATh YCAOBUAM (22). 

Kpome Toro, MOXxHO NOKa3aTb [8], 4TO ycnoBua (22) yOnIBaHHA KO-- 
2sMuUHeEHTOB Ha Oe€CKOHEYHOCTH OCTATOUHBI AA TOrO, YTOOH CMeKTP» 
eryueHua omepatopa L, T. €. TeEeOPeTHKO-MHOXKeCTBEHHAA CYMMa TOUeK 
HeMpepbIBHOFO CMeKTpa, TOUCK AMCKPeTHOTO CIe€KTpa OeCKOHeYHOH KpaT-- 
HOCTH HW UPeAebHBIX TOUeK AHCKPeTHOTO cHeKTpa, COBMaLal c (—o, OJ. 

HamMeTuM jlOKa3aTebCTBO TeOopeMB! 1, OTpaHH4unBaACh WA MPOCTOTHI 
nmyyaem n=3. B cuay aemmpl 1 ocTaTOUHO NOAyYHTh OWeHKU TuMNAa (24) 
ai M,.(u, 2) u M, 4, ,[4, Q.|. Iaa eToro MbI BOCTOMb3yeMCA CiesLyi0- 
mew u3BeCTHOH TeOpeMoOli (ee MOKasaTebCTBO cM., HampuMep, [5], [9]). 

Teopema 1’. Paccmompum 6 wape Ej’ c yexmpom 6 mouwke xX, pa- 
uyca d ypasxenue []yaccoxa 

Ai EX), (27) 


nycms pyukyua F(x) Hnenpepoiena no Teavsdepy ¢ noka3samenem a, 

<a<1, 6 wape Ej. Tozda pewenue u(x) ypasnenua (27) J6ancdn 

enpepwieno Ouggeperyupyemo 6 E*, emopole npousbsodnnle nenpepolenn 

o leasdepy Cc nokasamenem a u cyuecmeyem nocmosnHnad N, maxan, 

mo 

| D?u (xo) | < Nis max | z(x)|-+ max| F (x)|+ @°H,,, E% [F] |\=NI/, (28) 
0 Eye 


ad 


1 Aas xm (as 
qe NI Nai. os Fl (2 


| x — Xo |* 
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.20€ 
H,, 2» (F] = max ae (30) 
grees? [a 


Ecau (x) & CH ” (Q,), To cymlecrByeT MO Kpafinef mepe OHa TOUKA 
x €Q, (moxerT ObITb, X= co), B KOTOpoH mocruraetca Meo[u, Q,|. Tora, 
iO OMpememeHulo, cylmecTByeT TONKA x, EQ,, x) #4 ~, Taka, 4TO 
2+8 ) 
M, » (4, Gel < 2d," | D°u (xX )|, a, # oO. (31) 
< wl 
PaccMoTpum wap Ean re 4, OCA< >, BHOepem uosqHee. IIpu- 
ipeneM Matpuuy |/@;;(x)|| B TOUKe X) K CAMHMYHOH H 3anMuIeM ypaBHeHHe 
(20) B mape £) B Buge 
are Pu Ou : 
An (x)= fEx) - [8;;— a7; (P= PR (x) 5 — a(x) 4 =F (x). (32) | 
K ypapHennio (32) npuMeHuM B mape Eva, Teopemy 1’, HMeHHO OI[eHKYy — 


428). OneHum uennl, Sipe B eg cmpapa: 


Hole Ss 5) Phan 


“f(x VS Ga re ae 


a re a, ; 
a 4 @ ~ 
(8;; — ajj (x Nees os 20 shea Uy = ay) N, 
| X — Xp |* 
ea ; a 2-88 
Ta Wale 
O02 1 « Me Q, ‘ 
ae [a —ayd, Pr Ses ar aa |x — X| Sad, ; 
M, , (u,-22) 
aeicthete (A) ee 5 
Vv , 4 
| a(x) |< KC, () — 
‘Orcioja _ { 
KC, (A G 
TAS |F(x)| < “ee as nein M, , [#, 22] + 
Bias 
* M,, 1 w, 2, 1 M, 0 |u, Q.]} . (33) 
_jlanee, { 
A) FOO Tha ees | 
| x — xq |’ So (4) pai 
| aij (A) — 3! | Deu (x) 1 K M;. 9 Le; Sel 
[4% — x6\\" etal detb+e ; 
7 es Du (x) | = < | Du (Xp )| ae | 
IBS . D 0 { 
+laj(x)|! te nf ate <|Q—d,\""| Du (Xo) 7 ar nai x @ 
: 
x [a —d)d,] as eer era | Spee io | 
Eee ate Lek | a; (x)| Par 
KC, (a) Metts Sel FN "MG ols Sel fala) —a (a) | 


2+68+a y ) 
ay, | xX — Xp be 


Mg, o {4, G6] + VMs [u, 25] 


| 
2+ . 
2+p-+o% | 
a‘. | 


= | 
<KCy(4) 
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Orcr1o a 


[hd i sup | F(x) — F (x9) | < KC, (A) (IF 


; Bite‘ 248 
|x — X| ay 


E*o B+2, o Se 
EL) 
Ad 0 


+ dM (1+ o) [Me [z, Qo] + May [u, 2.1] + M, 9 {4, Q,]}. (34) 


£ 
Theficrapum (33) u (34) B npaByio yacrb onenKu (28). Ipumenum 
uemMMy 1 uw BBlGOepem A MH ¢ CTO MaJIDIMN, TOO! MHOKUTeIb TPH 
M,.|a, 2.) B npaBol yacrH Obld mMeHbme eANHuT. VMHoxan (28) Ha 


d<°, nonmyuum ouenky: 
M,, » [, Qo] < C(Ay, K, 1) { IF le ..0 oa M,. o (4, 2] | . (35) 


Ouenum tenepb M,,., [u, 2,]. Ecan u(x)ECP-9(Q,), to cyuecr- 
ByeT 10 KpaiveH mMepe Ona Tapa TOUeK (x, x’), B KOTOpbIX WocTUraeTcA 
Myo. 14, 2e|. Mo onpegqenennio, cymectByer Takad mapa ToOUeK (Xo,%)), 
d,, d, <, 4TO 


sete |e (ray — ir Cen | 
M, 2+4 | u, 2Q,| Od a cq | D*t (x0) — D?u (xo) | 


Xo, X, 


(36) 


| x0 — |" 


Ilyctb, Hampumep, dy, x1 —=dx,. Tora Mbl CHOBa pacCMOTpHM wap 


Xo 5 i Ls 
Bx. O<A< +5, B HEM ypaBHeHHe (20) sanumem B Buse (32) uM mpHMe- 


HUM K Hemy Teopemy 1’, a uMeHHO oneHKy (29). OneHKH 4eHOB mpaBoh 
yacTu B (29) IpOBORATCA COBEPUICHHO aHaJOrH4HO, MPH TOM MBI NOMHUM, 
uto Ms,2[u, 2-] Hamu yxe omeHeH. OxoHYaTebHO MOmyuaem: 


M, 244 [u, Q5¢| ES C(A,, IK, i) \ leno, « ae M, o [ w, 2] | . (37) 


’ 


Ouenkn (35) u (37) BMecte c zemMol 1 foKa3piBaioT Teopemy 1. 

4°. PaccmotpuM B OOsacTu 2, 3sanauy upuxie Wa IMHeMHOrO 3JIMN- 
THYCCKOO YPABHCHHA C Me€peMeHHHIMM KOSunNeHTaMH 

Lu=f (x), (20)—(23) 
=, 9€C°"(S) (38) 


HO 


(2, 
u OyeM UCKaTb ee pelleHne B Kaacce Cg’ ’(&2). 
Tipeqn0A0%KUM JOMOAHNTeABHO, ITO KOsPuNMeHTH ypaBHeHHA YOB- 


y) 


JIETBOPAIOT CEMLYIOULMM YCJOBHAM: IPH 060M € (0, 2] 


aij (i) XjX; 


A, (x) = a(x) + (@—8) (6-8 + 2) 


a 
Soy (x) + aj (x) x; 
corer) a (ed oe ) 
0<K, <min {|x P [4,001]. (40) 


40 


Ycaosua (39)—(40) BbImoO.1HeHbI, B YaCTHOCTH, HU AA OMepaTopa Jlan- 
wmiaca, HOO JA Hero 


A, (4) =/ga 0 — 8) [2-8 —@ — 1. 


TloKaxem wmpexre Bcero, uTO HUMeeT MeCTO CeETYIOUlad TeOPeMa. 


44 A. IJ. OckoaKoe 


Teopema 2. Ecau u(x) ecmo peuenue 3adauu (20)—(23), (38)—(40). 
u3 Kaacca Cf” (Q,), mo 
2) 


( 
ian GB f || a 
M, 9 [#, Sel max} [dion 2;]* max | ¢| ; LEE ae |! (41) 


20e 2; — 062acms, vencawman euympu S. 
Ja ROKa3aTebcTBa TEOPeMbI PpacCMOTPHM CeMeHcTBO yYHKIHH 


v(x)=|xPu(~), 8€ (0, ae (42) 


Kaxjad v3 (yHKWMH STOrO CeMeKCTBA eCTb PpelleHHe cae ny wllert 
3sanaun Jjupuxve: 


3 3 ayxj] au? 

Lv (x)= ai (*) ae95 -- [a (x) —2 (8B —8) el Ars 
+ A,(x) 0? =|xP° F(x), (43) 
v'|s=|xP%e (44) 


(2, oO ; 
v3 xnacca C;’” (Q,). 
Tak Kak v°|,, =0, To max |v°(x)| mocruraetcd 1H60 Ha rpaHuue S 
é 


o6aactn 2,, mu60 BHYTpH O6macTH. Ecau maxjv’(x)| MocTuraetca Ha 
Lo 


rpannie S, To ~ 


max |v (x) |= max |v" (x) |_< max | x |P-°-max | 
S S S S 


aS 
(2 


< [diam OES max | ¢ |. (45) 


Ecav »Ke 8TOT MaKCHMYM JlOCTHraeTCa BHYTPH OOmacTH 22, TO B TOUKe max 


(2,) 


D xP Vay 2 ee Lol ee a ene aoe 
|) Ss aerate K, 5g a 6) 
Virak, upu 160m 66 (0, Z| 

: iris 
|v’ (x)| < max ) [diam @,]* max| ¢], ge fi (47) 
S 


Tak Kak lipapad 4aCrb B NOCIe€AHEM HePaBeHCTBe HE 3aBHCHT OT 34, 
TO, Hepexola B HEM K mpefeny no 6>0, MBI un nomyuuM (41). 

Kak MbI yoxe ynOMHHadH, oneHKu Llaynepa BOmM3H rpaHHUbl He AB- 
AAIOTCA CHeUMPHYHEIMH JIA HeOTPAaHHYeHHOH OOmacTH, HU, MOCKOJIbKY 
TakHe OMeHKK Jia 3amauu Jiupuxe W3BeCTHHI, Mbl MOXKeEM, ONMPaACb Ha 
Teopemy 2, copMywupoBaTb CeAYIOMWMH pesybTar. 

Teopema 3. Ecau u(x) ecmb pewernue 3ada4u (20)—(23), (38)—(40) 
uz Kaacca C;”* (Qo), mo 


22, < COL K, ay { IIE? , HI oleaagy} (48) 


Teopema 3 nosBOseT BOKa3aTb TeEOPeMY CYIIECTBOBaHKA PelleHHA 
sanaun J[upuxe B HeEOrpaHHueHHOH OOmacTH: 

Teopema 4. Sadaua (20)—(23), (38)—(40) uwmeem odno u moroKo 
oOHO pewenue uz Kaacca C;'*) (&,). 
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PaccMOTpHM Hpexze BCero B O6macTH 2, sagauy Jupuxae aaa ypas- 
HeHHA [lyaccona 


Au=f(x), f(x) EC? (2), (49) 
Wiese ye ei C’**)(S) (50) 


ys —D 
H MNOKaYkeM, 4TO OHA HMeeT PelleHHe B Kaacce Cf POs). OUeBU AHO 
© HHCTBEHHOE. 
BymemM CuntTaTb, ro M==3, u u3sy4yum HbwTOHOB NoTeHIMat 


; Ft (&) a@)7-— 5 
Pifl(o=\ soa, Fieck? (2). (31) 
oa 
Jlerko noKka3aTb [10], uro 
G ey = 
PLAC) sal FI,» (52) 
TIEPBLIE NPOM3BOAHHIE MOTCHIMala BLIYHCAAWOTCA NO Popmyae 
0 Sa} 
PUI =| F@) Boa (53) 
H * Fe 
[DPA ls ialfes, (54) 


Uro6Obl H3yY4HTb BTOPbIe MpON3sBOAHHIeE NoTeHWHata (51), 3anuuem ero 
B Bue 


Pil@= | pSyet+  f EOS ae, (55) 


|x —&| 


d d, 
is ea 


Torna npu xG@2, Bropple MpOusBOZHHIe MOTeHWHaIa BEIYACAAIOTCA TO 
dopmy.e 


0 a Gleam 
a eae \ eae 
isis 
3.(5i 47)? 1 ae 
= f f(®)| a |E <r} 4 i 3 J (x) fe 


ee Lf@) —fOl TES — aap] B+ 


x 


1x—S1< 
3(&; — x;)? 1 - 
Di i CON a aera dé. (56) 
d 
2, fiesere <2) 

a ee AP [f] (x)= — 4x f(x). (57) 

JierkoO mOKa3aTb, 4TO F : 
IDP Lf (I< Sa VI? (58) 


Viz (56) caenzyer, ¥TO BTOpble mponsBodHble noTenmuana (51) paByo- 
MepHO HempeppiBHb! 10 Teapgepy ¢ moKasaTeneM @ BHYTpH o6uactTu 2,, 
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a tora, Kak u3pecruo [1], HX npeferpHble 3HayeHHA Ha rpanume S 
TakKKe OyAyT HempepbiBHE! mo Teabazepy T. e. 


P[fligeC??). (59) 
Tlanee, ¢ moMOlbIO TeopeMb! 1’, MO2XHO NOKa3saTb, YTO 
ie (4) = DAP TPG) “S C af rile (60) 
ee ie B+ 4 a 
M3 Bcero cKkasaHHoro caenyer, uro PI f| (x)Eé C29 G,) u 
IPA, < e171. (61) 


Kak O6bINHO, peleHne 3afaun (42) — (43) Oynem ucKaTb B Bue 


a(x)=— EPL) + 200), (62) 

re U(x) ecTb pemlenne 3azauH 
AU) (63) 
vls=9+ EP Iflls. (64) 


Pemenne nocienHeh 3amnaun ecTtbh (yHkKuMA, rapMoHHNuecKan B Qp, 
BTOPbIe MPOH3BOAHBIE KOTOPOH HelpepbIBHB, Mo Teabgsepy, ¢ NOKasaTeeM 
& B 3aMKHYTON oO6uacTu Q,[1]. 3HauuT, Tem Gonee v(x) @CY (Q,). Sasa 
maya (49) — (50) pemena. 

Jia jokasaTevibcTBa TeopeMbl 4 Tenepb OCTaTOUHO HPHMeHUTB Me- 
TO NpoLomwKeHHA moO napameTpy ([12], [4]). 

5°, PaccmorpuM Tenepb B OOmacTH 2, KpaeBylo 3agauy C HOPMaJbHOH ~ 
MPpOW3BOAHOH JIA AMHeEHHOrO 9MNTHYeCKOrO ypaBHeHna Lu = f(x) B- 
2, (20) — (23), (39)— (40) 


ace u=(x) Ha S, (65) 
B (x) < QO, (66) 
Xx), (eC (5) (67) | 


M OYM€M VCKaTb ee pemleHHe B kKwIacce Ce. ew 
TlokaxkeM rpexae BCero, YTO CHpaBeLINBa Clenylollad TeopemMa. 
Teopema 5. Ecau u(x) ecmo peuwenue 3adauu (20) — (23), (39) — (40), 


(65) — (67) us xaacca Ci") (2,), mo 
= “iris e) {diam Qi]? max] Y| 


ee a. 
seis Poe ra He 7] 
On\| x F , 
npurem nocmostnHad C He 3a6uCUmM OM OAHKHHbLX 3a0Qa4l. 
Jia LOKa3aTebcTBa 3¥TOH TeEOPeMbI BBEAEM CEMeHCTBO PYHKUWHE 


y° (x) = eae: (x); 3 (0, “] 3 (42) | 


(68) | 


1 + min | [B(x) {+ 1x18 
Ss 


Kaxkgat us cbyhkuni sTOro cemMeHcTBa ecTh pemenne crenywouelt | 
KpaeBoli 3anaun: | 
* 5 B—6 , i 

EOS Ol FC eS (43) | 


O pemeHuM KpaeBbIX 3aay Qn AMHeMHDIX SWIHNTHYeCKHX ypaBHeHnuit AT" 


=8.0 1 - 
a oleate] om ixP yua-S (69), 


are 
M3 Knacca C3" (&,). 
Vicnoab3ya TO O6CTOATEBCTBO, YTO 


8 — 
~~? v|_=0, (70), 


MOXKHO TOKa3aTb, KaK HM B Ca@yyae OFpaHHYeHHOH OGsacTH (CM., HallpuMep,. 

{11]), sro 

} i silfee) [diam Q,]*. max | ¢ | 
Ss 


| : 
ie +2,0 te G 1 =e | 
| - ( j al 


RK 
[ 1 1+ min |B G9 | +1? 
s 
Tak KaK mpaBad YaCTb B NOCICAHEM HEPaBEHCTBE He 3abHCHT OT 6, TO,. 
nepexoOJa B HEM K TIpeszery no 6+>0, mp u moayuuM (68). 
SamMeTHM, 4TO TeOpema 5 BepHa i AIA 3anauH C KOCOH NPOU3BOAHON, | 
T. €. 3aauH C KpaeBbIM yCIOBHeM Bisa 


+ B(x)u= (x) na S, (72). 


|v? (x) 


(713 


rye a — quddepenmupoBanue 10 wOOMy HeKacaTesbHOMy K S Hampas-- 
JICHHIO. 

6°. Mcnoap3ya upvemp A. Jiyrauca u JI. Huper6epra [5], Moxuo. 
HOyuntb oueHKn Layzepa BON3su TrpaHHnbl WH Wid KpaeBok 3aqaqH 
¢€ HOPMaJbHOH nponsBog_HOH. Hanomuum npexge scero, yro SEQ, 2), 
a 3TO O3HaYaeT, TO OMpeeeHHIO, YTO B LOCTAaTOUHO MaJOH OKPeCTHOCTH: 
11060 cBoelH TOUKH MOBepxHOcTbh S MoxeT OnITh mpemcTaBleHa B Bue 


te 2G, * Xn), 2E Co CREO): (73). 


Iycrp T— gocrarouHo mMawpiii KycoK noBepxHoctu S, npegctaBjeH-. 
Hpi B Buse (73). Tlycth dy—paccrosHve oT roukn *E2, no S\T,. 
min {d,, d, |}. Torza, Kak B 1. 2°, Mbl MO2KeM cee PyHKUHO- 

5 & 
HaJIbHbI€ WPOCTpaHcTBa, aHaloruyHble mpocrpancTBaM Cis (2,), KoTOpbie. 
MbI O6O3HAYHM Yepes \ 
Grig (Qe), k=0, + eae ETO 0<4@, Behe 


PaccMOTpHM ypaBHeHHe 


Lief Ax) (20)—(21): 
HM NpeANOOXUM, 4TO : o if 2 
Jari, Jari), Fayf®d < K (74) 
H 
Fla) E C539 (2,): (75): 


Torga uMeer MeCTO caeayoulad TeOpeMa. 
Teopema 6. Eczu u(x) ecms pewenue 3ada4u (20) — (21), (74)—(75),. 


(65) — (67) w3 xaacca Cy” (2,), mo 


THI, <C 04, K, ) (TAG. +19 fe0.45 + Moole, Self. (76) 


8, 2+a B+2, 4 
Be3 orpaHH4eHHA OOUIHOCTH MOXKHO CYHTaTb, YTO 


eo Sade hal Ha S. (77), 
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B mpoTHBHOM Cy4ae MBL PpaCCMOTPHM B Ksacce Ox (on) KpaeBylo 
3aauy C HOPM@IbHOH MpOH3BOAHOH Mid rapMOHMYeCKHX DyHKUHA 


Ag=0" B Sz (63) 
4 B(x)u=% na S (65)—(67) 


-W pewmenne W(x) npeactaBHM B BHae “4 (x) = v(x) + u(x), rye u(x) e€CTb 

~peulenne 3a2a4H a 
Lif ie. | 

Be (78) 

— + B(x)u=0 Ha S ‘ 

v3 Knacca C’”(@,), mnpuuem, B ney ycoBpun (74) Ha KOsPuUHeHTEL 

ypaBHeHHa H YCJIOBHA v(x) ECP” (2) ; 


LvG@Ck:? () (79) 
_ ) 
Zo} IK2n) < ie SCH, (1, a) | (80) 


TIpHnOMHHaA MOKa3aTeJIbCTBO TeOPeMBI é Mbl BUJMM, 4TO OLCHKH 
“BTOPHIX MPOH3BOAHEIX PCWICHHA H HX TeAbMLePpOBCKHX MOCTOAHHBIX OCTA- ; 
TOUHO MpOBeCTH B Wape, WeHTP KOTOPOFO exKUT ROCTATOYHO 6Uu3KO K T, 


Tak 4YTO YaCTb tapa BLIXOAHT 3a npezean 2. BBumy ManocTH mapa KyCOK 
MOBeEPXHOCTH - wexKaulM B Wape, MOXHO C MOMOLIbIO Mpeobpa3z0BaHuE | 


-w3 Kaacca C”® (R") caeaate maocKuM. TipH atom raagKocth Koad pumu- | 
-@HTOB ypaBHeHHaA KH CBOOOAHOrO 4ieHa He HapylHTca. | 
Virak, MycTb Mbl HMeeM IIOCKHH KYCOK rpaHHUbl, IPHHade Kana Tt 


ypaBHeHHe KOTOpOrO ecTb x, = 0. Ilycth X,E2, u EZ°— wap paguyca d| 
C M€HTPOM B TOYKE Xp, Xo —TOUKA, CHMMETPHYHAR TOUKE X) OTHOCHTEMBHO | 


IWIOCKOCTH X,—=0, H MmpeanonoxHM, TO x, FES BS Ilyctb x) — TOUKA} 
S : 


Tlepeceyenua oOTpesKa [xX, Xo] ¢ maocKocThio X,=0. OueBHgHo, 470 { 
¥o Xo : 
AOC Ee ic Ee 
= 4 
Ilycrb (x) —6eckoneyHo guddepenunpyemaa QyHkKunA, yRopaer-if 
-BOpAOWMAA CIELYIOULMM YCOBHAM: 


1 ee ee 
Pie yaeara Pk ep oe 
C(x)as4 Sa aa (81) 
ES A eGo away 
A a a 
GC 
[DPtl Sen SO Ty 2 (82 
™ vTakas, 4ro 
Of 
Sal (83 
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Siacrs, manee, G(y; x), y# x, xGEY N2e—yHkuun [puna yaa 


leparopa Jlanaaca, coorBeTcrBylomas ADRES My. YCIOBHIO C HOPMaAbHOn 
\ON3BO HOH, 


- vei B(y)G(y¥; x) =O na S.  (66)—(67), (84) 
aK usBecTHO [1], 
] 
G(y; x)= ie all a rey: 3) (85) 
ie / (3 x) ecTb pemenne 3aqaun 
AT == B Q., 
: eae ome B(y) (86) 
mt BO) FO =F (e+ )- 2S wa s 


3 xmacca Ci") (Q,), 


[Ipupeyem Hale ypaBHenue B TOUKe XEGEW AR, k Buay (32). Ve- 


7) 
WIb3yH yeOBuA (77), (81) — (84), MBI nonyyuM gaa peuenna y paBue- 
aa (32) caemyiomulkee HHTerpadbHOe mpescraBseHue: 


u(x) = \ C(¥) G (y; x) Au(y) dy — 
- J u(y) A[E(N) Gy; x) dy, (87) 


2 BKAOUAIOWLee PPAaHHYHbIX HHTerpasoB. Orciwoga O6bINHBIM OOpa3o0m [5| 
WY IAIOTCA HHTeEPPaJIbHbIe MPeACTABICHHA BTOPHIX MPOH3BOAHHIX, a U3 
4X WOMyualOTCA OWeHKH, CPOpMyHpoBaHHBIe B Teopeme 1’. Teopema 
)Ka3aHa. 
Hs Teopem 5 u 6 caemyeT OCHOBHaA allpHOpHaA OWCHKa Ja pelle- 
H KpaeBoH 3aa4uH C HOPMAJIbHOM MpOM3BOAHOH AA JMHeMHOrO 911Mm- 
YeCKOPO ypaBHeHHA B 3€MKHYTOM HeOrpaHH4yeHHOH OOwacTu oe 
Teopema 7, Ecau u(x) ecms pewenue 3ada4u (20) — (23), (39) — (40), 


5)—(67) us Kaacca Cf" (2,), mo 
[HIS CO, & hy {IFIED 419% f- (88) 


OueBuHO, 4TO HapAaly ganaue Jiupuxae (49)—(50) u Kpaesaa 
qaqa C HOPMaAbHOH MpOM3sBOAHOK Aaa ypaBHeunHa Ilyaccona 


aT ae (49) 
C4 4 B(x)u= (x) wa S (65)—(67) 
eeT €/[MHCTBEHHOE pellleHHe Kwlacca cf” (Q,). A roraa, ommpasch Ha 


opemy 7, Mbl MeTOJOM MposouxKeHHA TO Mapamertpy [4], {12] WOKawKem 
opemy CyIJeCTBOBaHHA PelIeHHA KpaecBol 3aqa4uH C HOPMAJIbHOM MpPOUs- 


WHO B HeorpaHH4eHHOH OGaactu Qp: 


Becrunk JlenuurpagcKoro yHuBepcuteta, Ne 7, 1961 r. 


50 A. IT. OckoaKkoe 


SES 


Teopema 8, 3adava (20) — (23), (39) — (40), (65) — (67) umeem eOuH- 
cméeeHHoe pemenue U3 KAaCCAa Cy Wey, 

B sakiouennve Bbipaxkalo 6arofapHOCTh MOeMY PYKOBOsMTeNIO pom. 
©. A. JlanpoxeucKoH 3a MOCTOAHHY!O NOMOM>b B paoore. 


Summary 


The class of linear elliptic partial differential equations whose solu- 
tions behave in the neighbourhood of the infinity like a harmonic fun- 
ction is considered. The principal boundary value problems are solved) 
for these equations in the unbounded domain. 
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B. B. Merpos 


ACHMITOTHYECKHA AHAJIA3 HEKOTOPDbIX IIPEJEJIbHbIX 
TEOPEM TEOPHU BEPOATHOCTEH 


_ PaccMOTpHM TOCMeLOBATeIbHOCTh He3aBHCHMBIX C.ly¥aHbIX BeMUMH 
(,, X,,..., Kaka H3 KOTOPBIX HMeeT OJHY MH TY 2xKe PyHKIHIO pac- 
ipemenenua F(x) u KoHeuHy10 gucnepcui. Bes orpanuyenna O6uLHOCTH 
{OKHO MPECANOOXKUTL, YTO MATEMATHYeCKOe OMHFAHHe KaxX MOM U3 pac- 
MAaTPHBAeCMBIX Cy4aHHbIX BeJIHUHH PaBHO HYJIIO, a AuCMepCHA paBHa egH- 


ue: EX;=0, DX; =1. Yepes F,(x) 0603Ha4uuM (byHKuHIO pacnpeze- 
[CHUA HOPMHPOBAHHOH CyMMBI CYUaHHbIX BeJH4HH oe (X,+X.+...4+X,). 
¢ nl 


Tlo02#xX HM 
Sie fe aa (1) 
mT 
SOrMaCHO WeHTpabHOH mpezebHOH teopeme 
limi, (x)= O(%) 
N-» 00 


JABHOMEPHO OTHOCHTeAbHO x (—~ <x< o~), 
— P. TI. Arupio [1] moxa3aa, uro npu Tex #e IIPeANONOKeHHAX 


lim IF) 0 (7) Pax 0, 


l A : 
CAM Pp >a. OTOT pesybTaT Obi Ha3sBaH Arbo rio6aibHOH opmoki 


[CHTPaIbHOH mpesebHOH TeopeMbI. CoxpaHAA mpeAnomoxweHHe OO OJMHa- 
-OBOM pacnpeweenun caaraempix, Arubto [2] uccmenoBa acuMNTOTHue- 
KOC TOBE AeCHHE BEM IMHDbI 


c= J lFa(x) —0 (x) Pax (2) 
[pu n> oo, mia p—2. 
| B pa6ote [2] HaiiqeH mepBbI eH aCMMMNTOTHYCCKOTO pa3sO%KXeHUA 
Pr? naa cayyaes, Korma F(x) ectb PyHKuUMA pacipeweseHuA, COOTBET- 
Bylollad CHMMeTpH4YHO cxemMe BepHy/iu WM paBHOMepHOMy pacmpene- 
Jenwio Ha unteppane (—V3, V3). B mocaemnem clyyae NOKasaHO, TO 
| 3 1 3 
CO = ——_— o(3) (n > co). (3) 
180 ane ns 
K.—Ir. Scceen [3] paccmorpea Gomee oOmly!Io MO CpaBHeHHIo C [2| 
JocaeqOBatebHOCTh H@3ABUCMMBIX CyYaHHBIX Be/IHUMH, PacmpeAeCHHBIX 
Jo OHOMy H TOMY 2%Ke 3aKOHY C MATeMATHYCCKUM OXKHRAHNEM, PaBHBIN 


52 B. B, Ilerpos 


b 


HY10, Hucmepcne, paBHOH eAMHHIe, H KOHEYHBIM aOCOJIOTHBIM MOMECHTOM © 
TpeTbero MOpagKa, a B OCTabHOM — mpousBoabHOMy. B [3] moKasaHo, 4TO- 
p Ne 


DMP) Be | iph p> 1, WM HaliqeHbl ABHbIC BbIPAXKeHHA AA MOCTOAH-— 
HOU Ap B COOTHOIIeCHHU 


A 1 
Dp 
CP a Ol ee 
n2 n? 


B uacrHocru, ScceeH MOKa3ad, YTO ECM pacnpeweenHne pacCMaTPHBaeMBIX | 
cay4aHHblX BeEAMYMH HE ABJIACTCA PeleTYAaTHIM, 10 | 


| 
Oy OAS eee at | 
Oe aieae (4) 


3 

rie 0, = LX. 
B nwacrosujeh paSore uccaemoBpaHHa ArHbiO H OcceeHa MPOMO2*KAaoTCA § 

B H€CKOJbKHX HalpaBenuax. Bo-neppblx, c1yyafinble BemM4MHb! X,, X2,... | 
He [peAnOmaraloTcA OAMHAKOBO pacnpeszereHHbiMu. Bo-BTOpbix, HapsAAy — 


C H3YYCHHEM ACHMITOTHYeCKOrO NOBeEAeCHHA IIpH # — co BEAHUHHbI Or Hac | 


OymeT HHTeEpecOBaTb aHaOrH4HbI BOMPOC TAA BeAMYHHI | 
9 


Di) = | Pa(X)— Fee isthe = 


KOraa Y HOPMHpOBaHHOM CyMMBI CayyaHbIX BeTHUHH CyulecTByeT M10T- | 
HOCTh pacnpemerenua py (x). Hakonen, B MpesNOTO%xKeHHH CyUeCTBOBaHHA 
y paCCMaTPpHBaeMbIX CyuaHHbIX BeEMYHH MOMCHTOB JOCTATOUHO BBICOKOTO | 
nopanka OyAyT Mouyyenbl TeOpeMbl, NOSBOMAIONMe HaliTH CKOAb yroqHO. 
MHOPO YICHOB ACHMMTOTHYCCKHX pa3zO%*KeHHH BeHUHH CO oe y 

Mbt orpaHu4yuMca B HaCTOAMeH padoTe u3yyeHHeM Cay4an p=2Q, | 
cyuaih p#2 mpeyqnonaraetca paccmMoTpeTtb B Apyrot craTbe. KpatKoe | 
cooOmeHHe 06 OCHOBHBIX Pe3ybTaTax paOoTb OnyOmANKOBAaHO B [4]. | 


§ 1 
Ilyctp HMECeCTCA MOCMELOBATEBHOCTh HE3€BHUCHMBIX CJYUaHHbIX BeJH= | 
a i fF wire (6) | 


C MaTe€M@THYCCKHMA OMKHJAHHAMH, PaBHBIMH Hywto. Ha npotaxennn scent} 
paosoTH OyeM HCHOAb30BaTb Ce yIoulNe O6O3HaueHHUA: 


oj = EX}, By=E|Xj!, ay=EX} (7=1, 2,...), 
n 


Bin = >) Bui ae 7 iy ete ea 
jm 


UHH 


Sn ut 


Yepes Fj (x) u F,(x) 6yeM O603Ha4aTD PYHKUHH pacnpezereHua Beau 


unH Xj; u Zp, a uepes f;(t) u f,(f)—coorBercrByiomme xapakTepucTH4ye- 
cKne PyHkunn. T]10THOCcTh pacnpexerenHua CAyuaHHOH Beau Zp, ecany 
ona cyulecTByeT, O603HauMM Yepes Py (x). Beruunnn CY”) y DY? ompeze-| 
JIAIOTCA PaBeHCTBaMH (2) u (5), B KOTOpHIX Fy(x) WH py(x) uMelwT yKa-| 
SaHHbIM BbIIMe CMBIC. | 

ByXeM TOBOPATb, 4TO MOcTesOBaTeAbHOCTH (6) pMHaqexuT Kaaccy, 
Tm(R, &) (m=1,2), ecmm QA Hee Npu @uKcHpoBaHHEX @>O0 u Ike10M } 
k>3 BHINOAHeHbI CeRyIoulMe ycoBua: 1) 


I 


AcuMnToTHueckHit ana HEKOTOPbIX TIPeeIbHbIX TEOPpeM TeopHHn BepoATHOCTEi 53 


bak Bo arene 
1) lim —- > 0, ile ee 


N- co n— co 


2) pH HEKOTOPOM + (0 era 2) 


Sale 
a7 tims DY f leary) =o; 
Ue |x j>nt 


3) HpH w060m ¢ >0 
4 
lim n° J if; at =0. 


[tj>e« v—1 
OuveBHAHO, YTO CCAM TOCIeLOBAaTeAbHOCTh (6) NpHHagexuT Kaaccy 
Y(k, «%), TO OHA NpHHagmexuT u Kaaccy 7,(k, «). 3amerum, 4TO B Tep- 
(MHaXx paOoTh [5] Kacc 7, (Rk, %) ectb Kaacc S(k, 1, «). MoxHO yKa3aTpb 
ay, OoMee Mpocto PopmyvMpyemMHX, HO O6Oee 2MReCTKHX yCMOBHH, MOCTa- 
OUHBIX JIA BLINOHeHHA ycuOBHH 1—3. Hexotoppe u3 HHX NpuBeseHbI 
3 paGote [5]. 


Tlo102uM : 
k—2 
Pi ,(—®) 
Hen et hay (7) 
5. v=] n : 
fe 
Py l= 2) =f, 2 (x) ie (8) 


‘3v—1, n{X)— HeEKOTOPHIH NOAMHOM cTeneHH 3v— 1 OTHOCHTEJBHO Xx C KoOadp- 
DUIIMCHTAMH, 3a8BHCALLHMU TOJIbKO OT Ha4abHbIX MOMCHTOB BeJHYHH Xj, 
X.,..., Xm JO mopanKka v-+ 2 BKaAOUNTeIbHO. OyHKunA P(x) onpere- 
IneTCaA 110 dopmy.te (1). : 

Teopema 1. Ecru nocredosamersHocmb He3saBUucumMblx CAYYAUHOLX 


enuwun X, Xo,... C MAMEMAMULECKUMU OHCUCAKUAMU, PABHULMU HYAIO, 
es 5 | 
lpuHAdAencum KAACCY r,(@, b= 5} mo npu tn —> co 


oo 


fj |Fn (2) — Alen (x)|" dx = 0 (sez). (9) 


—o 


Tloka3saTeabcTBo. [lom0%#*xHM 


co 


pn (t) = \ e#* dH yn (x). (10) 


—o 


durerpupya MO 4aCTAM T1paBylO 4YaCTb PaBeHCTBa 


fat) — han(t) = J etd [Fy (x) — Hen (x)), 


— 3 


[Oly 4aeM 


co 


LO — tan — | otts [Fy (x) — Hen (2)] ae. 


13 (7) uw (8) BbITeKaeT orpaHu4yeHHOCcTh PyHKUMH F.,(*) — Aen (x). B cuay 
lepapenctBa Uedpmesa PyHKuUHA F,(x)— (x), a 3HauuT wu yHkKunsA 


o4 B. B. lerpoe 


F(x) — Hpn (x) a6comtoTHO nHTerpupyema Ha (—©o, co), TeM CaMbIM 4 
BBINOHEHbI YCOBAA MpHMeHuMOCTH (opMy.in TlapceBaaa WIA mpeoOpaso- — 
BpaHHh Dyppbe ([6], reopema 12, crp. 23), Tak 4TO 


oo 


\ [Fa() Fen (@))'de ee | 


—o —oo 


OOM i 
: dt. (11) | 
| 


3 
Sp a 
Hlanee, nonowum 7,= 4B, M3 ycnopua 1 peirekaer, 410 Ty V0 F 


a | 
(vt. e. Ty/V nm sakni0oueHO MexKAY QBYMA MOAO2%KMTeADHEIMM TOCTOAHHEIMH | 
pH Bcex WOCTAaTOUHO OO/bUIHX 3HaYeHHAX 7). aA OWeHKH HHTerpana vt 


mpaBot uactu paBeuctsa (11) pas6uBaem ero Ha Tpv HHTerpava: 


is) 


v 
—95 


P j ae : 
res { n()— Heal! ide, he \ | n= ta Fa 


lt(<n* n*<|tl<T, 


Vs 2 \ ivi) E it | 


1¢I>T, 


if 


Pee (haa ac 
aa a di=1,+1,+14;, (12) 


rye 


ae ie 


roca fal ] 
% — NOMOKATEMbHaA NOCTOAHHAA Taka, YTO x<min|~, >—t], t—HO- | 


CTOAHHaA H3 ycnoBHA 2. B cuay aemMbl 1 pa6oTE [5] umeem 
1 
fy =0(5>5] (1 > oo), 
Wes) 
HerpyaHo nokasatp, uo | fy(t)|<e ° npu|t|< 7, x0craTouHo 6oamb- 
wiux nm (Hampumep, [5], aemma 2). Tlostomy 
ete 2 i 
i) — \ Ja(Oh dt=o/ } (1 > ©), 


nr-2 
n*<ltl<T, 


(13), 


f? 


2 i 
Baufy HatHuvA MHOMKUTeEIA B KaK](OM CJlarae€MOM, BXOJAIIEM B 
cocTaB Ap, (tf), Momyuaem 


Py Pa | 


n*<|t| <T, n 


Ngn (t) 
wb 


“dt =0 (>). 


‘pie \ oe 
lt] >T7 


B cuay ycaosua | npn ocTraTouHO 6oubmuX m uMeem 7,S,' > 8 re | 
n 


6 — HEKOTOPad NOTOXKUTeAbHAA MOCTOAHHAA. Tak Kak se (ie [ii ie , Tom 
n 


mal 


mp RocTaToOuHoO OO/IbIUHX M HAaXOAUM 


tn (f) | ay —- Sn 7 
We | dt \ Hyped < 


t — pa 
|f1 ST, hab SITs 


<*: | Migwrae. 


ce VES jess 


ACHMMTOTHYCCKHH AHaIH3 HEKOTOPHIX N1peqeMbHBIX TeOpeM TeOpHu BepoATHOCTeH 5a 


h, > 
TocueqHuh HHTerpal m0 ycaoBulo 3 paBeH °( a) IlockoubKy S,~< 


<Yn, T7,~<Vn, umeem 


1 
I Ss 
nh-2 s 


- 
M3 #fOkasaHHbIX OWeCHOK MH HepaBeHcTBa BynakoscKoro—lIllBapua c1e- 
lyeT, 4TO 


am a Le 
h=0(4>), I=0 (=). (14) 
Az (11) —(14) BeirekaeT yrBepoxx menue TeOpeMHL. 
§ 2 
O6osHauHM Yepes |) (x)| HopmMy dynKunu (x) E L,(— ~, ©); Te. 


wot=Y | [y(x) Pax. 


Teupema 2. Ecru nocredosamenrbHocmb He3QbucumMuUx CAYLALHOLX 


senu4unH X,, Xz... C MAMEMAMULECKUMU OWCUOAHUAMU, PABHKLMU KY AI, 
ipunadnzencum KAaccy 1k, k— 3) mo npu n-> co 
i 1 
| Fy (x) —® (x) |= Hen (x) — © (x) + °( =a} (15) 
oe 
1 


| JLokxasateapbcerTsBo. Ilo HepaBenctBy TpeyrowbHHka HMeeM 
| Fra (x) —® (x) | < Hp (4) — (x) || +] Fa (x) — Hen (2) | 
| Fn (x) —® (x) >I Aen (x) — ® (x) || Fa (&) — Aen (*) 1. 
M3 reopempl 1 c1enyer 


| Fa (x) —Agn (x)=0 (=| ) 


n 2 


OTciona monyyuaem (15). 
H3 reopempl 2 BbITeKaeT PAL CEACTBHH, MalOulMxX ACHMMTOTHYECKHE 


2 
a3107KeHua Beauuvun CY, onpemermemoli papenctBom (2), Mpa Tex 
JM MHBIX MpeqmonomwKenuax O pacnpesesteHHH cyuafinBIX BenMunH X,, 


Be Xz. 
Jiaa ymoOctTBa 3alHCH BBEACM Be/MYHHbI 
pa ee 
ol) 
h2w2=— aie Cee onc oe 
S$, 7 
jJ=1 


Re ,,—KYMYAAHT MOpAyKa yv cayuahHow Beanuunp X;. Ec Bce Cily~ 
aliHbie BEAHUMHBI AMeIOT OAMHAKOBbIe (PyHKuMM pacmpesenenna Fj (x)= 
F(x), TO Xn He 3aBHCAT OT 7; ECM, KPOMe TOTO, MMCMepCHA paBHa 
2auHHHe, TO A, =, rue 1,— KYMYAAHT NOpaaKa ¥, COOTBeTCTBY OLA 
ae pacnpegzeqenun F(x). B 6onee oOOmeM Ciy4ae, KOFfa BBINO- 
eHo ycnosue 1, Av, paBHOMEPHO OFpaHH4eHb! MIA BCeX HOCTATOYHO 60/1 b- 
mux mm Bcex v—2, 3, ..., & B 4acTHocTn, 


B., B. Ilerpoe 


eas as Sins 1009; +224), 
1 


siglo Su — 1524, a, — 1022, 4 3043)). 


ie S 
j=l 
B jaibHeiwieM HaM NOHaOOATCA ABHbIe BbIpaxeHua Bia Py,(—®). 
imeem 


1 Q x2— 1 
. Ba io descr bi 5 NS» 
it -= 53 — 3x x5 — 10x8+ l5x.2 | 
Pees airs: a nt et 
he : 
PA Soe 
3n vs y on 
Gen Bre? 6 — 15 x4 2 4542 — 15 
5 ee eee = 


x8 — 28x6 + 210x4 — 420x2 + 105 3 
- 1296 Tarreniel? | 
Teopema 3. Ecau nocaedosameacnocms (6) npuxadrzencum KaAaccy 

7, (3, rab mo npu n> oo 

. 
] i 
Slee 2a oj—}. : 
taste, +0(2) 19) 


AlokasateabcrTsBo. Tlonaraa B Teopeme 2 R=3 u yuuThBan oe 
HaXOJUM 


3 ; ql 
J [Han (x) (x) dx = od 


IIpH WHTerpHpOBaHHH NOAb3yeMCA H3BECTHBIM PaBCHCTBOM ‘ 
i x (2p — 1). /- y 
{xe dx = PIV. | 


e 
—oo 


Orcioya nomyyaem (16). | 
oe Meuanne, Ecum mocaeqopatrerbnocts (6) mpwnaqiexut Kaaccy | 


ip (4, 3) TO HMe€e€T MECTO pa30xKeHHe (16) c 3aMeHOH OCTaTOUHOrO wena 


LES 


1 1 
O (43) Ha O ( ays ITO 3aMeyaHHe eCTb CE ACTBHE TeEOpeMBI 2 H TOFO dana 
n 


uto P,,(—)—uetnaa, a P,,(—&)—neuernaa cbyuKuua aprymenta x. 
Tenens 4. Ecau PB MR eT (6) npuxadszencum Kaacey. | 


T(5, 7 mo np n> co | 


AcumnrorwueckHit alana HEKOTOPHIX MpeeMbHbIX TEOPeM*TEOPHH BepeATHOCTeNt By ae 


2 
ag 5 


9 Yann ~ 9216 ames 
24 ; ess Ne ror 
X [F hswdor — Bein — 7 akin + 7b | -0(). (17): 


Obs = 


K STOMY YTBEPp#XTEHHIO TIIPHBOAHT BHUYHCIeHHe WHTEl pada. 
Pal 


J [450(2) — (2) | de 


1 
€ TOYHOCTHIO JO BeHYMH NOpAyKa O(7.| BKJIOUNTEABHO MW HCNOMb30BaHHe: 
TeOpeMbI 2. ; 
SaMeTUM, 4¥TO CCIM PaCCMaTPHBaeMad MOCAeLOBATeAbHOCTh CuLY YaHHbIX 
7 
BeJIM4YHH MPHHaWexuT Kaaccy T; (6, a)» TO HMeeT MeCTO (17) c 3amenok: 


5), 
n 3 
Teopema 2 nO3BOMeT HaliTH CKOMb YrOJHO MHOPO YAeHOB aCHMNITO- 


2 
THYeCKOFO pasOxKeHHA BeMYHHE Cy, ecan BEINOHEHDI ycuosua 1—3. 
TIpH MOCTaTOUHO OOMbIIHX 3HAYeHHAX Kk u a. UToGHl u36exK ATH FPOMO3AKUX 
(POPpMYyMPOBOK, OrpaHH4HMCA NPH OTH'CKaHHU Ceyiomlero useHa acuMm-- 


2 1 
TOTHUCCKOTO Pa3OMKeHHA Co UMermsero nopanoK O (5), CAYYaeM CHM- 


it Ts 
ocTaTOUHOrO 4eHa O es Ha O (=a): 
nh 


METPHUHBIX pacipeserenni. 
Teopema 5. Ecau nocredosamenbsnocmbs He3zasucumolx CAY4LaiHELx 


. 9 
eenuuun X,, X,, ... npuHadraewcum Kaaccy T, (7, a] ll ecAu paccmam- 


pusaemole CAYLAUNbIE BEAULUHKL UMEIOM CUMMEeMpI4nKLe pacnpedeNenusA, . 


mo 
5 2) A 
Co Sn oe 7 hen han a 7, ( 1 (18). 
"3072 Wx n2 2048 Wx 18 9 foul nie }* 


PaccmorpuM Tenepb u3y4aBuiniica Arup [2] yacrHp cayyai mo-- 
CUE MOBATCABHOCTH He3aBHCHMbIX CAyuaHHbIX BeAMYUH, Kak ad U3 KOTOPHIX 


pacipememeHa paBHOMepHO Ha HHTepBane (— V3, V3). OuespuzHo, sta no-- 
CACTOBATCbHOCTh MpuHHadwexuT Kaccy 7,(k, «) mp awOnlx uKcupo- 
BaHHHX k>3 ua>0. (BrmomHenve ycaoBua 3 npH m—1,2 u m1060M 
a>0O o6ecneynBaeTcaA TEM, YTO MMOTHOCTh PaBHOMEPHOrO pacnpeneeHuA: 
umMeeT OPPpaHHyeHHy!O MOHY1O BapHannw.) Jia paccmaTpuBaemMon mocie- 


6 4 
WOBATeEABHOCTH HMe€eM han = — =, Aen =>. VTOUHeHME TeOpeMbI O MpH-. 


BOUT K CAeyIOUleMy pe3syvibTaTy. 
Teopema 6. /Tycms X,, X,, ...—nocaredosamenbKocms Nezaéeucu- 


MBX CAYLAUHWX BENULUH, KAHOAA UZ KOMOPKLX UMEeeM PABHOMePHOE 
pacnpedenenue Ha unmepsane (— V3; V3). Tozda npu n+ oc 


(2) 3 ie O zi 48 
oa 1280 yx n? te aie ae ie ; (19) 
B reopeme 6 comepxutca pesyabTat (3), NoAy4eHHbI Arlo. 
§ 3 


Iepefigem Tenepb K M3yYCHHIO ACHMITOTHYeCKOFO /MOBeeHHA BeHr- 
wun D), ompeneaeHHo paBeHcTBOM (9). 
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Teopema 7. Ecru nocaedosamenbHocmb He3AbUCUMUX CAYLAULHELX 


-eenuiun X,, Xo,... C MAMEMAMUXECKUMU OWCUOAHUAMU, PABHUML KYA, 
3 
npuxadszencum KaAaccy T, (4, k ~ 3): mo npu ecex Jocmamo4no 60Ab- 


-wux n cyuecmbyem Bcrody HKenpepbleHat NAOMHOCMb pacnpedereHUA 
_Pa(X) cayrainon bseauiunn Zy_ U, KPOMe MOzO0, NPU n— co 


oo 


d 2 1 
| [Pn (x) — a Ten (x) | da=0(5> 3). (20) 
Woka3sateapcrTso. IlokawxemM CHayala, YTO B yCJOBHAX TeEOPeMBI 


xapakTepucruyeckaa pynKuua f,(t) Bemmunnet Zy aGCOAWTHO MHTerpHpy-. 
‘eMa IPH BCex MOcTaTOUHO OombmUXx nr. JleHcTBUTebHO, MPH WOCTaTOUHO 
“OOJIBDIIMX 3HAYCHHAX M HMeeM 


\ fy Cy de eee 


ire a | 
Riess! ll) = Olde Ry Mita | 
|t|<n* aX <it|<T, 
Ri= | lfr(ldt, R= J [hen (lade, 
leew lean 


pn (t), x u Ty, TakoBbl xe, ¥TO H B § 1. M3 semm 1 u 2 paborn [5| 
cAeLyeT, YTO MPH RocTaTOuHO GOOu_UIMX M uHTerpanh R, u R, orpaHHyeHbl — 
MOCTOAHHOH, He 3aBUCAWeH oT 7. CnpaBeqMBOCTh TaKOrO 2%Ke yTBepxKAe- 
HUA JA WMHTerpada R, BbITeKAeT H3 ONpemereHHa Ap, (t). B cuny yeno- 
BUM TEOPeMbI MO/y4aeM 


R=s | [i@ide<sy § His oidt—of =): 


: i - nk 
(tes j=1 Pas O5 7 — 
M3 WoKasaHHOrO clewyeT, 4TO NpH BCeX OCTATONHO OOJIBINHX 3Ha- 
"YeHHAX M PYHKUMA pacnpezerenua F, (x) BeAMUMHE Z, UMeeT IPH — co < 


<*X< 0c BCIOAY HENPePbHIBHY!O OFpaHHyeHHYIO MPOH3BOAHYIO Fn (*)= 


“== Pn (X). 
IlycTb nm foctaTouHO BeanKO. Mmeem 


co 


Int) — len (t)= \ e* | pa (x) — gy Men (2) | dx. 


—oo 


IIpumenaa dbopmyay Tlapcepana mas npeoOpasopannii @Pyppe, woAy- 
‘4 aeM 


fe) 20 


| [Pn (*) — ge Hen (0) | dx ae | | fad) — han (C) Pat 


[<<] —o 


iTlomarag 
A= lO nora, aa Seas 


Zig a 
Loel<n n*<\t|<T,, 


Saw | GC) Sle Nae 


Ve te 
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——————— 


IMEEM 


\ lin (0) — han () Pat = 4 + Jo Jy, 
{ak u B § 1, 3aKmio4aem, 4TO 
1 
= ig j= 0(-5). 
lockoapxy |f,(t)| <1 mpu scex t, ro 
2 1 
\ lfn(t)P dt < Rs= of a3): 
[eis 7, ; 
JTClONa H u3 ONpenenenua cbyHKunn Ap, (t) waxonuM 


t=o(at). 


1 

: ie % ‘4 

AcnOlb3ya HepaBeHCTBO lin (Odes e mpu |f|<7, nu Hepaspenctso By- 
iAKOBCKOrO — LIIBapua, noz”y4yaem 


1 
= = . 
erie 


A3 HalieHHbIX OWeHOK Creayer paBexcTBo (20). 
§ 4 


Teopema 8. Ecru seinornenw ycnosun Teves 7, mo npun—>o 
d 
ax ‘ten (x) — € 


yee '|+e(ax) eo 


JlOKa3aTeAbCTBO aHaIOrH4HO MOKa3zaTeAbCTBYy TeOpeMbl 2. 

B cBoro o4epenab, “3 Teopemb! 8 MOXKHO Heay ate pal TeOpeM, Aa1w- 
WWHX ACHMNTOTHYECKHE pa3zazoxKenua Bernuune DY) npu pasaM4HEX mpex- 
IOMOKCHHAX O PpaclipexeeHHH PaCCMaTPHBAaeMBIX CYUAHHbIX BeJM4HH. 
OrpaHH4HMCA IIPHBeJeHHemM TeOpPeM, aHaJOrHUHbIX TeopemMaM 3—6. 

Teopema 9. Ecru nocaedosamenrbnocms (6) npuHadnencum KaAaccy. 


x || 


mane 


| 1 
Pn (x) of Ox € 


Ty (3, a mo npu Bcex OOCMamo4HO OOAbUUX nN CyuecmByem BCIOOY He- 


\  aetaianead nAOMHOCM pacnpederecHutt Py(x) U, Kpome mozo, 


(2) ce 1 
O35 ies +o{-] (n>). (22) 
Tit n 


9 
Ecau oe nocredosameavnocms (6) npunadrexcum Kaaccy T, (4, 3] f 


5 1 1 
mo umeem mecmo (22) ¢ 3amMeHOK OCMAMO4LHO2O 4AeHA O fsa Ha O in| : 


\ 
Teopema 10. Ecru esinornenn ycrosuna meopemo 7 npu kR=5, mo 
pi ft > co 


D? = Shin tee eee 
1927 xn 184327 x n? 
168 77 1 
S< (= Asnksn — Q1Mn ae 63)anh3n sr 7) +0 (a : (23) 


Ecau oe ycaosux meopemot 7 boinoAHeHbL Npu ea oe mo umeem 
1 
ecmo (23) ¢ 3ameHou Ocmamo4HO2O 41eHa o(-) Ha 0 a) 
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Teopema 11. Ecau eonornenot ycnosunk meopemo. 7 npu kR=7 
~€CAN paccmMampusaeMole CAY4LAUHKLE BEANLUHEL UMEIOM CUMMEMPU4LHWLE 
pacnpedenenun, mo npu Nn —> co 


waa, = rataica 
ae 6144 x n2 | onhan — 7g Mn] TOV J 3 
Teopema 12. /7ycmo X,, Xz, ...— nocaedosamerbHocms Hesasucu- — 
MBLX CAYLAUHKLX BEAULUH, KAWCOAA UZ KOMOPbKLX UMeEM PABHOMEPHOE — 
pacnpedeneHue Ha uxmepeane (—V3, V3). Tozda npu n> ~ | 


2 21 801 1 
D? — a = - OO ol: 
2560 fx n?2 204 800 yx n3 nt 


§ 5 


Jia yuacrHoro cayyad OMMHaKOBbIX pacnpeeeHHH MO2KHO YKa3aTb © 
Oonee mpocto dopMywupyemMble TeOpeMBL, BbITeKalONWHe U3 MOKA3aHHBbIX 
FreopeM. IIpeqn0702%*KHM, YTO MPH HEKOTOPOM Ay CYULeECTByYeT OrpaHH4eH- — 
Had MIOTHOCTb Pp, (x) pacnpeqeteHHA HOPMHPOBaHHOH CYMMbl He3aBHCH- 


1 ; 
Tq 


Ts -+Xn,) (3nech 37 = EXS EX;=0), Tak 4TO mpH Bcex x(— co < 
<x . co) H HeKOTOpO OCTOAHHOH C umeem O<p, (x) <C. Herpyauo 
NOK@3aTb C NMOMOUIbIO OMHOH TeOPeMHI O ipeo6pasoBaHHAax Dyppe ([6], 
Teopema 9), 4TO Torga 6yeT BhIMOMHeEHO ycaoBue 3 Hu3 § 1 nph m=] © 
H a10ObIX (UKCHPOBaHHHIX a@>O0O u ¢>0. M3 9sToro- 3aMeyuaHHA UH OKa- — 

S4HHHIX paHee TeEOPeM HEMOCPEACTBEHHO BbITeKaeT CeLyroulad TeopeMa. 
Teopema 13. /Tycmp X,, Xz,...—nocredosamerbsHocmb He3aseucu- 
MUX OOUHAKOGO pacnpedeAeHHHx crytainHx seausun, EX;=0, DXj= 
=o? >0, E|X;|"< co npu nexomopom yeaom k>3. Tlycinp npu HeKo- 
MOPOM No cyujecmeyem O¢paHuteHHad nAomHocmb p, (x) pacnpedeneHun 


i dah ER is Spe seg <i Tozda npu n> x 
No 


MbIX OJMHAKOBO pacripeTeJeCHHbIX Cu1y WaHHBIX BeJIHUHH 


BC ANMUHDEL 


Go 


Fee) —Hena)lax = 0(a), 


ina pe 
Fin (x)—9 (x) | =||Hen (x) — 0 (x) | + 4 re ) | 
: 


f [Pa() — 5 Min (x) dx =0(—-), 
pee a ee 


3nech Fy (x) — pyukuna pacnpeserenna BeAMUMHBI —-(X,+... 
a | 

+ Xq). | 
B sakmioueHHe yKaxKeM OHO M3 CleACTBHA TeopemBI 13. | 


Teopema 14. Ecau seinonznent ycarosua meopemu 13 npu k =3, 
moO npu N-> co 


1 (EXs)" 1 OW ease 1 
(ee eee wr a ae td J e Doze —_—_—__.. Scene Je —s 
S: 96 x a6 a ey 3 192 V= 08 4 n}° 
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Summary 


The researches of R. P. Agnew [i], [2] and C.-G. Esseen [3] are 
continued in several directions. A sequence of independent random va- 
riables X,, X,,... with EX; =0 and the finite variances OT yea) 


is considered. Let 
™ n 1 n 
As >: . 2 cam > : ‘I 
Sea or eae on) is x; 
jai jul 


and let F,(x) and p,(x) denote the distribution function and density 
function of the Z,. Let Cy” and DI?) be determined by (2) and (5). The 


asymptotic behaviour of Cf’and Df? is studied, and some theorems are 
obtained which permit to find an arbitrary number of terms of the asym- 
ptotic expansions of the CS” and D?. 
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1961 BECTHHK JIEHHHTPALRCKOLO YHHBEPCHTETA 


MEXAHUKA 


A. C, ABAOHMH ~ 


KOHWMYECKOE KPbIUIO B CBEPX3BYKOBOM ITOTOKE TA3A 


JlAa KpblbeB, MOBEPXHOCTb KOTOPbIX ABAAeETCA KOHHYeCKON, C. B. Baa- 
iaHmepom [1] 6pm nomyueHbl ypaBHeHHA OOTeKaHHA C ABYMA He3aBHCH- 


MHIMH TEPC MeCHHBIMH, 


B HacTosuleH cTraTbe MOCAeROBaTebHOH JIMHeapHsalMeH ypaBHeHHi 
OOTCKAHHA KOHHYECKHX KPbiIbeB MOMYYeHO HX MIpPHOMHKeHHOe PelleHne, 
OCHOBaHHOe Ha OTMe¥eHHOH C. B. BanaaHepOM BO3MO2%KHOCTH CBeeHHA 


JIMH€aPpH30BaHHOH CHCTeMBI K BOJIHOBOMY YypaBHEeHHbo. 


§ 1. YpapHenua OOTeKaHMA KOHM4eCKOrO Kpbiia 


PaccMoTpuM O6TeKaHHe KOHHYeCKOPO Kpblla yCTaHOBMBUIHMCA MOTO- — 
KOM Yra3a co ckopoctbio Vo, aBAeCHHEM Py H MIOTHOCTbIO Pp, IpH4eM 


4S] V rae TloBepXHOCTb Kpbluia mpencTraBuM B Buse 7 =O (€), rae 


E=2; n= 4+; k= V M1; Maas 


A’ 


Np 9TOM CHCT€Ma KOOPTHHaT 


BbiIOpaHa TaK, 4TO OCb X HallpaBJeHa MO CKOPOCTH HeBO3MYIeCHHOrO MO- 
TOKa, a OCb Z MepneHANKyAApHa OCH X H J@XKHT B IIOCKOCTH, Mpo-— 


XOAAWeH Yepes OCb X WH NepeAHIOIO KPOMKY KDbia. 


Kak noKkasaHo C. B. BaanangepomM, 3afaya oO6OTeKaHHA CBOAMTCA 


K OTBICKAHHIO pelleHHA CHCTeMBI ypaBHeHHh 


= he Be) SEF Oy) aE, 
(eB Oy Bem 
(g hx — Be) GE+ Oy — ed Go (ESE + 5s) 


1 WO if 1 0 / i 
( Ax — Bz) 5¢(= ] + (Ay — mz) 5; (gr) =2 
YAOBACTBOPAIOMErO CAeAYIOMWMM KpaeBHM YCAOBMAN: 


hy = TAs’ (BE) +22 [@) —tO’'®] npu 1=o©), 


Kouwyeckoe KpbiJl0 B CBeEpX3BYKOBOM MOTOKe ra3a HS: 


KM 
ie 1 = 2X’ (Yi, 
he = — [X (t) — EX’ (8), 
: eee ; mpH = (6). (1,3): 


x— 1 


M5 Uy = oe ( — 1) +254 (I —,)(@—1), 


aa WaxXOxwKeCHHA HEH3BeECTHOM HOBePXHOCTH CHAbHOrO pasppipa y= X (&} 
HMeeM JuPepenynaibHOe ypaBHeHHe 


poodle, ee 
e ae 5 Cy ==1), (1,4) 


rye 


Ps Ke 
a ram on ermsaeee l (1,5): 


ke [ > - XO 4 (x—ex'y | 


Cucrema (1,1) mw KpaeBble ycuoBua 3amucaHbl B Oespa3MepHBIX rHspo-- 
MUHAMHYeECKHX 3JIEMeHTAX 


Pe) ° p 
i ae = a3 Vie have (Vee Se 


pH 3TOM 


Tipu peweHuu nocraBJeHHOH 3anagu Oymem cuntaTb, uTo dyHKmna O (&}: 
HW e€ MpOM3BOAHbI€ HMEIOT NOPAMOK & H MA@JIEINO CpaBHeHHIO C eHHuMelt. 
IIpH cemtaHHbIX MpeANOMOKeHHAX UULeM penleHHe cucremp (1,1), 
yYRoBAeTBOPAIOWNee KpaeBbIM ycnoBuAM (1,2), (1,3) B Buse 
Me a ae ee 
Ay = Ay, ty, +. -., 
ele eee (1,6) 
eee, EN, 4, 
o=1+o0,-+0,+..., 
Phe BeMUHHbI C HHACKCOM # HM MX MPOM3BOAHbIe NO KOOPAHHaTaM MMeloT- 


MOpaALOK é€”, 
Heu3pecTHylo JIMHWIO paspbiBpa OyeM HCKaTb Tak2Ke B BUE 


n= X()=X,() +41) + X (8) +-.. (1,7) 


Tipeqnonarad, 4TO MOBepxXHOCTb CHAbHOFO pa3pbIBa MPOXOAUT Yepes Me-- 
pemHioio KpomKy Kpbiaa (§ =§,, 70), monyyum, uro Bce X; MOmKHBI 
YROBAETBOPATh YCJOBHIO 

X; (§) = 0. (1,8): 


3a X,(€) MomeT ObITh HpHHATa XapakTepucTuka cucreMbl (1,1) 210 noToKa, 
C NOCTOAHHHIMM THApOLMHaMMYeCKHMH 9/JIEMeHTaMH 


hy=1, hy =hz =0, P=Po, P= Pos 
HpOxosaulat Yepes HOCHK mpoduaa. B npHHaATOM cucreme KOOpsAMHAaT 


X, (= a (1,9): 
ar | 
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§ 2. Meppoe npnOamKenHe 


Hogcrapiaa (1,6).8 cucremy (1,1) n cOxXpaHad TOMbKO YIeHbI MOpAAKa ¢, 
iM1OJ1LY YHM 


eee 
o£ ie, a 
1 Ay, _ _ oth 
k Of on’ 
1 On, , OM oul, y 
Rk OF —==s GF Tr Mga (2,1) 
ree, 1 Pie, eae a ae ee a 
aide) Nake de On OE on 
0 


Kpaeppie ycaosua (1,2) u (1,3) c yyeTOM TObKO 41eHOB NOpAAKa 
“€ CBOMATCA K CELYIOWNM: 


hy, = GZ 0’) npy 5) (2,298 
HM 

ee ) 
Es R EV cee = 
a 
eran npa 1=X,(). (2,3) 
t= —k,,, 
U,= a o, 


Jia olpeneweHHaA HeEH3BeECTHOH ees x, (€) nonyaum uz (1,4) a 
(1,5) auddepenyuaibHoe ypaBHeHue 


r ' x+1 M4 
(1—&8).X, + &X, = —*F* 
Rk? yi 
M3 nepporo uM nATOorO ypaBHeHHa cuctTempt (2,1) H TpeTbero Hu 4yeT-| 


‘BepTorO yc1OBHH (2,3) eeqyeT, YTO B PaccMaTpHBaeMOH OOMACTH BHINOA-! 
HAIOTCA COOTHOUICHHA 
H, = — Ax, (2,5) 


] : 
Hi, = We 1 (23 


YYMTbIBAA STH COOTHOWEHHA, OCTABUIMeCH ypaBHeHHA cucTembl (2,1) npe-§ 
OOpa3syeM K BUY I 


he [8, Xo (&)]. (2,4) 


i Ohy Oh, 0 
Rk OG On y 
1 Oh, « Oy. On, 
6 Toe per pga (2,7 
h Oh Oh 
x1 Ms 4 ie es 
Jiuppepenuupya mocaennee ypaBweHve mo € uw BHLYMCAaA NpOUsBOTHbK 


ae = ul SEO H3 ,\BYX TepBbIX ypaBHeHHH (2,7) noAy4HM AAA ha) 


ypaBHeHHe BTOpOro NopsyzKa 


Koun <Oe KDbIJ EDX 
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Oh, 


OP, . 
Be | wee 


a = 0 1 (oy 
B XapakTepHCTHYeCKHX KOOP MHaTaXx 
a pas lane 
Lees ; 
Sore ee 
ypapHenue (2,8) cBoquTCA K BO,HOBOMY 
; Oy 
Ozds =e; (2,10) 


DelenHe KOTOPOTrO HM€eT BHI 
Ay, = tr (3) + F,(), (Zu) 


rie f.(9) u F2(t) — mponsBo.bHbe PyHKWUH. 
Mutrerpupys Ba NepBblX ypaBHeHHa cucTrembl (2,7), HaXOUM 


=~ (ae h@ d+ (FR @d+o, (9), 


hl ae rey wee (CAP) 
4 =— (EP i ode t+ (EOF de + O(n), 


me D,(y4) u ©,(4)—nponsBonbuble PyHKIHH, CBA3aHHbIe M0 -TpeTbeMy 
ypaBHeHulO CHCTeMBI (2,7) COOTHOIMeHHEM . 


GPs A O45) +s 
aan gone | (2,13) 


TakuM O6pa30M, OOulee peulenne cucTembl (2,7) umeer BH 
hy, = f(s) + Fe) + ®, (4), 
Ae, =a) (3) of Fy (5); (2,14) 
he, = f5(9) + Fa (@)-+ ®2(n)- 
34 NPOHSBOABHHIE GyHkuWu BO3bMeM f,(¢), F,(t) u D{(y), mATD ‘ocTaub- 


IbiX DYHKWMH CBASAHbI C HHMH COOTHOWMeHHAMH (2, 13), ue no (2, vy cooT- 
iOWUKEHHAMH: 


: fife __ 1+¢ af, ; 
ds Digey oho 7 
tf, 1a 8 df, 
do, 23) sedis? 
dhe * Lf rar, (2,15) 
the 2Rtm Mick” 
GF 1 ey 


“{ 
NY 


aa on ant: 


LAA Ope keAeHHA BUA TPeXx IPOHSBOABHBIX’ PYHKMHA KpaeBble YCAO- 
Hs (2, Dye (25 os 3amlMLIeM B KOOPAHHaTaX 5-H 7. _ Tax Kak pH 7—O0 


I 
; 


= ro! iG ca \H¥ (s) “npu % a (2,16) 


) Becrunk JlenuurpageKxoro yuusepcuteta, No 7, 1961 r. 


; 
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te 
pu y= Xp (s) 2=4=) 8, Cle LOBaTeJIbHO, 
1+ o, 
ESS it | 
; 2 DH oer (2,17) 
sit A Nate ; 
Sn = 234 hy, ; 
Onpeaeiaad NPOH3BOADHbIe PYHKIHH, H3 yCnOBHH (2,16) u (2,17) Haxogue 
Ay, ao ¥ (3), 
é 1 - ae y1 + 2) eee ¥ 
Ay, = = a ac Tho, ea 
oy (2,18) ) 
: F 
, 1 | (—o% 8’ (6 else a % 
a Al = ) ds a pA Ke 
“ a a 1 
Tak-kak mpuoys=0. <= PSs a V(s)=% P' (5), TO Ha NOBeEpXHOCTH: © 
K pbia | 
1 Pots 
Ky, = bk cap) (), 
g 
?' (&) l J cP’ (E) oe 
hg oe eg es 3 &, 
a Rye ee) eye (2,19) 
es 
he = tae etn ee 
: kV¥1—®& Rk Ja —#8)% . 
eyes M2 ae | 
Kp 77 = Xz, (6) 2 Aa = V 5» IPH S1OM HHTerpHpoBanne ypaBHe— 
RV 1—& 
Husa (2,4) naer : 
+1M4 O'( 
X, OS aq pees Ge (2,20) 


inte 
§ 3. Bropoe npHOanwxeHHe 


Honctrapaind (1,6) B cucremy (1,1), 218 u1eHOB nNopsaKa e NOY UHM 
caenyroulyio CHCTeMY ypaBHeHHit: 


} Oe) ye eller eet, re Oh. 
ced oe 


; oe 
ee TE TEM oe St noe a 
Oe am all 1 Oy, 
aie = Gi Sire =e mre: —(h, — Mhz; )i os ’ Sj 
1 0 ee , dll, ally ai i) 
hoe oe ee oO eee 
i ee , 
ge Ate Eel Gen tae ee oy (3,1) 
1 dws 1 Oh ce Ohy E ie , Ons, = 
ra Rie On., RS 
oe a (4 i) ay “On 5 ae TO 
Ow, dw 
X si 1 Sy, i 
k xy i, e (Ay, | 2) on nm 
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Sn 


Id YICHOB NOPAAKa &” KPaeBOe YCAOBHe Ha NOBEPXHOCTH KpbIa 3ann- 
leTca B BHE 


} | / ) \ antd Dh, 
hy, = = P' (5) Ax, + ( 0") be, — Gt npn 4=0 (3,2) 
not 
Ay == @_() npu~ y=, 
 w- y o(§) mpu 7 (3,3) 
r l mee, APOE i ees 2) ob’ (E 
, (6) = 7 P(E) (cm oer () 4 fue L 
SON eero TEs Hine Oey 
+ pe Glineaene dé — 4. (b — Eb eee : (3,4) 


3] S1 


IIpeoOpasyax ycaoBHaA Ha pa3spbiBe H 3anvcHiBad ux mpH 7—X, (5), 
ONYYUM CTETVIONIME KpaeBble yC.1OBHA: 


aa 1 " ae i 7) 
ae aT area eos Sox © ard te) 
EV-1=@ eT = 
5 ‘3 oe LaMe mt) , 
egy EG a no+ UpH n=X,(8). (3,5) 
Vi—# te ‘ 
fees 
i] x— 1 w 
I= sy ©, + — a. 


Henspecruaa dyuKuna X, (6) Pee H3 aaa 


te : ee Rel Ms = 
PHB) EXPT ns Plt, KOT GEN A) 
1 (x +1)? Ms ee 2 
— or 0” (8), (3,6) 
2 | 4 ) Rk (1 =) I 


\ Baj2 2 5,2 
fak Kak Mpu y= Xo (E)-R2AY, — Ay, —Az, =O, TO M3 NepBoro H-nATOrO ypaB- 
enn (3,1) u ycaroBuh (3,5) cneayer, 4TO B paccMarpHBaeMOH OOsacTH 
: at mae 2 2 
I, = — dy +5 [RAK 
(3,7) 


lpm 2TOM OcTaBuINecs ypaBHeHHa cucTembl (3,1) npeoOpasyiotca k 6omee 
IDOCTOMY BHILY: 


l Ohy, o~ Ory, 6) 
k 6 Oy, ¢ 
{eon O, 
k or Oy, EI Oz, 1 os ob ee Ty 
TOR Oy ss if eae Rede? 
le 
| Ty = (: 2 ys + Ay, +z, (3,9) 


OGmee pemenne cucremH (3,8), yMOBeTBOpAIoMee YCOBHAM (3,3) 
1 (3,5), uMeeT BHA © 


» 
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ee ee 


by, =V)+ 7 pss LO, 


ma [Pe ()(e 1) — 5 + NL(9)|B— 
© 


ae Lie bee eo 
—— ate Obes: D) Tra bo (9) i AEG (eae (3,10) 


Derails (2) 1+) +4 cis. 
op’? 


4s 


5 |e O+$ 400 


1—ts x+ 1 Me S, 
1+ ts > 


ee 14 dT. jee 
tate G10 =< _— 

Laie Mj oe Wo =9, 8) (3,11)! 

IIpu y=0 noayaun: 


Ky, es D, @), 


Meme er oe lax FO | 
E, (3,12) 


rae 


(3,13) | 
Barucaaa Ay, a Hpv See ace 
ypapnenns (3,6) 


40-3 Q- ie Ms &” (&) ®" (4) (E— 61? 


Breese Nocwe HHTeErPHPOBaHHG | 


C(é—&) | 
Sea rian 3,14) | 
aa tee Ce 


i 


Use) eae 


x aes a OB inges “ANG 
ee rere) ee cee) CRT | 


§ 4. Tpetbe npnOsanKenne 


Tloq06HO ABYM TlepBHIM TpHOAMKeEHHAM TL BEIMUHH TOpaAnKa e| 
AerKO YCTaHOBHTb CleLyIOWlHe COOTHOMIEHHA: 


Il, Feat hey = [R° Ay Ax, eo hy dy, — au. Az] ip 


M? »—2 at e | 
jE eee +35, 408]— eo ff ae (4,1) 
; —§ 


Co) COFKO) CF o= ne — 2) ot é w2—1 MA oF? E i 
y= grt (*— 1) pt + me + Tr ey a | 
a toes 6 " 
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TIpH HCNOAb30BaHUM STHX COOTHOIMeHHM 3aqaya onpexereHuA dy, Ay, 
z, CBOAUTCA K OTHICKAHHIO PeINCHUA CHCTeMBI 


1 Oh, Oh, tz 
boon Oy 
Le cury ON Oh, 
Ro toe fg, ee, 
Pad Ohy, On He Oh, On, . 
k OE” — on fai E OE N On Syl f), 
ae | 
2M? 0 [/x—1 
S16 i= se |(“s a FA) Bahay Bo Pres oy 
x— 1M. ok, ees Ce 
Pi 2 rs OR 
a oT 
_. AG Bhs.) Ge va — 7hz,) On ) (4,4) 


AOBACTBOPAIOULEroO ey OE oa YCIOBHAM, 3aMHCaHHbIM B KOOD- 
HHaTax G, T: 


es L— 1 
hg, == s (cs) = 2, (i = =| IpH t=, (4,5) 
a \ 
jes | / Iy\ 4 Ohy, aD) — 
®, (&) Pps: Ax, <P) (§) + (PD ca Ed ) he, ean 
n=0 q= _' In=0 
_ jas 2 ane ee r(e se D — Ed’) P(E) (4,6 
ep POt Ee LO MPO+ BE, © -E)G@ (46) 
1+ 9; 1 —73, 25, t+ 6, 
i Tx 2ko, dy, D Tl + TI | 4 1 — gt ‘ ea Do, S p. 
1 a. 1 — 9% [= t0, 26, t—oy 1a} 
= >) D ) 
ea: Me pee ea tee Tee ie : 
qe . 4 | 
eG) ee eed Seay, ae) 
pio ( bes Bic . 
De EU MF OLED» (4,9) 


8 Bio (1 % ah 


aKUM PeUICHHEM ABAAeCTCA 


11i— 1 — cs) [4t0 (1 + 92) + (1 — 9?) (1 — 79) i 
ly, = W;(s) -+ ay ES ——L, (sy + 4 nie Ses Le) 
1+o2 /1—v10\2dLl, 

a nae ds? 
] C +1 (1 + 5?)2 3 ds 
hesmip | [ (71) Wo 2) = SL) + L(2)]5 


] ++ o2 k /1+ 0? ol es Reakespis ny 
Ea et algae) ev ibgal elias Dore, . (Ast) 


2ko 2Qke 
F é, ecg ds 
ee: r | [C+ Tey Wy (eee Ce eee ato) i 
sg 1 - 3} 


1—o? (1 — o4) 1 — ts 26 ne) D 
“ie 6 Nye 1602 L3(9) es aah hee 0» 
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ee 1 —b Mt 1468 Dy To | Oe er 
Li) =e a 
L, (oan (4,11) 
RN Gof ae lee 2 Axx, +E Ay hye hz, he mph t= 2 : 
BunovHenne KPaeBblx VC.10BHH JerkKO MpOBepxAeTCH, eC1H yuecrThb, qTO 
LrOyeees bee ) 2 (4,12) 


IIpu y=0 (- = ay mepeXxoOd K KOOPAH! ate ¢, NOYUMM | 


: ATC (as (ee Bs dT, | %»—1M4 d 
Ki + raaiae: J a. Tak dz ae 4 Spm Fal ae T)) qa0t (4,135 


T Se Jiaa T® la 
a gee = +30 EE thas ae 
A, = t \ (Bev — ert s + — yee dé (Ax, ) Mig 
* We | ++ R2e2 1 C 9 ~ $45 Es 
+ Be Fst © (ae Tole) | ree F Cobh 
ED aS 
. o’* (&,) 22 % pel 
er eh, {eta — ec eee — I ae a 1 
Ro (1 —& 
oe Ms + (tans a M§ (1 AAR yer i: M M4 (1+ Reet). 


J 


§$ 5. BesyaapHoe oOTeKaHHe NepedqHeH KPOMKH Kpbila 


B mpeabllyumux naparpadax 3ayaua pemaiach Wid cayuan, KOrAi 
y mepeqHeH KPOMKH OOpasyeTCA MOBEPXHOCTbh CHAbHOrO paspbiBa. ITOF 
cyyall OCYULECTBIAETCH, eC ateeee PaCHOIOXKEHO TAKUM o6pasoM, 4TC 
@’(€.) >0. Ecan xe &'(§,) <0, To y mepeaHet KpoMKH OyjZeT uMmeT?’ 
MeCTO P@XKHM CKOMb3AULerO ee pasBepHyToro yruia. BHyTpH oOpa- 
3ylouleroca B 9TOM CJlyyae MYYKa XapakTePHCTHYeECKHX MAOCKOCTeH Mmpo- 
HCXOAUT WaBHbId MOBOPOT MOTOKa OT MePBOHAYaIbHOrO HaMpaBAeHHA IC 
HampaBJeHHA, NapadiebHOrTO KaCaTeAbHOH MAOCKOCTH K MOBeEPXHOCTY 
Kpblla B TOUKaX MepeqHeH KpOMKH. J]1a 9TOrO Cry4yad HEOOXOAUMBIE ls 
PelleHHA 3aa4yH KpaeBble yCOBHA Ha NMOCIeMHeH xXapakTepucTuyecKol 
NVOCKOCTH NY4KA JEPKO MOY 4alorcd H3 H3BECTHOFO pelleHHA 3aqaun O6Te4 
KaHuA pasBepHyToro yraa [2|. IIpexcrasiaa THAPONMHAMHYCCKHE YCAOBM) 
B Buge (1,6) 4 OTHOCH yka3aHHbie yCOBHA K TeppoH XapakTepucTuKe 
Y= XX) (5), MOMy4HM CreAyIouMe KpaeBble YCAOBHA: B MepBOM MpHOHKe: 
HHH — yClOBHA (2,3) u 


hy =o’ (&) npn 4=X, (8): (5,1 


KonMyeckoe Kpbii0 B CBEpX3BYKOBOM MoTOKe ra3a vi 


BO BTOPOM NpKOMxKeHUN — ycnoBna (3,5) u 


ee oe (51) eee | 1 p2z2 , ~+t1 Ms ns f= er 
S aisigayyovsiahd val nteloun aa) UB ED) Gate 
pu’ ay = 7X, (E)" ae 
B TPeTbeM NpHOmHxKeHHH — ; a bad 
pie | Tee 
—]1 -—- 4 — 
i I ae alt E- ° {W, + ot, 
Zt 5 ; l—=* ts] > af Ig 2 is “4 
P= Walt arpa (2 [MP (a) | dF ada 
‘ M4 [1 +7\3 av 
edt = (= 36, ‘Vo 1F (3,) wel tt 
eG ee 2Lg(a) LE (a) 13(a,) W(x) 
jee tae 0G) ee |e 
ne Wiccanath ) La(s;) ie 03)? Lj (s;) 
(1 + 733)8 W7(a,) (TF 23,)8 40,87 (a) ? (5,3) 
es ae +r. a 1 — <3, 23, tt oy ie 
bi 2k3, ie gc 1+ 9, [i+ Bes sta | af 
war Luce 
a se 1 i s07¢ 2c, 73) 
3 23, ce rage 1 + ts, However: rae mi 
eae) 
— * 
gie D onpenereno dopmyaon (4,9), a 
7% + 1 M4 Vibes +1 2 y 
Deer te) gs) ae ie |e A oe ame a aml Og) 
u-a)”” 
iH 
ao ele EE 5.5 
Ly D) k4 (1— &)? OSE 13) kb? (1 —&) al (5,5) 


HenocpeacTBeHHOH MpOBepKOH serkO yOeAHTBCA, 4TO B MEPBbIX ABYX 
TIPHOAW2KCHHAX HET HeEOOXOJUMOCTHA Pa3IH4aTb WBa BO3MO2KHBIX Cy 4aA 
pacnOMO2%KeHHA Kpblia, TaK Kak MO.1YYeHHbIe BO BTOPOM HU TpeTbeM mMapa- 
rpadax pewenua yZoBreTBopaioT ycoBuaM (5,1) u (5,2). Ja Tperpero 
TIPHOWKeHHA PewleHHe, yOBIeTBOpAIoMee ycuOBNAM (5,3), OTAMYAeTCH 
OT pelleHus, NOAYYeHHOrO B YeTBEPTOM Maparpade, TOAbKO MOCTOAHHHIMH 
claraeMbIMH. Tak, B dbopmysiax (4,1) n (4,2) mocroaHHple HeOOxOANMO 
TMONOKUTH faBHbIMM Hyw10, B Popmyse (4,10) nocrosHHy1o Dy 3aMeHuTb 
na D,, a B dopmyae (4,13) noctoaHHyio C, HeEOOXOAMMO 3aMeHHTS NO- 


‘CTOAHHOH . F 
» ey Aaa yl (| RE % 2 5 
ieee) (i | (+e) Vag a (5,6) 


ae 2 3/2 
k6(1 — &7) 
iB 9sTom werkKO yOeHTBCA, CCIM HMeTb B BUHAY, UTO 


L,(6,)=(«+1) Can) [y ye ee, a - 


yr oye Gp. 
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S$ 6. 3ameyaHne O mpoduasx c yraoBonh TOUKON 


Ilo cux nop mpu pemeHHu 3aqa4uW OOTeKAHMA KOHAYECKOTO Kpblla 
mpequomaraloch, YTO paCCMaTPHBAeMBIC KPblIbA UMCIOT TpOPUb C HeImpe- 
PHIBHO MCHAIOUIMMCA HAKAOHOM kacaTebHOoH. TlosyueHHoe BbIIMe pelleHHe 
o6o6mlaeTcaA H Ha CAyuah mpoduaa Cc yrOBOH. TOUKOH, B OKPeCTHOCTH 
KOTOPOH UMeeT MECTO PeXKHM CKOIb3ALIerO OOTeKaHHA pa3sBePpHYTOTO 
yraa. Ecau &§—a6cmucca yrioBoH TOUKH Npoduia, 3aqaHHOrO ypaBHe- 
HUAMH 


n= O_© npn §, <t<6,, 

1D i(E) mp oy <t eae 
TO yKa3aHHbIt PexXUM OCYIIECTBIACTCH TPH BHINOJHEHMH YCJIOBUA 

, P; (E,) < O_&,). 

Jlaa ppuucnaenua yuku 4,, (=x, y, 2; /=1, 2, 3) B 9TOM cay4yae 
3QMeCHHM 3aJaHHbI mpodub C yraoBoH TOUKOH nmpodusem C HenpepEIBHO 
MCHSIOULAMCA HaKAOHOM KacaTemBHOH 7—®(é), KOTOPHH oTaMuaeTCA OT 
3aJaHHOrO TOAbKO Ha M@JIOM mpoMexyTKe (&,—<¢, &-+¢), mpHuem 

' (b, — 2) = O_ (be — 8), 

® (E,, +2) =, (&, +8), 

©”, —<«) = O_(& — 8), 

©” (i, +e) =, (E, +2). 

CoorpercrBylouj“e HOBOMY nmpodusio PyHKWHH Ajj BHIUHCIAIOTCA 10 


panee novyyeHHBM dopmyviamM. O6o3HayuM ux yepes A; Jia mpoduas 


¢ yrOBOA TOUKOH Ajj MOrYT ObITb NOAYYeHH Kak peszer PyHknuA rij 
pH &, CTPe€MAMLEMCA K HYIIO, 


§ Fie A2poanuHamMHyeckue XapakTepHCTHKH KOHHYeCCKHX KPbIJIbeB 


C TOUHOCrbIO JO YICHOB NOpsAKa ¢* BKJIOUHTeEbHO HMeeM Ha MOBepX- 
HOCTH KPbla APH 7 = OD (é) 


oll * 1 ‘o?1l 5 
N=, +[M+3 OO) +> GeO +I +52 o@ + My] 71) 
| =0 
MAH 
Thal et BY tT (7,2) 
rye 
(Wes 
IL = he, a=0" 
ta ee = ae Sie | + 
4=0 q=0 
M2 pel eee 2 
tora (et) 498 | — 
i 


E 
M2 (T/x—1 4) ba 
ars | 2 M +18 +l aoa AT 


1 
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(3 2 A 
I Spe he, hag ss in iar oes eae AyAy, i hehe], 20 a 
M2 ae 55 9 
Soy he alt 5 ated ye + dy, + | + AIL+ Cy, 
ae ; 
le 
Olly 02 Ty 5 
All = On, |, < (E) ea : = s | Pete) = 
af re = 
se 55 IpH/// anne? i =| R2E2 a a E2p” 
oD fe t ae vo" =e 


aaa eer ee 


‘cayuae, -eCIH Ha ans NOBepxHocTH Kpblia .0'(§,)>0 (nan 
"E, )<0— a4 HWKHEM) } Mx, nd » BhIUNCIAeTCH 10 dopmyvie (4,12), a 


vi A eet Meo 3 (&,) 
a ig eke Pg 7 eee 
CIM #Ke Ha BepxXHeH nmoBepxuoctn 0’ (E,)< 0 (uan 0’(€,) >O0 na HuxK- 
ai), TO.A,, I =0 BHUYHCIAeTCA TaK #Ke nO (4,30), HO NocToaHHy10 C, HeEO6- 


JIMMO 3€MeCHHTb Ha~C,. B-3TOM cayyae C,=—0. 

Suan pacnpemeneHve WaBAeHHA NO MOBePXHOCTH KPpblaa, BHIYMCAUM 
sPPuuNeHTH NOAbeEMHOR CHIBI Cy Mu conpoTHBeHuaA Cy JWI KOHMYe- 
coro KPEIa. Vimeem : 


aac, %4 | 20s (ny) dS, 


(S) 


1 
Ce Fe \\ cos (nx)dS, 
qi 0 ve { : 
(S) | 
le plea ee 
le J =-5 fo Vo» So— moma tb MpOeKMHH Kpbla Ha MAOCKOCTb (XOY). 


Tak kak p = p, Vall, a JIA KOHHYeCCKOH NOBEPXHOCTH, 3aaHHOH ypaB- 
sHHEM y = zD lee 
cos (nx) aS = + b’dxdz, 
cos (ny))dS= + dxaz, 


Cy = 5 [fae ft, () as — (de (ee (6) ax], 


kE,z 0 REZ 

' l he, Z is kez 
Vopee 2s on [fee f melas — fae \ myth 

0 0 Rez 


e J—pa3max kpblia, H3MepeHHHIA B HanpaBleHHH OCH Z, 3aMe4aA, 4TO 
=kzdt, uv BHNOAHAA HHTerpHpOBaHHe NO Z, NMOAYUHM 


eres (7,4) 
£ a 


2 


e fea —, 
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§ 8. CpaBHenue C TOUHDIM peliéHHem 
L 


B ra6a. 1 u 2 mpHBegeHb pe3sybTaTbl pacuetTa pacnpewqeieHnAaA WaB- 
JICHHA 10 YaCTH MOBEPXHOCTH KPyrOBbIX KOHYCOB C yriaMH MO/ypacTBopa 
Taobauya 1 
= 4% 
i ee 
; Y\ oa HakaOHa KacaTeAbHOH (B °) 
pea ase lI pn6an2Kenna z 


5 10 Sy te 16S pe 


Tlepspoe npH6anuxenne . .| 0,1425 0,108 0,0945 0,0745 0,039 
VQ | Bropoe mpnOawKenve . . 0,1445 0,118 0),1092 0,098 0,082 
“= | Toerbe mpu6anxenue. . .| 0,1445 | 0,118 0,108 0,094 0,075 
Tounoe peuienve. ... . 0,1445 0,118 0,108 0,094 0,076 | 
Tleppoe mpH6anxenne . .| 0,0282 0,0122 0,0058 i a 
a ee Bropoe mpH6anxeHnve . .| 0,0310 0,0222 0,0199 0,0179 = 
=, Tpetbe mpnOauxeHne. . .| 0,0308 0,0194 0,0158 0,0112 — 
ToyHoe peuwieHwe. ... . 0,0308 0,0205 0,0174 0,0134 — 
++ = 63°5 Taobauya 
Seo ¥ Yroa HakAOHA KacaTe.bHoH (B °) 
IlpH6anmKenns Fk he iad 6 teen 152 ad Onell — 
Tleppoe mpH6amxKeHHe ..| 0,434 0,375 0,313 0,270 0,182 
at Bropoe npH6auxeHne . .| 0,443 0,400 0,378 0,370 0,042 
“1 Tpetbe mpH6mmxenve. . .| 0,443 0,393 0,326 0,200 _ 
TowHoe pemenue. .... 0,443 0,396 0,355 0,316 0,286 
Tepspoe mpu6auxenne . .| 0,156 0,133 0,111 0,089 | 0,066 
M—Q | Bropoe mpu6amxenne . . 0,157 0,138 0,121 0,106 : 0,094 
~ “ | Tperbe mpuH6amxenve. . .| 0,157 0,138 0,121 0,105 0,092 
TouHoe pemienve. .... 0,157 0,138 0,121 0,105 0,092 
Tleppoe npHOsmnxenne . .| 0,0346 | 0,0247 0,0147 0,0046 —- 
ne ee Bropoe npvOamxenHe . .| 0,0354 0,0284 0,0229 0,0193 0,0178 | 
a Tpetbe mpHOamxKeHHe. . . 0,0354 0,0280 0,0215 0,0150 0,0083 | 
Touwnoe pemenHe. ... . 0,0354 0,0280 0,0217 | 0,0169 0,0130 | 


44 u 63°,5, OOTeKaeMOH NOTOKOM ra3a B HallpaBeHHH, NepneHAuKy1Ap| 
HOM OCH KOHYyCa. TaM 2%Ke TPHBeAeCHH pe3y/IbTaTbl, MOJYYeHHbIe YHCeH| 
HBIM HHTerpHpOBanneM upPepenUNaIbHbIX YpaBHeHHit OGOGMeHHOT!)! 
reyenna ITIpanaztraa-Matepa [1], matomux B paccmMaTpHBaemom=§ culyyal 
‘TOUHOE pelleune. 

Kak BHAHO H3 TAOAHU, XOPOMAA CXOAMMOCTH NOy4aeTcCA MPH 4NCAa| 
M2, npu npuOamKennn M k eHHHIe CXOAMMOCTb pe3sKO yxyqmaeTcs) 


Summary 


An approximate solution of the problem of conic wing streamline 
by supersonic flow of gas is obtained by means of successive linearize 
‘tion of the system of equations and boundary conditions. 
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St BECTHHK MEHHHTPAHCKOIO YAABEPCHIETA 


Ne 7 


A. B. Benosa, C. B. Baananaep 


HHTEFPAJIbHbIE KHHETHYECKHE YPABHEHHS TEOPHH 
OJMHOATOMHbIX TA3OB NPH HAJIMYHH BHEWHErO NOS 
MACCOBDIX CHI 


B paOorax [1,2] Obl mowy4eHb! HHTerpawbHbIe KHHeTHUeCKHe ypas- 
HCHHA TeCOPHH OHOATOMHBIX paspexKeHHbIX ra30B. B padore [2], Kpome 
Toro, Oblia AaHa MOCTAHOBKA 3a7a4 B a9IPOAMHAMHKE OAHOATOMHBIX paspe- 
2KCHHHIX Tasos. 

Tipypegzenupie B padotax [1,2] HHTerpaabHple KHHeTHUeCKHe ypaBHe- 
HUA HM@JH BUY 

= =—s 1 = = = —— 
fe (r, Ki, t) Fae tate od ies Uu, t) I(r, Uu, ts a5) ae 


t 
+ | o(r—a(t—>), w, +) U(r, 4, 4, *) ds; (1) 


ae 


t +x. 
=A) [ | | Lia || s(lu =u, |) f (Ga wre fsa dq 


ar 1, t) <) Se 7" se, 
+o 
@ (r, u, t) = V4 | 2, —w,|3(|a,—w, eee iy by x 
RIT, ity, t) MH, Ged) dade, (3) 
® (rs, u, tha \\\ Pores Pema ap ya TAS, n, u, 6) do. (4) 
(41) <0 


B aTux ypaBHeHHax f—dyHKuHA pacnpeszenenna; Il — BeposTHOCtTh 


CBOOOHOFO ABHKeHHA; DP — BHYTPeHHAA CPyHKIUHA poxeHHH; & — rpa- 
HHYHad (yHKIHA pox zeHHH; 7—BHYyTPpeHHAA yapHaa TpaHcdopMauta ; 
7 —rpaHnuuHad ylapHan TpanycpopmManta; g—ceyeHHe CTOKHOBCHHA, 3a- 
BHCAULee OT OTHOCHTeABHOM CKOPOCTH CTa/IKHBaIOWNXCH YaCTH; Wy Wi 
ll, — TICPeEMeHHHe HHTEFPHPOBAaHHA (BEKTOPHHIe) B MpPOCTPaHCTBe CKOPO- 
creli; dw, u dw, — 37eMeHTbI OObEMA B MpPOCTpaHcTBe CKOPOCTeH 4M; H Ao; 
7 MU @ —CKaslApHble NMapaMeTpbl; 7 — BHELIHAA HOPMaib K MOREPXHOCTH 
oOTeKaeMOrO Tea B TOUKE C PawHyCOM-BeCKTOPOM fs B MOMECHT BpeMeHH 
<5; 9 —Temmepatypa MOBeEPXHOCTH B TOUKE C PaHYCOM-BEKTOPOM Is B MO- 
MeHT BPCMCHH ts; Fs H Ts -~ HeKOTOPHIe ynkunu oT ru EF, 

OctaibHble OOO3HA4YeHHA H OMpeweieHHA OyYTeM CHHTATS H3BECTHBIMK 
H3 pa6or [I, 2]. 

B paGotax [1, 2] mpeanoaaranocn, uTO Ha ABHMKYULHHCA ras He Ten- 
CTBYeT BHeINHee MOAe MAaCCOBHIX CH. 
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B wacrosmeh pa6oTe yCTaHOBHM CHCTeMy ypaBHeHH, ABMAIOULYIOCA 
o6o6uenueM ypaBHeHHi (1)— (4) mpumMenuTenbHO kK TOMY Cay4alo JBH- 
X*KeCHHA raga, KOrga Ha Hero JehcTByeT MOCTOAHHOe BHELIHee MOTE Macco- 
BhIX CHJ. 

OWHaKO, H3-34 9IKCHOHEHIMAaIbHOTO XapakTepa YORBaHVA BEPOATHOCTH 
cBOOOJHOrO ABH2xKeHHA I], ycraHOBeHHble B HacTOAULeH padoTe ypaBHeHHA 
6yAyT CipaBeAAUBLI HM B MepeCMeHHLIX CHJIOBBIX MOJAX, CCIM MOH MEHAIOT- 
ca IpeHeOpexKHMO MaJlO Ha paccTOAHHAX NopaaKa 5—10 cpemHuX WMH 
CBOOOMHOTO NpoGera HW B TeEYeHHE MPOMEXYTKOB BpeMeHH NopAAKa 5 — 10 : 
CPpeHUX BPeMeH Me@KLY CTOAKHOBCHHAMH AaTOMOB. 

M3 BplBota ypaBHenn (1)—(4) werko ycmorpeTb, 4TO cipaBewu- 
BOCTh ypaBHeHnit (3) un (4) He CBA3aHa C MpeANOAORKEHUEM OO OTCYTCTBHH 
MaCCOBHX cua. IlostTOMy 3afaya HaCTOAWeH paOOTb! B OCHOBHOM COCTOUT 
8 MOJHQUKaIHH BEIBO,a ypasHeHu (1) u (2) B CBA3H C TEM, 4TO BO 
BHEHIHeM NO€ MACCOBHIX CHJI TpaeKTOPHH AaTOMOB KPVBOJIMHeHHBI. 

CymecTByloT 2Ba MOAXOa K BEIBOLY 3THX YpaBHeHHA. 

Bo-nepBbIX, MO#KHO ObWIO Obl BBECTH B PaCCMOTPeHHe PaBHOYCKOPeH- 
HO JLBH2KYULYIOCH CHCTeEMY KOOPAHHAT, UMETb B 3TOM CHCTeEMe KOOPAHHaT 
yckopeHue 2 paBHBIM HyJl0, BbINHCaTh ypaBHeHHa (1), (2) B s3TOH 
CHCTEME KOOPAHHAT JIA DBHKYULMXCA Te H 3aTCM BEPHYTECA K CTapbIM 
KOOP JMHaTaM. 

Bo-BTOpHX, MO2%KHO MPOBeCTH HeNOCpeACTBeHHOe OOOOWEHHE CXEMBE 
paccyx enn paborn [2]. 

Tak Kak Mbl .yCTaHaBJIMBaeM YpaBHeHHA TIPMMCHHTeABHO K I1pakTH- 
4ueCKH HaHOOMee HHTeEpeCHOMY Cay4alo JLBY2KCHHA Ta3a OKOMO CHCTEMBI 
HEJIOABMKHBIX Te, TO HAM HOKa3aca Ooee NOAXOMAUIMM BTOPOH MyTb. 
BLIBOJa HCKOMBIX ypaBHeHHH. 


§ 1. BepostHoctb cBoOOAHOrO ABYKEHHA 


Ilycrb B MOMeHT BpeMeHH f ATOM HaXOJHTCA B TOUKE € paHyCOM- 
BEKTOPOM fF H HMeeT CKOpOCTh Z. O6o3HauHM “epes Y—BEKTOP ycKo- |} 
peHHiaA B NOCTOAHHOM Ome MaccoBHIx cua. IIpH CBO6ORHOM JBHXKeHUHM | 
aTOMa B TeYeHHE MpOMexYyTKa BpemeHH (<, ¢) ero NOAO2XRKeHHE H CKOPOCTH 
B MOMeHT G(t<q <7) onpemeaMIOTCA palHyCOM-BeKTOpOM rg W BeKTO- 
POM Ug, npHyeM 

= rats np AE Sega 

rg=r—u(t—g)+ gg", | 

ake Sa (5) 
Ug =u— g(t—Qq). 

Pa306beM NpOMexyTOK BpeMmeHH (7, ¢) Ha 37eMeHTapHBIe TIPOM @2K YTKH 
Ag;. O603Ha4HM 


ea Sg, = ah (6) 
k=1 


B COOTBETCTBHH C [1] BeposrHocrhb co6nITHA, COCTOAULerO B TOM, 4FO aTOM, Ha- a 
XOAMIMHHCA B TOUKE C PaNHYCOM-BEKTOPOM fF; HM HMEIONIHA CKOpOCTD uj, | 
B TeyeHue Ag; CTrOAKHeTCA C APYFHM aTOMOM, Oy neT 


Qi= Agi fff faa |o(ls— a Ny Fy wy gi) doe 


Torga ‘Bepostuocts I] cBo6ogHoro ABWXKeHNA B MpoMexyTKe BPC MCHH 
(t, ft) TaxkorO aTOMa, KOTOPLI, HaXOZACh B MOMEHT 7 B TOUKe C pauy- 


Murerpavbupie KHHETHYUeCKHe YPaBHeCHHA TEOPHH OAHOATOMHDBIX LFa3OB Wik 


COM-BEKTOPOM Yr. WU UMeA CKOPOCTh W., B MOMeHT BpeMeHH t oxamertesn 
B TOHKEe C PaqHYCOM-BEKTOPOM r, HMCH MPH 9TOM CKOPOCTH UW, Oy mer 
etry im ea . 
ant 
le eten—o le(larieg_—w Jo Geneniy CO. P oa We 
a oo i 
E=¢ | (8) 


§ 2. Boipaxkenne 119 PyHKunH pacnpenenenna uepes O, oul 


By em caeqoBatp myTH, IIpPHHATOMY B paoore [1]. 
Beauununy dn, Koropaa naeT unc0 aTOMOB B MoMeHT ¢ B OObeMe GQ, 
MMECIOILNX CKOpOCTH H3 dw, MOXHO 3anHcaTb B Buse 


dn=fi(r, u, t) dQdo. (9) 


C mpyroh cropouHbl, MOxHO NO- 
JYUNTb BbIPAkeHHe LAA 9sTOH 
BCJIMYHHEI Ail, UCHO/b3yA BBe- 
menupie B [l| dyuKuun © u 


®. IlpupaBuuBas 9TH Ba BbIpa- 
X*KeEHHA, NOYUHM UCKOMYIO 
CBA3b. 

Ilyctb X,—TOUKa, jaa 
OKpecTHOCTH KOTOPOH O6Oyyem 
HOJCUHTHIBATh BeJIHYHHY Gn (cM. 
pucyHok). Paguyc-Bextcp 1, 
TouKH X, OOO3HA4YHM uepes 7r. 
IIpopemem uepes TouKy xX, 
TpaeKTOPHIO afOMa, BHrasich 
BLOAb KOTOPOH OH K MOMEHTY 
BPpeMeHH ¢ OKa3a/ICAH Obl B TOU- 


Ke X,,° HMeA CKOPOCTb HW. Ota 
TpaeKTOpHA Tepeceyer HelO.- 
BHAKHYIO MOBEPXHOCTb OOTeKae- 
MOTO Tela B H€KOTOPOH TOUKe 
Xs € paHyCOM-BeKTOpoM fs. PapeuctBa(5) mp g=ts MaloT 3HayeHuA 
BEKTOPa fs H CKOPOCTH Ws. ECan mocTpOeHHble TpaeKTOPHH He BCTPe4yaloT 
NOBEPXHOCTH OOTeKaemMOro Tela, TO GygqeM CUHTaTb, 4TO Xg MexKUT Ha 
HeH OeCKOHEYHO AaaeKO. CTPOHM OKOIO TOUKH Xs 31€MeEHT HENOABHKHOM 
nopepxuHoctu @S. Jlerko BugetTb, ITO YaCTHUbI, BLIXOAAUINE B MOMeHT ty 
H3 pa3/IM4HBIX TOUeK 9aeMeHTa GS C OMHHAKOBBIMH CKOPOCTAMH, 6yayt 
B MOCI€LyYIOMHe MOMEHTHI t 3aNOJHATH nAOWaKH dS, , napaswiesbHble u 
PpaBHbIe HCXOAHOMY 9eMeHTY NOBepxHoctu dS. 

Jiaa mogcueta Be.1H4uHHbI An HanO B OKPeCTHOCTH TOUKH X, NOCTPOHTh 
3€MCHT OObeMa GQ. BuiGepeM HEKOTOPHIH MPOMexYyTOK BpeMeHH dT. 3a 
eMeHT OObeMa GQ BO3bMeM KOCOH WHAHHAP, HWXKHEe OCHOBAaHHe KOTO- 
oro dS,, mocrpoeHHoe oKOO ToUKH X,, H BepxHee dS, napaierbHbl u 
aBHbI a3iemMeHTy @S. OGpa3sylomywo ouinHApa @2 Bo3mMem MapaieibHOH 

PpaBHOM OTPe3Ky TPaeKTOPHH aTOMa, KOTOPHIH, NpowAA HMXKHeEe OCHOBA- 


we dS, B MOMeHT BpeMeHH t—dT co CKopocThi0 u, yr, B MOMeHT ig 


Mea CKOpocTb 4, JOCTHrHeT BepxXHero OCHOBaHHA nuinHgpa dS,. 
IIpu Bcex mogcuerax HMeeT CMBIC COXpaHeHHe MaJIbIX BeTMYHH He 


x 
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BhIWe NepBoro NOpAAKa MawlocTuH OTHOCHTeAbHO @7. TlostoMy B AabHer- 
uiem 6yjeM BCe paccMoTpeHne BecTH Cc y4¥eTOM MepBblx cremenei a7, 
oTOpachipast BbICIINe CTENeHH MaJbIX BeaH4HH. Torga BbIcoTa IWHAHHApa 
dH =|(u, g7),|¢7 MOxeT ObITb IIPHHATA paBHOH dH =|u,|dT, a o6bem 
aQ==ludS-al, 2] 

O6pa3yioue wnInHapa dQ OyxyT Mp 3TOM HampaB7eHb MO UW, 
TPaeKTOPHH ATOMOB, MPHXOAAMWMX B MOMEeHT f CO CKOPOCTAMH KH B COOT- 
BeTcrByromne TouKH aS, u @S,, 6yayT CoBnanath. 

TlomcuuraemM CHayana uncaO dn, yacTHu, MocTynajwulHx Bd2Q u3 KpH- 
BownHelnoro wuanngZpa ABCD c ocHopanuamu @S u aS,, oOpasyroue 
KOTOPOFO CCTbh TpaeKTOPHH ATOMOB, BEIXOMALIHX H3 rpaHum @S co CkKO- 
poctamu u,. Ha tpaekropun X,X, BbiOepem TouKy X, Hu MOCTPOWM OKOAO. 
Hee oObem — wal6Oy Gc ocHoBpaHuem GS. u BelcoToh dA. Uacruupl, Bbl- 
menue u3 dS: B MOMeHT t CO CKOPOCTAMH 4. B Cly4ae UX cBo601HOrO 
BYOKeHHA, B MOMeHT ¢ jocTHrHyT ceyeHHa GS,, HMeA CKOpOCTb 4. Uacru- 
Wbl, WpHHawaexamue OObemy G, KOTOpble B_ MOMeHT f CO CKOPOCTHIO re 
ROCTHTHYT BepXHeroO OCHOBaHHA oO6bpema @Q—dS,, ZOWKHEE BHITH v3. 
dS. B MOMeHT BpeMeHH *—dT co cKOpocTbioO mu ie BeanuHHa mpo- 
Mex YTKa BpeMeHH aT caa3ana Cc BeaMunHo dT cooTHOMeHHeM 


| (Ue)n| dT =| Uy|aT = aH. (10) J 
IlpH nogcuere 4ncia aToMOB, KOTOpble wlaH6a G nocTaBaser B OObeM A 


3a IPOM@x*xYTOK BpeMeHH G7, MOXKHO peHeOpeyb H3MeHeEHHEM (YHKOHH 
pox genni © u BepoaTHOCTH cBOOOAHOrO ABHXxKeHHA I] B TeyeHHe 3TOTO | 
IIPOMEXKYTKa, TaK Kak YUeT HX H3MCHECHHA MaeT BEAHUHHBI BbICHIerO MO- | 
paaka MaJocru. | i, 
TakHM OOpa30M, Aaa Bcero npomMexytka @7 Buyrpu wak6b G dyHK- 


yun ® un IT] 6ymem cuHTaTb paBHbIMM CoOTBeTCTBeHHO @(r., W., t) H 
Il(r, w, ¢, t). Torga uncao atomos dn., Koropoe noctaBiseT mah6a G 


3a Bpema G7 B OObeM GQ Cc HY2KHbIMH CKOpPOCTAMH, OyzeT paBHO 


dn, = dS,-dh-do,-® (rz, u:, t)-T(r, a, t, 2) aT. (11k 


Samenaa AT ero BbipaxkeHHem uepes a7 u3 (10), yuHTHBaa paBeHcrsa : 
dS, = dS, d2=|u,|dS dT, do, =de (12) 'f 

HW BbIONpad B KaYeCTBe He3aBHCHMOH NepeMeHHOM +, BBOLA OO6O3HayeHHE |) 
dh . 


—— = ds, nouwyuHM 
| (uz)al ) 


ate = 0209 T (r:, iz, t) TT (r, Ui, t, at) dz. (13) ‘ 


OGOmee WCO HHTeEPeCyIOUIHX Hac YaCTHM, KOTOPOe NocTaBAAer WUAHHAD | 
ABCD 8 o6vem dQ, noryunm HHTerpHpoBanttem (13) mo z oT t, got | 


t 
dn=d2do\  (r., u., t) T(r, 2, £)ds= 


t ie a 1 | 
= diode | @|7 —u(t—t)+g a a (tn), [1 (r, w, t,t) de, (14)e F 


Pg di, 
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Hloncunraem renepb acto YacruI, diy, KOTOPOe 3@MEHT TOBepXxHO- 
tu dS nocrapaser kK MOMeHTy BpemeHH t B OObem dQ. B moment ¢ co. 
KOPOCTAMH 43 do B OObeMe AQ Haxo_ATCA Te “ACTH, KOTOPEe poru- 
MCb Ha 9eMeHTe MoOBepxHocrH GS B TeyeHHe NpoOMexyTKa BpeMeHH 


ts —GTs, %s) HW MpOwlan Bech HyTb Ges crowkKHOBeHu. C IIPHHATOH TOU- 
OCTbIO YHCIO TAKHX YACTHIL Maerca BbIPaxeHHeM 
- 


dn, = dS-do,-®(F,, tg, ts)*T1 (Fy i, t, %,) dT. (15): 


sBOuA BMecTO G7, BeamunHy @7, cormacuno (10) u yunrerBan (12), mepe- 
MINEM BbIDPAaKeHHE Win Gn, B BUTE 


1 Ray, wee — — == 
diz = Ta P (rs: Us, ts) -I1(r, u, t, ts) d2dw. (16): 
logctapaaa (9), (14) u (16) B paBencrBo 
dn =dn, + dn,, (17): 


ONYYHM HCKOMY!O CBA3b MeExAAY MPynKuuamu f, ©, ® u TT: 


Ppa 


i (Us)n | 


® (r,, lis ae) I(r, u, t,t) + 


+ \o|r—ae—y +295", GF», 2]. wt, Dae, (18) 


§ 3. Hexotoppie oOulHe 3ameyaHHaA 


B 3akaoueHne ClelaeM HECKObKO OOINHX 3aMe4uaHHil. 

IIpexae pcero 43 MpeablayulerO ACHO, YTO CHCTeMa KHHeETHYeCKUX. 
‘paBHeHHH, O6Obmaroman (1)—(4) Ha Cayyuai 2ABHxKeHUA fa3A B NMOCTOAH-: 
OM BHEIIHEM CHJIOBOM Move, HMeeT BUI 


f(r, u, )=- = Ory “ay, Zs) a1 7, H, is ee 


| (Us)q | 


+ folr_—ae¢—y+2 45%, a—Ze—9, <]-n@, a4, 045; (19 


AU ae a = 


plete = ee ea i ee shied 
| e{ |u—g (t-q) —u'|-0 (lu—g (t—q)—u' |) +f (7—-w(t-a) +8 Gam we q) de’ dq 
a coy 
a aes —_ = — — — rs _ _ 
Or, a = L(V L (Ta — ws lo (imme ty ALU te, 1) 
x T (1,, ob iu) do, d.; (21) 
o (fs, W, t) = 1) ulees w,, £)1(4,)al T (w,, t, uw, 4) dw,. (22). 


(ui) <0 
Tak 2xe Kak H Jia cucremp (1)—(4) B cHcremMe ypaBHeHHa (19)—(22): 


O2#KHO Nponspectu ucKsOueHHe SyHKuHA Tl, O uv © nH Nowy dHTh OHO 
HTerpaybHoe ypaBHeHHe Aaa *ynKunn f Bua 


f=Vif), ue? 


e V(f)—nexorophli usrerpaapynli oneparop vax f. 
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Jlanee MOUTH OFeBHAHO, YTO MOCTAHOBKa 3aa4 aspOAHHAMUKH JA 
cucTeMbl ypaBHenni (19)—(22) uu maa ypaBHeHHa (23) nouTH He OTAH- 
yaeTCA OT MOCTAHOBKM 3alay AIA cucTemMbl ypaBHeHult (1)—(4) nan cooT- 
BeETCTBYIOMNerO eH HHTerpadbHOrO ypaBHeHHA. 

Eciv WMeTb B BUY BHelIHHe 3anaun, POpMyAupoBaBiHeca B [2[, TO 
BC@ H3M€HeHHE CBELeTCH K TOMY, YTO Ha OCCKOHEYHOCTH MB OY ACM HMCTb 
BM€CTO MAKCBeJIOBCKOrO paclipeseieHua pacnpezerenHe BomzbymMana, co- 
OTBeETCTBYIOMIee MMeIOWLeEMYCA MOWIO MACCOBBIX CHI. CnpaBedHBOCTb 
OOAMbIMAHOBCKOFO pacnpeeeHHA J@rKO MOKeT ObITh YCTAHOBIeHA HeNO- 
CPEACTBEHHO U3 YpaBHeHHA (23), BbINHCAHHOLO WIA CTaIMOHAPHOLO COCTOAS | 
HUA Pasa, 3alO/HAIOWlerO BCE MPOCTPaHCTBO. | 

Tak »e, Kak H B paOoTe [1], MoxwxHO ycTaHOBHTb, UTO M3 YpaBHeHUit 
(19)—(22) cnenyer ypapHeHne BowpumMaHa, KoTOpoe B pacCMaTpHBaeMOM 
caygae U B HaulvxX OOO3HAYeCHHAX HMeeT BUT 


of of of 
Fy Paaiies i ta +8 jot Sgn thane 


| 


=O(r, 4, t)—flr, 4, er es DF (r, a’, do’, (24) 


VM swakonel, O4eBHAHO, UTO AA pewleHHaA CHCTeMBI ypaBHeHHH (19)—(22),' 
MOKHO HCIHONb30BaTbh M€TOA, MOC LOBATebHBIX MPHOAWAKEHHA, YKa3aHHbli| 
B paOote [2] aaa pemenua cucremMb! ypaBHeHuHi (1)—(4). 


Summary 
The article presents a system of equations, which is a generalization: 


of the equations obtained in work [1] for the case of the. mowing gas’ 
acted upon by the constant external field of mass forces. 
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C. B. Bannandep, A. B. Benosa 


MHTErPAJIBHbBIE KHHETHYECKHE YPABHEHHS Jd CMECH 
rA30B C BHYTPEHHHMH CTENMEHAMH CBOBOJIbI 


B paOore [1] OntaH nony4eHbI MHTerpabHble KUHeETHUeCKHe ypaBHe- 
Ma TCOPHH OMHOATOMHBIX paspe2xXeHHHIX Ta30B. Bugou3MeHeHHe 9THX 
/PaBHEHHH IA Cyyad, KOPMa HMCeTCA MOCTOAHHOe MOE MACCOBLIX CH, 
|aHO B paOorte [2]. , 

B HacTosuei pa6oTe paccMOTpuM s3ayauy, CyleCTBeHHO Govee 
Omly!o, 4em B padotax [1]—[2], mu ycraHoBuM Bua MATerpanbHELX KHHe- 
MYeCKUX YPaBHeHHH JIA CMe€CH MHOFOaTOMHHIX ra30B, B Mpomecce ABU- 
KeHMA KOTOPbIX MOrYT MM€Tb M€CTO XMMH4eCKHe peaKWUH HM KOTOpHIE 
[BEXKYTCA B MOCTOAHHOM BHEUIHEM Oe MACCOBHIX CH. 

Tak #e, Kak H B padoTtax [1] u [2], 6ymem mpegnouaraTb, 4TO AAA 
(BYDKCHHA (asa CYU[ECTBCHHDIMH ABJIAIOTCA TOJbKO MapHbIe CTOMKHOBeHUA 
(OCKYJI. QTHM CAMBIM MBI HCKJIOUMM H3 PpaCCMOTPeHHA Takue XuMHUe- 
Kuve peaKkIHu, KOTOpble MOryT Te%b TOABKO Ip KpaTHbIX (TPOMHbIX u T. J.) 
TOJIKHOBCHHAX MOJIeKY rasa. IlomyyeHHble HHKe YypaBHeHHA He MpuMe- 
MMbI JIA PAaCCMOTPeCHHA MBHKCHHA Ta30B, B KOTOPHIX MMeIOT MeCTO 
akoro pola peakmuH. 

Kpome Toro, MBI OyZeM pegznomaratTb, 4YTO OOpasyloulueca pu XH- 
(MYeCCKUX PeAKIMAX Ta30BbI€ YACTHULI BACKTPHYeCKN HeHTPaJIbHbI u He 
YR@M BBOMUTb B paCCMOTPeHHE KYJIOHOBCKOe B3aHMOMeHCTBHe, KOTOpOe 
'W2KHO ObIIO Obl YUMTHIBATL MPH HAaIMUHH 3apAKCHHBIX Ta3OBbIX YaCTHIL. 
ITO IpemMmomoweHHe GyfeT O3HAUaTb, ITO NOMYYeHHBIG HAMM ypaBHeHHA 
(CMPMFOAHE JIA paCCMOTPeHUA ABHXKeCHHA Ta30B B YCMOBHMAX, KOra HMeeT 
(eCTO 3€MeTHAad MOHM3AalHA. 

Ecau peyb OykeT MATH O BEAMYHHAX, HMCIOWIMX TOT *Ke PusnyecKHH 
MBICI, TO OyYReM MOMb3OBaTBCH OGO3HaYeHHAMU U3 padoT [1], [2]. 

CocTtoasHve CMeCH ra30B C BHYTPeCHHHMH CTeMeHAMM CBOOObI He/b3A 


mucaTh OHO dyHKuMet pacnpezenenua f(r, u, ft), KaK 9TO UMeIO MECTO 
1, 2] mpu paccmoTpeHuu OfHOATOMHBIX Ta30B 6€3 BHYTPeHHMX cCTele- 
eu cBoOomn. Jima omvcaHis COCTOAHHA CMeCH Fa30B C BHYTPeCHHAMH 
TENCHAMM CBOOOAB HY2KHA CHCTeMa PYHKUMA pacmpemereHuA. 
JleicTBuTesbHO, Wpex ze BCerO MBI OyYAeM HMETb YaCTHb rasa pa3- 
WYHBIX COpToB. YKa3aHve Ha COPT YaCTHIUB rasa MOXKHO CelaTh MHeK- 
OM, KOTOPHIH OyAeT MPHHHUMATb HEKOTOPOe KOHCYHOe YHCIO 3HaueHHa. 
(pome TOrO, 4acTHUbI rasa WaHHOrO COPTa MOTYT HaxXOJUTECA B pasvIM4y- 
BIX 9HEPreTHUeCKUX COCTOAHHAX, KOTOPHIe MOryT ObITb OTMCYCHBI HEKO- 
Opoli KOHCYHOM COBOKYNMHOCTBIO KBaHTOBBIX 4MCeA (MHZeKCOB), KaxKoe 
3 KOTOPEIX MOMKET MpOOeraTh KOHEMHYIO WM CUeTHYIO MOCMEMOBATeMb- 
OcTh 3HayeHHit.* B oOmeM, IpHAeTCA UMeTb J[eMO C HEKOTOPOH KOHETHOM 
JIM CUCTHOM COBOKYMHOCTHIO COPTOB HM COCTOAHMA Ta30BbIX YaCcTHH, H MA 


* TlocrynmaTeabHuble CTermeHH CBOOONbI TpakTYIOTCA KMACCHICCKH. 
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WalbHetero yROOuO He MelaTb pasIM4HA Meu Ty COpTaMM YaCcTHY as 
MW UX pasIMUHbIMM 9HeEPreTHYeCKHMH COCTOAHHAMM HM CUMTATb, UTO ME 
HMe€eM JeO C HEKOTOPOH CYeCTHOH COBOKYNHOCTHIO COPTOB 1a3a. 

Ucnop3syem Takoe MpefcTaBeHue O COpTe ra3sOBbIxX YacTHI, U nepe 
HYMepyeM WHAeKCOM 2 COpTa 4YaCcTHy B UX paCIHPpeCHHOM MOHMMaHHy 
Tora cCOcTosHHe ra3a MOXKHO O6yeT ONNCaTh KOHEYHOH WIM CYeCTHO! 
COBOKYNHOCTHIO (yHKUMH pacnpemetenua f(r, u, F). 

3amaua HacTonmeh paOoTL H OyeT COCTOATH B MOCTPOeCHHH TOJHO! 
CHCTEMBI HHTCrpavIbHbIX ypaBHeHUM, U3 KOTOPHIX *yHKuHN f; MOryT OBIT: 
HalieHbl. : 


§ 1. BepostHoctb cBoO02HOrO ABYKeHHA 


Ilyctb. wHaeKC 7 OOO3HAYaeT COPT fa3a B CFO paCIWIMPeHHOM NOHMMa! 
nun. Uneno dn? uacruy i-ro copra, HMeloulMx cKOpocTH u3 do vu Haxd 
WAuUxca B OOBeMe G2, RaeTCA COOTBeTCTBYIOINeH yHKUMeH pacmpese 


neuua fi(r, u, t), w paBHo 


dni = f;(r, u, t) dod. ‘él 


YcTaHOBUM BbIpaxKeHHe JA BEPOATHOCTH CBOOOAHOrO ZBUXKeHHA B TE 
yeHHe MpOMexYyTKa BpemeHu (t, 2) yacTHb i-ro copra. 

Ecv MbI HM@€eM J[e0 C ra30M B IIOCTOAHHOM BHELIHEM CHJIOBOM TOdt 
TO PaHyC-BeKTOP, ONPeeAIOMMH MOMOKeHHE YaCTHUbI 10O0TO Cop 
B MOMeHT g(t<g <1), H CKOPOCTb YaCTHIB MOFYT OBITS 3aNMCaHbl B BUD 


a = = —(t{-— 2 — a == é 
Pi gt f Se ee (: 


rhe fF — paqvyc-BeKTOP; “— BeKTOP CKOPOCTH 4aCTHIILI B MOMEHT f. | 

Uactuna f-ro copfa MOXKeT MMeTb CTOJIKHOBeHHe C YaCTHIeH 11000K 
copta. O603HaYHM 4epes op CeUeHHe CTOAKHOBeCHHA YacTH i-ro u R- 
copToB. OueBuaHO 5, —s,,. Bepoatnocth AQ, Toro dakta, YTO 4aCcTHI 


t-rO COpTa, HaXOJAMlaiCd B MOMeHT g B TOUKe C pafHYCOM-BeKTOPOM . 


HW MMeIOUad CKOPOCTbh Ug, B TEYeHHe MpOMexYyTKa BpemMeHu Ag CTOAKHETY) 
C KakOH-1u60 uacruueh Rk-ro copTa, MOXKeT ObITh 3anucaHa B Buse | 


SQu=Ag JJ J |zq— io (Ig — a) fie (F, W, g) do’. (f 


CooTBeTCTBeHHO, BeposTHOcTbh IIjg COObITHA, COCTOAINero B TOM, U)p 
yacTuya Z-ro copta B TeyeHHe MpOMexYyTKa BpeMeHH (t, #) He MCHbITale 
HH OJHOPO CTOJIKHOBeCHHA C YaCTHNAaMH copta Rk, 3amnumerca B Bue 


tf+o 
- ]L3} e118 iy Dn ya 


v 


Ip (r, u, t, t) =e 


| 


Beposrnocrs Il; csoOoqHoro ABHXKeHHA YacTHUB i-ro copta, now 
*KEHHE HM CKOPOCTh KOTOPOli ONpezersioTca paBencrBamu (2), B mpoMie 
*#KYTKE BpeMenn (t, ¢) NO TeOpeMe YMHOXeHUA BepoATHOCTeH OyneT Jie 
BaTbcd (bopMyaon 


tf +2 
I; (7, ul, t, )=[TMia=exp ¥ =} \{Jia—g2@—a)—w |x 


x cin (tt —8(t— gt I)-f(F—W(e— 9) + FS, wv, q) do" |dg} 
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ee a 


§ 2. Dynkunn poxntenuh ©, nu OM, uw UX CBH3b C dynkunsamn f,, II, 


Ooodman [1], BBeqem BHyTpeHHMe (byHKnuM poxpenui ©; rTaxKne, 
ITO BeIMUMHA 


dni = 0;(r, u, t)d2Q do dt (6) 


aoe 
wer M¥tematuueckoe O#KMTaHNe UNCa YacTH, i-rO copTa, POAMBIIMXCA 
3 d2 3a Bpema dt m uMmetoujMx cKoOpocTu u3 dw, AnanormuHO BBonUM 


paHuunbie PYHKIMM poxennh DP; Takue, 4TO BeAMUMHA 


dn, =; (r., u, t) dSdodt (7) 


maeT MaTeMaTH4eCKOe ORUAHHe YMCA YacTH i-rO COpTa, POAMBINNXCA 
ja aleMeHTe moBepxuoctn @S 3a Bpema at uv uMewmmx cKopocru uz do. 

IlosTopad MpHMeHHTebHO K YacTHHaM i-ro copTa BHIBOA; mpuBezeH- 
abit B [2], NOyYMM CBA3b MexKAy byHkyMel pacnpezenenua f, a PyHK- 


“Hamu ; u OD; B Buse: 


cas a ] a = — —= — 
Laws 2 eR ALG a We, os) Vert, Cts) ae 


e 
+ {o|r—a¢e— te", a—g¢—9, |, 26 yd. ©) 


$ 3. Yaapubie TpaHcopmMaHThbl M UX CBA3b C (YHKUMAMH pox TeHuit 


k, 

Marematwueckoe oxku-anue UncIa cromKHOBenul dng’ uactum R-ro 
cOpTa, HMeIOINHX CKOpocTH B @w,, c yacrumamu copta /, MMeIOLMMM CKO- 
poctu B dw,, 3a Bpema dt B O6beme AQ maetcn tbopmyson 


dis" = on, 1(| 1 Uy|) [41 — HF, (7, 1, B) fi (r, M2, t) do,do,dQdt. (9) 


BeeeM BHYTPeHHHe yAapHble Tpanccbopmante Tp, 1(4,, U2, wu). DyHK- 
umio Tp,1(W,, U2, 2) OY eM HaSbIBAaTh BHYTPeHHeH ysapHo TpancdopMau- 
TOH, eCIM BeAMUNHA 

Gnaeus Ly ae (10) 
aeT MaTeMaTU4eCKOe OKUMAaHue FUCA yacTHm copta i, KOTOPBIe pox- 
aloTCd B Pe3yAbTAaTe MOCTOBEPHOFO CTOAKHOBeHMA “ACTH! k-ro copra, 
Melolleli CKOpOCTb W,, c uacTuel copta /, uMeloule CKOPOCTb Hy, HM IPH 
TOM HMCIOT CKOPOCTh u3 do. 

Yuunoxwan (9) wa (10), nomyauM mMaTeMaTHYeCKOe O*KURAHHE UNCIa 
actu copta i co cKopocramu u3 d B o6beme d2, pomuBmuxca 3a 
pema dt B pesyibTaTe CTOAKHOBeHMA YacTHm COpTa k, UMeBUIMX CKOpO- 
TH W,, C yacTulaMu copta /, MMeBIIMMH CKOPOCTH UW. 

Vuterpupya molyyenHoe mpoMsBesenue 10 BCeM Wy H wy, MOLY IMM 
ucno dni, actu i-ro copta B o6beme AQ co cKopocramu u3 dw, mos- 
WBINIMXCA B pesybTATe CTOJKHOBeHHA yacTul k-ro copra c yacTulamMn 
kopta / 


+ co 
dnin = dQ deat \\\\{) a, — 1, | on (lt — 4) fy (7 OX 
FIT, Way t) Tit (ry tay U1) doy deg. (11) 
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CyMMMpys BbIpaxKeHusA (11) mo Bcem & u mo Bcem J, nowy4uM yBOeCHHOe 

yucio’ dn; uacTun i-ro copta CO CKOpOCcTAMH U3 dw, KOTOpbIe NOABATCA 

B oObemMe @@ 3a BpemaA Gt B pe3ybTaTe BCCBO3MOXKHBEIX CTOJKHOBCHHH 

YaCTHIL pa3HbIX COPTOB Mex AY co6ok. (YABOeHHe MpPOMCXOJMT NOTOMY, 

4TO KaxKAbI COpT pu cymMvpoBaHuun no & u / noBroputca 1Bax bl). 
Takum o6pasom, 


anim yaudoat YY (SAE fii— ty Sy, (| 4 — Hal) Fg (7s Hy» t) X 


<FIT, Uy 1) Thi (U1, Wy, 2) do,doy, (12) 


CpaBHupad Bbipaxenua (6) u (12) aaa BeAMUHHBI dni, no.y4uM 


o(7,4)0=5VV if] | u,— U2] 9,, (| 4, — By|) f, (7, Hy, F) 
r,u > SINS U,— Uz|5,,(|uy—u nT, wy x 
xX fx(7, Ug, b) Tin (2, Uy, 2) do, doy. (13) 


BpeneM rpaHM4HEle yyapHble Tpanccopmants! 7} (u,, 1, u, 9), KOTOpEIE| 
XAPaKTePH3yIOT CTOJKHOBCHHA YaCTHI, C HeNOABHKHOH MOBEPXHOCTbK 
C HOpMadbio # uw Temmepatypol 98. Benvunua 


eee ] 
an,—=T; (@;, nt, u, 9) do (14) 
WaeT MaTeMaTH4eckOe OWKHMAHHe 4YHCa YAaCTHN, COpTa i, KOTOpHIe pox} 
MaloTCA B PesyIbTAaTe MOCTOBEPHOFO CTOAKHOBeHHA YacTunbI k-ro copTa 


HMe10WeH CKOPOCTb Wy, C 9@MCHTOM NOBEPXHOCTH dS c HOpMaabio nt 
Temnepatypo# 6 u mocae pox eHHA HMeIOT CKOpOCTS u3 do, é 


Ymuoxkan (14) Ha fe (Ts, 2, 2) | (4;)q| dSdtdo,, noayaum wateue a 
cKoe OxKUfanHe YMCAAa Yacrul copTa zt CO CKOpocTamu u3 dw, KOTOPHeE poxe 
maiorca B TeyeHHe MpoMexyTKa Bpemenn dt B pesyabTaTe cTOAKHOBeHHI|: 


c dS uacrun k-ro copra, uMeiommx cKopocTu u,. VMuTerpupya mo sce 


CKOPOCTAM y, KOTOPbIe OOECMEYMBAIOT BHINOJIHEHHE HepaBeHCTBa (U,)_ < C 
M CYMMHpyd WOUyYeHHbIe BbIPaxeHHA 10 BceM &, T. @. YYMTHIBAA CTOMK 
HOBeHHA C aleMeHTOM @S wacTH BCeX COpTOB rasa, NOWYYHM BeAHUHH 


dnp =dSdo dt \\\ | (ui\al fy Fs tur t) Th (try , 1, 8)do,. (LE 


Rk (4) pn <0 


CpaBHupaad Bbipaxenna (7) u (15) ana BeauunuE dnb, Oy 4M 


bro =D SS) |Goalts Fs tn) FE ly, 1, w, 0) doy, (Aehe 


R (1), <9 


§ 4. Cuctema ypapHenui 


nun fi, Ij, ®; u &. Sra cucrema ypaBHeHH uMeer BUT 


Unterpauibubie KHHETHUeCKHe yPaBHeHHA JA CMecH ra30B 85 


=e i ee i — a SS 
Ate a, ) = Ta),1 Pi (ts: Us, ts) Thi (r, u, t, ts) + 


t 
nyo |r— een te”, n— g(t —+), 2| TH, ut, t)dc. (17) 


pas 
Tu 2) exp SJ | fia Be FIX 


Xon (a —g (t—9)—w'|) f,(r—u(t—g) +g GE w, 2) aw’ | ao} (18) 


\ 


di(r, u, t)= 3 DIN JJ) J erate ex 
Xf(7, ty, O fi (7, te, t) Th (A, Uy, 2) do, do, , (19) 


(75,0, =D SSS [(aal Fy (For tnt) Th (ty, 2, %, %)do,. (20) 


Rk (is)n <0 


Tak 2%e Kak 4 B pa6Oortax [1] u [2], B cucremMe ypaBHeHult (17)—(20) 


(O2#KHO MpOUsBecTH UCcKIOVeHHe PyHKunH IT, O; u PD; W NOMYUMT CuCcTeMy 
HTCrpaJbHEIX yPpaBHeHH a OTHICKaHuA PyHKunA f,. Ora cucTema ypaB- 


@HHH MMeeT BULL 


Wf RR frit NTR so rio (21) 


ne V,—HeKOTOppie HHTerpabHbe OMepaTopH Ha yHKuMAmu f;, KOTO- 
BI€ AePKO BHIMHCHIBAaIOTCH. 


Ecau pemena cucremMa ypaBHeuui (21), To pynkgun Tl;, Oi u 0; 
BIUMCIAIOTCA 10 u3BecTHEIM f, mpH momommu (18), (19) u (20). 


§ 5. Hekotoppie 3ameyaHna 


3akanyuuBad padoTy, CqeaeM HeKOTOpble OOmMe 3aMeuaHHA. 
Bo-meppbiX, ecu Ha O6e yacTH ypaBHenua (21) nogeicrByem audde- 
CHIMaIbHBIM ONepaTOpoM 


(Ob. Seah) 0 0 (6) ts 0 0 2 

ot oe, TEL Pagone rear Sy rei e cy rrae el re (22) 
) W3 HHTerpaibHbIX ypaBHeHHH mOyyaem HuNTeErpo-AupdepenmuabHble 
PaBHeEHHA, ABAAOMNeCA OOOOMeHHAMH ypaBHeHH BoarbyMana, MpHcio- 
)OICHHEIMH JIA PaCCMOTPeHHA YTa3sOBbIX CMeCeH MepeMeHHOTO XHMUUC- 
‘Oro cocTaBa. 

Bo-BTOpHIxX, Wd wacTHOrO Cayyad CMeCH OMHOATOMHBIX [a30B 6e3 
1yTPeHHUX cTeleHeH CBOOOJH, HaxXOAAWUXCA B MOCTOAHHOM [Oe Mac- 
BLIX CHI, H3 ypaBHeHui (22) MOKHO BHMETH, UO OHM YAOBMETBOPAIOTCH, 
iM 3a (PyYHKIMM pacmpenetenua f,; B3ATD DYHKILM 


—hm;(u?+2y) 
eee (23) 
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COOTBETCTBYIOMNMe OObIUMAaHOBCKOMY pacmpemesteHnio. B (23) yepes m, 


oOo3HaueHa Macca Z-ro aTOMa, 4Yepe3s Y NOTeHIMa MACCOBBIX CHA MU Yepe3 
Q@; HEKOTOPbIe MOCTOAHHEIE. 

B-TpeTbux, Id peuleHHa cCHCTeMbI ypaBHeHni (21) B UIMpOKOM 
Kaacce Cay4yaeB MOKeT OHITb UCNOAb3OBAH Me€TO MOCMeAOBATeAbBHBIX 
NpHOvMoKeHuH. 


Summary 


A system of integral kinetic equations for the case when the par- 
ticles of gases have the internal degrees of freedom is established, the 
equations obtained being a generalization of the equations of article [1]. 
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VW. A. Tonosa 


HPHBJIMYKEHHOE AHAJINTHYECKOE PEMWWEHHE BE3SBUXPEBDbIX 
YPABHEHHH CBEPX3BYKOBOrO OBTEKAHHA 
PA3BEPTbIBAIOWHXCA KPbIJIbEB 


B nacroamel padore nocTrpoeHo mpu6jm2xKeHHOe aHadUTM4eCKOe pe- 
WeHHE CHCTCMbI OOBIKHOBCHHHIX LH@PepenwHaIbHbX ypaBHeHHH, mpewo- 
<eHHBIX C. B. Bannannzepom [1] aaa o6TeKaHuA KpbimbeB cCnenMabHOL 
JOPMB!L, HA3BAHHHBIX MM pasBepTbiBalouluMuca. IIpemnomaraetcA, 4ToO ra3 
MINeH CHI BHYTPeHHero TpeHuA. JIBuxeHMe C4UNTAeTCA YyCTaHOBHBIIMMCA 
| aimaOatTuueckuM. Penienue yNOMAHYTHIX ypaBHeHH MOMy4eHO C YYeTOM 
eIMYHH YeTBEPTOTO NOpsAAKa MaJOCTH VIA TOHKOFO, caa60“30rHyTOrO 
a3BePTHIBAIOWMerOCcA KPblla, PpaCNOMO#XeHHOTO OX MaJbIM YIvJIOM aTaKH, 
[PH YOBI€TBOPCHHH YCJIOBHIO OOTeKaHHA HM YCJOBMAM Ha IIpHCOeMHeH- 
OH MOBEPXHOCTH paspblIBa B MepesHeH KPOMKe. 

Ha OCHOBaHHH 93TOrO PelWIeHHA MOCTPOeHa KPHBOWHHeHHaA MOBepx- 
(OCTh Pa3PbIBa, OTXOMAUMIAA OT TepewHel KpOMKH kKpbila. []oKa3aHO, 4TO 
OJYYCHHOR PelWieHHe OODIKHOBeCHHHIX WuUPPepeHuUMaMbHbX ypaBHeHHH yWO- 
JIETBOPAeCT YCAOBHAM Ha BCe€H HaHAeCHHOH MNOBeEPXHOCTH Pa3pbiBa C TOY- 
OCTbIO JO BeJHYHH TPpeTberO NOPAAKA MAJIOCTH BKJIOUHTEbHO JA BCeX 
ASBEPTHIBAIOIMXCA KPbIIbeB W C TOUYHOCTHIO JO BeJIMYHH 4eTBepTOrO MO- 
AKA MawOCTH JIA TeX M3 HUX, KOTOPbI€ HMEIOT HYCBYIO KPHBH3HY B 
OcKe XOTA Obl OAHOFO H3 3aMaHHbIxX mpodpusen. 

TaKuM OOpa30M, HOCTpOeHHOe pelieHve Oe3BHXPeBbIX YyDPaBHeHHt 
BIACTCH MPHOAM2KeCHHLIM AHAMMTHUCCKUM PeUICHHeEM 3afayH CBeEPX3BYKO- 
Oro O6TeKaHUA {Pa3BePTHIBAIOWIMXCA KPbIMbeB C YNOMAHYTOM BBILMEe TOY- 
OCTbIO. 


S$ 1. PasBepTbiBarouMeca KpblibA 


KppllO KOHe4YHOTO pa3Maxa, OOTeKaeMOe CBEPX3BYKOBLIM IOTOKOM 
a3a, MbI OYeM Ha3blBaTb pasBepTHBalomumesd [1], ecau: 

1) BepXHAA HW HWKHAA MOBEPXHOCTH KPbla ABAAIOTCA Pa3BePTHIBAlO- 
IMMHCHA MOBEPXHOCTAMY; 

2) mepeaHaAH KpOMKa Kpblula — NpamMaa AMHHA,; 

3) 3aMHAA KPOMKa KPbIa WH KOHCOJIbHEIM OOpe3s TaKOBbI, YTO NPOBE- 
eCHHBIe BIeEpe H3 UX TOUCK JIMHHH BAMAHHA MepeceKaloT KOHTYP Kpbisa 
OIbKO B TOUKAX NepewHeH KPOMKH. 

TloctpouM pa3BepTbiBalolly1ocd MOBEPXHOCTb Kpblla 10 AByM Mpodu- 
AM, PaCHOJO2KCHHBIM B KaKHX-JIMOO AByXx CeyeHHAX ero. JA aToro M0- 
‘eCTHM HauaslO IpAMOYFObHOH CHCTeEMbI KOOPAMHAT Ha TepeAHeH KPOMKe 

HOCKe OAHOTO u3 3afaHHEIx npoduseli (OABC), opvenTupys ocu KoOop- 
WHaT, KaK ykKa3aHO Ha PHC. 

Bce paccMoTpeHHaA BeeM B Oe3pa3MePHBbIX KOOPAMHATAX. Tlyctb B 
euenun 20 3agaH mpoduun OABC ypapHenuem y = ¢ (x), B CeueHHH 
= 1—npoduitp O'A’B’C” ypasuenuem y= (x). 
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JA wOCTpOeHHA pa3sBePTHIBalOUleHCA MOBEPXHOCTH COeAHHUM IIpA- 
MBIMH Ha 9THX IPO@UAAX TOUKU, B KOTOPHIX KacaTe/bHble K IpOPulaM UMeIOT 
OJMHAKOBHI HaKOH K ocu x. IIpH 3TOM yOOHO BbIPasHTb [2] ypaBHe- 
HWA 3aaHHEIX mpodusel B MapaMeTpHyYeCKOM Buse, OepA 3a MapaMeTPbI 
TAHTCHCHI YTIOB HaKOHa K OCH X KaCaTebHEIX K KaxKMOMY u3 Mpopuven, 
aus 


J \ d / f 
oe AS H = (x)=. (1,1 


Tora ypaBHeHHa 3aaHHEIx npodusel npumMyT Bug 
ame i B ceyennu 2=0(OABC), 


Y= %, (f) “(1,2)) 
x=, (t) = 1(0'A’B’C’), 
4 aleve B CeueHHH Z = 1 ( ) 


Mu ypaBHeHve OOpasyloulel pa3BepTHI- 
BalOLCHCA MOBEPXHOCTH, COOTBETCTBY10- 
meh 3HaueHuIo epameTpa ¢=t, 3amu-| 
wmeTca B Bue 


S— Opt) ne ee) rs) (1 3) 


v,()—9( bo (t)—F2(t) 


Ecuu sagzannpe mnpoduan OABC 
O’A’B’/C’ umewor B HOCHKax Ha nepez- 
Hel (3amHeh) KPOMKe pa3Hble HaKJIOHBI 
KaCaTeJIbHbIX ¢,~ 7, TO pH mocTpoe- 
HUM pa3BepTHIBaIOlWelca MOBePpXHOCTH 
Kpblia y mepeqHeh (3aqHeH) KPOMKH 
HY2KHO NOCTPOWTb KOHHUYCCKYIO NMOBEPXHOCTh C BEPMIHHOH B HOCHKe Ipo- 
(usa C MCHBOIMM HaKJOHOM xKacaTelbHol (¢,, ecan ¢,<1,) u mocaeg- 
Hew OOpasylomek, cooTBetcTBylomeli sTOMy HakwJony 4,. 

Tak KaK KOHM4eCKad MOBEPXHOCTb ABJIACTCH YACTHHIM Cly4aeM pas- 
BEPTHIBAlOINeHCA, BCE Ja/IbHeHWIMe PaCCMOTPeHHA MIpHMeCHUMBI UM K 9TOH 
TIOBEPXHOCTH, TOMbKO BCIONY BMeCTO (yHKUnH ¢, (ft) u y(t) nau ov, (t) I 
),(£) BOMAYT MOCTOAHHHIe BeIMYHHEI, € HMCHHO: KOOPAMHATH BepIIMHBI} 
YNOMAHYTOH KOHHYeCKOH NOBepxHocTH. O6o3Ha4uuM 


p(th=% (4) — 91 (4), 
q(t) = $2 (¢) — 9 (t). 


B aibHekem OyAyT UCMOAbSOBAHEI CCMYIOMNINE COOTHOMEHUA, KOTOPBIe 
MMCIOT M€CTO [Wid PasBepTHIBaloMlehca mMoBepxHocTu:t 


qi) | 
oO at, (1,5) 
pa" (O—a Or") | 
wearin (1,6) 


Rises 


(1,4) 


§ 2. YpapHenua cBepx3ByKOBoro OOTeKaHMA pasBepTbIBaIOWMXCA 
KpbIlIbeB MPH OTCYTCTBHH BUXpeoOpa3soBaHna 


Pemlenve 3aa4un OOTCKAHHA Pa3BEPTHIBAIOMeroca Kpbla yCTaHOBHB~(f 
WIMMCA CBEPX3BYKOBLIM MOTOKOM HeasbHOrTO ra3a 6pI0 cBeszeHo C. B.| 
Baanyepom [1] k WHTerpHpOBaHHIO CHCTeMEI AByX OOBIKHOBeHHEIX Lud-1 
epenHaIbHEIX YPaBHeHHA MepBoro nopasKa . 


IIpHOnuxenHoe analMTH4ecKoe pemeHne Oe3BUXpeBbIX ypaBHeHHit 89, 


Veritas aVp SY 4 ay 

ae ay A eae ah’ 

dV, V dy CRD) 
ty ag <i ndp’ 


me Vagi V. —coctaprsioume cKopocTH noToKa Ha OOTeKaemoft pasBep- 
THBalOWeHCA MOBEPXHOCTH: HOPMa/IbHad M KacaTebHad K OOpa3syIoNuM; 
@—CKOPOCTb 3ByKa; dy — yroa mMexy OecKOHeuHO-61n3KUMH OOpa3yto- 
mjMMH; dB — yrow Mex y HOPMaJAMH K MOBePXHOCTH B TOUKAX 9THX OOpa- 
SYIOIWMX. 

SHak ,—“ y KopHsaA Oeperca mpH paccMOTpeHHH BepxHeli NOBepXHO- 
CTH Kpbla, 3HaK ,+“—Tpu paccMoTpeHuu HMKHeA mMoBepxHocty. K 9gTofi 
CHCTeMe IIPMCOeHHAIOTCA ypaBHeHue Bepuyaan u ycaopue amuabatuy- 
HOCTH: ‘ , 

Vet V ah | 
par te -- Besj =l1) (const), (2,2): 


Los 
ee const, (2,3) 
rye 7) — MOCTOAHHaA B 3aKOHe BepuHyau; k — noka3saTeib agnabaTH; p — 
WaBeHve; @—NVIOTHOCTb B BO3MYUICHHOM HOTOKE. 

Kak HW Ia Cay4yad KOHMYeCKUX KpblapeB [1], B ypaBHennax (2,1) 
MOXKHO TlepeHTuH OT He3aBHCHMOH TepeMeHHOM B K He3aBHCHMOHM mepeMeH-- 
HOH f. 


dined acti oe 
do iors D, (£) — A.®, (£) 
dh, (2,4) 
Gi AnP1 (), 
rae ph ies 
®, (= V ' OpO—p' Oar +p O+97 
Wika PHj)+g +i , 
(2,5): 


[Oa O-7T Or OVPO+ZO+1 

[7 OpO— or’ OqaOP+e? O+ 4° @ 
1 Va V,, a 
(mapametp ¢ onpegeneu popmyvon# (1,1); Ay = VY’ he = ae Cana Vo— 
cKOpOcTb HaGeralomero MOTOKA). . 
YpapueHve Bepnywin B Oe3pa3MepHbIxX BeMYHHAX HMECeT BUA 


ee a2 1 ae: 
——~—— + =—+ re: 
2 RD el Me 


D, (t) = 


(2,6): 


je M, = ee @) — CKOpOCTb 3ByYKa B HaOeralouieM MOTOKe. 
be 70 


Cuctema ypapnenult (2,3), (2,4), (2,6) maer TOuHOe pemleHve 3afzauH 
; cryyae OesyMapHoro OOTeKaHuA NepeqHeH KPOMKU KpbIIa MU Mpu OOpa- 
OBaHHM B TepesHeh KPOMKe HOBEPXHOCTH CHJIbHOrO pa3spbIBa C IIOCKHM 
[aWaIbHBIM YYACTKOM, KOPa 3aBHXPeCHHOCTb MOTOKAa OTCYTCTBYeT B HHTe- 
ecylomjeli Hac oOsacTu. Kpome toro, yNOMAHyTad cucTemMa ypaBHeHHit 
aeT NpHOMxKeHHOe pelleHue Torfa, KOrfa B MepeqHeH KPOMKe Kpbila 
OpasyeTCA KPUBOMHeEHHad MOBEPXHOCTb CHAbBHOFO pa3pbiBa. 

HauyaipHpe 3HaueHHuA Ay, HU Ac, HEOOXOMMMBbIE WIA HHTeErPHPOBAaHHA: 
uctemp! (2,4), OmpeweraioTca pH HaIM4uuH yapHOh BOTH! U3 ycnoBult 
WHAaMHYeCKOH COBMeCTHOCTH B TepewHeH KPOMKe KPblvia HU U3 YCJOBMA 
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CKOJb3AWeErO OOTEKAHMA Pa3sBePHYTOFO yrvia B CAyyae OOpasoBaHHA B Me- 
pene KpoOMKe My4Ka XapakTepHCTHYeCKHX NOCKOCTEH. 
YcNOBUA AMHAMHYeECKOH COBMeCTHOCTH B HepelHel KPOMKe Ja po- 
€KUM CKOPOCTH Ha OCH KOOPAMHAT yOOHO 3anucaTb B Buse [2] 
= 2 DES a 1 
Fe pug %o(sin Qo Me, J 
(2,7) 


y= cos6)-ctg ¥, sin’ ara ; 
hz = — tg 6, (Ay — 1). 
Ycaopue Ha OOTeKaeMOM MOBeEPXHOCTH 
hy = 9, 
rye A, — HOpMaJIbHax K MOBePXHOCTH COCTABIAIOMAad Oe3spasMePHOH CKO- 
PpOCTH, 3amvCaHHOe B TOUKAaX MepesHeH KpOMKH C y4eTOM (2,7), MacT ypaB- 
HeHHe JIA ONPeCAeIeHHA Py 


tg B) =". (2,8) 


Smecb O603HayeHO My, = M, cos 4,; 
a 1 — 1 
tS Po=tE Po-cosa,> 18 Bo= te Bo Gea: (2,9) 


8,— yrou, oOpa3syeMmbIi Cc miocKOcTBIO y=O0 
JIMHHeH NMepeceyeHHA KaCaTeJIbHOH MOCKOCTH 
K NOBEPXHOCTH Kpblla B lepeqHeH KpPOMKe 


c mmockocTbio z=const (puc. 2); 8 — yrou 


HOCTH KPbla B WepeqHeH KPOMKe HM KOOPJH- 


HaTHOH MIOCKOCTbIO y =O; %) — yroa MeXxLYy 

KaCaTeIbHOH IVIOCKOCTbIO K MOBePXHOCTH 

CHJIbHOrO paspbiBa B nNepeAHeH KPOMKe KPbI- 

a W KOOPAMHATHOM WAOCKOCTHIO yY—O0; gy— 

Puc. 2. yrou, oOOpasyembli c miocKocTbio y=0 

JHHHeH mepeceyeHuA KacaTeAbHOHM NIOCKOCTH 

K NOBeEPXHOCTH CHAbHOrO paspblBa B TepeHeH KPOMKe KPblla C MOCKO- 

cTbio Z=const (prc. 2); 6, —yrom mexay nepemqHe KpOMKOM KpbIIa u 
OCbIO Z, OTCUNTHIBACMbIN OT OCH Z B NOMOMKUTESHOM HallpaBJeHHH. 

B faibHehmem OymemM oOOo3HauaTb: 


tg By = 4,, (2,107 
tg6, = p(t,) =p, | 
costs eae ee ee ee (2,11) 
yIite) ~ Vip? | 
An WM At CBA3AHBI C Ay, hy HW Az CAEAYIOULMMH COOTHOIMeCHHAMH: 
Mn = hy COS (NX) + Ay COs (1) + hz Cos (N12), 
h, = hy COS (tx) + Ay cos (ty) + Az COS (72). 


3necb 


Vy Vy Vz 
he lg ts ANTE Agta Re 


M@2K TY KaCaT@JIbBHOH TVIOCKOCTbIO K MOBepxX- .f 


IlpvOnuxeHHoe aHanTuyecKoe pemeHne OesBUXpeBbIX ypaBHeHuii Gl 


§ 3. Huterpuposanue ypaBuenuit (2,4) mMeToOomM nocneqoBaterbHbIx 
npHojwoK ennui 


PaccMOTpuM O6TeKaHue TOHKOFO, ca60 u30rHyToro PasBepTbIBalo- 
WerOcA KPblWa C OCTPHMH KPOMKaMHM IPH M@IBIX yrviax aTakn. lugpomu- 
a Si QI€MCHTHI B BOSMYULCHHOH OONaCTH MOTOKA, T. e. B OOMACTH, 
OrpaHHNeHHOH MOBEPXHOCTbIO Pa3PbIBA, BLIXOMAMe U3 MepeqHeli KPOMKH 
Kpblla, MOBEPXHOCTbIO KPHJla M XapaKTePHCTMYeCKOH MOBEPXHOCTbIO Hep- 
BOrO CCME€HCTBa, BHIXOMAMeH M3 3aHeH KPOMKH, MOXKHO CuUHTaTb mao 
OTAMYAIOUNMMHCA OT THAPOMMHAMHYeCKHX B1ICMeHTOB B HaGeraioulem n0- 
TOKE. 

IIpuMem B ypaBHenuax (2,4) 3a uckomble PyHkKNuU mpoeKunn Ha ocH 
x, Y, Z Oe3pasMepHOH CKOPOCTH NOTOKA Ha NOBeEPXHOCTM KpbMa h,, hy, Az. 

Tlom02KuM: 


4 
Ay = 1 ae S; ge 
=| 


4 


(1) 
hy= Way’, (3,1) 
n=1 
c 4 
hy = > NE 
1 


TIpHHuMaxH 3a OCHOBHYIO Mayo NMepporo nopsaKa BeanunHy t= 
=tgB <1 (TanreHc yraa HakjoHa K MocKocrH y=O anHuN mepeceye- 
HHA KaCaTeJIbHOH MIOCKOCTH K NOBEPXHOCTH KPblla, MpOBeMeHHOH uepes 
ero OOpa3yioulylo, C MmocKOCcTbIO 2 = const), HMeeM: 


eee ONE) 
ya) 5) ‘faa 9 
Om a ah ene 
dt’ HE ado ade Ot); 


p(t~0(1); p'()~0(z); p= 0(p}3 
gD~0(0; 9 (=O); a) 0(F). 


3necb cumMBosiom O(¢”) o603HaueHa BeMYMHA, MOPALOK KOTOPOH He HMXKe, 
gem ¢”, 

Jia WHTerpHpoBaHuaA UCKJIOVAeM M3 ypaBHenult (2,4) OnHy M3 MCKO- 
MBIX (PyHKWMH (HampuMmep, Ay) HM CKOPOCTh SByKa 4, NOAb3yACb, COOTBET- 
CTBeHHO, yYCIOBHeM OOTeKaHva uM ypaBHeHuemM Bepnyaunu. IlpeactaBana 
3aTeM B MOJLYYCHHBIX ypaBHeHMAx HeHsBeCTHHIe PyHKMWH Ay u Az B BUC 
(3,1), packpbIBaa BbIpaxeHHA CTOAIIMX B 9TUX ypaBHeHHAX Koaddunwen- 
TOB VM, HAKOHeL, IpHpaBHHBad B HMX YICHbI OAHOTO MOpAyKa MaJOCcTyH, 
HOAYYHM WIA KaxK OPO MpHOATMKeHUA CUCTeMy JBYX OODIKHOBCHHDbIX auc- 
(epenuMaiDHBIX ypaBHeHH C TepeMeHHBIMY KOspPPuyMeHTAaMH Bua 


a”) an”) jf oa am 
oe p(t) —- = Fi” |p), 9), My be, 2), 
(3,2) 
a, as) y ke Sera 
p (2) a4 + a =a 3 [p(t), q (¢), Mo, he ) hz | 5) 


mere = 1, 2, BA, 
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B nepsom npvOamxKennn (2 = 1) 


yelled. 1 + p? (t) 
Vieira 
Puasa, 


TIpn n=2, 3, 4 BripaxkeHua Ma Fi, u3-3a rpoMo3s_KocTH He TpH- 
BOJUM. Hayaspusie ycnopua (2,7) B mepemHeH KpoMKe Jia PyHKUWH Ay & 
Az c yuetom (2,11) 3anumryTca B Bue 


rN aif es eae at sin? 9) — 
@ k+l 1+p} j wa) (3,3) 


hz =— Py (rx ian 1): 
Tak Kak NOBeEPXHOCTb pa3pbiBa B MepeqHeH KPOMKe OJIM3Ka K xapaK-- 
TEPHCTHYeCKOH NOCKOCTH HEBO3MYMIeHHOrO MOTOKa, NpOXomAmen Tepe 
M€peMHIOIO KPOMKY, TO, mpemctaBaad B (3, 3) 


sin? 9, = 


rae 7”) ~0(¢), nomy4uM HayarDHBIe yCIOBUA B MepesHeli KPOMKe B Cae- 
WyIowleM Bue: 


YD 1 
”) Rs FSS (n) | 
a Bide eee ae (3,4). 
ue iya9' o> poe Loe 3 


| Le ee 

Beanunua 7” HaxoquTCA M3 ypaBHeHua (2,8) nocreqOBaTeIbHBIMM IpH- | 

O1W2KeHHAMH C HCHONb30BaHHeM Gopmy. (2,9) — (2,11), 1 | 
; 4”) = f(”) (M, ti, Px), (3,5) 

roe f — u3pectuaa pynkuus ~ 0 (2). 
Pemenua ypapyenult (3,2), yROoBIeTBOpAIOINMe yYCIOBHAM 3, 4) u (3,5), 

3allHIuyTca B Bue | 


,) — ty 


\ Tie Veta)’ 
‘ (3,6) 
ee p (t)dt A f p(4) ’ 
VaMj—i—p() V1 — p(y) 


t 
i Ne ' 
= | a all! + p++ 5S Mg) MO — p (1+ p?) | dt 


pa 
e_ (tei +o 


1) — Fpraqecesrall +P +S" Me) x0 — p (+p) | —9 + 


ttl dt ga [(1 + vi — MB (1+ pi) +72 ang] ts (3,7) J 


IIpuOmmxKenHoe aHauTHueckoe pemenne OesBUXpeBbIX ypaBHeHuil 


k—i 
1+ p?+ Mi ; 
Ve \| 2 Coe el yh eG) 1. 1 


Cr a a 


X [2MoG + p*) + 14 (— 1) MG (1+ p*) —2 (bk — 1) M3 + 4(k—1)8 x 
X Mo (1+ p*) — ( —1)-M5] 4" — —_ z- [6Mop? (1 + p*) + 
4 (Mj —1— p?) 
29 (1 +p? = 
+k —1) Mb(1 + p®) — (2 —1) MY a (I += Ms |X 
(44) — 1 —p?) ® 


; (1) 
(1)s (1) (1) a q°p* | dr, 
X Reine — the? + pty? — a rae, 


Bie t2p a2 p3q2 pq a) 1 [2 (aa 
E 2(1 + p?)? es dt (ag, — 1 — 2)" ome: 


+ Mi —(1-+p*)) + (a8 Gee) at as) + 
+ tg ((1 +p) 20) ae fe Ms 


(Mj -1—p} 32 ag 


+ SS Ms (1+ pi) + 7 mi (1 + 2)? — 208 (1 4 93)® + 


+ (i + p\)* | ti; (3,8) 


p(1+e? +5" mi) ae 
o- (| 2 4 p?(1 + p?) 


, ap? 
(M5 —1 —p?)” 3 (Mj —1— ply © + 


p 
8 (Mj - 1— 


2 
—2(k—1) Mo + 4(& — 1)? Mo (1 + p?) — (& — 1)? Mo] XP” + 
+ ———° —___ [6M p? (1 +p”) + (& — 1) Mo (1 + p?) — (A —1) My] Xx 
4 (Mj —1—p?)” 


7 [1240 (1 + p®) + 14 (& — 1) Mo (1 + p*) — 
Dp 


3M2p? (1 2 
aa (14 254 M5) PAP — 9 + 8) (WP — Pp) + 
ee 4 
23 2p a pq? Bp pig? eee. 
+l aaa} ~ta| Gece: 9 2(1 + p22 + ¢(ip—q)| Xx 
(1) ~ ce ae 
Ope Loli! nt mc Ue ee 
Mo — 1—p? 


{ Mop? 
2 


«Ag — 


5) + pat (1 + p?— 2m) || dt 


+P ee i eM eee 
(Mo—1—pj)*t 3 


+ EET mi (1 + pi)? — 2Mo(1 + pi)? + (1 + pi)| ti; 
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2 , 
hese 2 : joe. pl snp”) - ©) a rate pa, -: 
(Mj—1—p2)"  (Mp—1 —p?) © 


2 
Eres >| Eres: 2 ee 
3p (1+ p2) M2 


TAP eine too 
(a2 —1 — p?) :| 


k 


ee MB] OP 22 + DRO) + 


Se b (4) 102 2 ORC ae LAG EE 
(ea — p?)” a (Mp1 — p?)” (Mo-1 — p?) lo 
4 pba(t) 4 (1)” ds (2) Oe eae . poy eee 
7], ra x 9 Ap 
(Mp—1 — p?) (Mj—1 — p) (Mp —1 - p?) 
oF (t) (0) 63 (t) 0 agit He 
ve ie 2 ne? 1 O49 
(Mj—1 = o) (Mp1 id p?) 
1+ p? 


~ (a8 —1— 7?) (a - pi) —3Mo(1-+ pi) +S Mi (1 + pi) + 
Ores rl 


hk? — 4k —7 2\2, ke — k?+- 19k + 21 
+ == M(t + pi) = et Ma(1 + pi) + 


DO CTE ghee 
See ee (3,9) 


2 1 ) 
; 7 "494 Pus? a M4 (peg) 
(Mo—1 —p?) (a2—1—p2)" 


(2) 
: 273 {2 : 392 
—p(pt— a) P+ acegye big — 4a | ee (es 


2 2) 9 2) ase 
pe pee 3p? (1 + p?) Mo 
(1 + p22 5 + q (tp — | a i paar 
Se (1. 2) poy (t) es 159 pbe (t) ° KON 
(m3—1—p?)" (MG —1—p?)” 

bs (t 3 2b, (t 3 

28 pbs (t) Boye 2 a(t) ai pbs (2) oe Noha 
(Mt) (uta (a1 a8) 
Ps) 0) 08 
5 eee 
Cee (m2—1— ps)" 

IL, Il 

Bo ON ae, PA Te 4 gh 
(Gig 12)" a (2 ar 


—3M5(1 + pi)* + 243% ms (1 + pi)? ee 


We (Weep ae 
k3 — k2 + 19k + 2] ay Pes Rye =) 


+ RSE? ai(1 + pi) +223 pl a 
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3iecb OOO3HadeHO: 
b, (t) = — 3Mo (1 + p')—4(k—1) Ma (1 +p) + 5-1) Me 


— (k= 1)? M9(1 + p?) +4 (k— 12M; 
Kt) = — 3Mop? (1 +p?) — + (R— 1) Mi +) + 5 (R—-1) MS; 
‘melee libel Salatae aa 1b ps4 

5 (a—1) Mi(1 +p?) + (e — 1)2M8(1 + py? + 
“T-ASE 
aa (# — 198 M9(1 + p?)? + | (ke — 1 MY Fe (k= ME (1 +p?) + 


ier sat 
b, (t) = — 5 Mop? (1 + p?y? —{ (k= 1) MB(1 + py? — 
rie ee 
b(t) = 5 Mop(1 + p2)? + 6Mip? (1 + p) + 5 (k—-1) Ma(1 + p*¥— 
eee eat oe 
ao 2(1 +p?) — 3 (k-1 M1 +29) — 
— 3 (k—1) Mbp? + 5 (k— 1) MO; 
be () = — 3 M3 (1 +p? — > MA +p?) — 5 (FM + PP — 
— 2 (e@—1) MEA + p) — P(e 1M (1 + pe +5 M+ 
+2 (#1) Mi +2 (e—1)2M8 (t+ p?) — 3 (k— 1)? Ms 
ote) =e L1 + pty — 2m (1 + p*)? + 1) MAI + PP)? — 


( — 1) Mb(1 + p®) + 6M3 (1 +p?) — 5 (&—1) Mop? — 


1)? MB(1 +p) + lla eee 
3 yc +p) — 4 MR + py? + $F (A- 1) MO + py? 


5 

< 
5(k— 

af 


—4(e—1) Mi. +p?) — tye sametree 1) M31 + p*)| + 
+ 2pgt|— 1 (1+ p2)* + 2Mi (1 + p*) — 85 — 
~ 3 1 aia +p) + 4 (ea 
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' (= 9[2aip + Late —tpatpy'|+e[—s0 +07)"+ 
+ 3 (b= 1) Mip (+p) — 4 (1) Mip — 20 FP) | + 
+ tq|p(1 +p)? + 5 (e—1) Mi — 5k —1) MAL + P9)+ 
+ Mop? (1+ p*)] 5 
b(t) = gt (L+ 5 P)— 9 Pap. +p) +9 B+ PP 
ple (1 + ea ‘ 


Jia onpenemeHua XN” wmMeemM ycaoBue OOTeKaHMA, KOTOPOe 3anMCHIBaeTCA 
B BUe 
1 —1 ' 
ny = th) +4(q — tp), (3,10) 
Tlf Pee 
IIpocrbe BHIYHCeCHHA MOKa3bIBaloT, YTO pelleHHe (3,10) yOBeTBO- — 


PaAeT COOTBETCTBYIOINEMY YCAOBMIO Ha NOBEPXHOCTH pa3spbiBa B NepeqHeli 
KPOMKEe. 


§ 4. Onpetenenuve JaBleHusA HW NAOTHOCTH Ha NOBepXHOCTH 
Kpblla Mp OTCYTCTBHH BUXpeoOpa3soBaHHA 


OnpeneiuB TpH MCKOMBI€C MpOeKWHH CKOpOCTH, HaHyeM jaBAeHue UH 
TMIOTHOCTh Ha MOB€pXHOCTH Kpblla M3 ypaBHeHua BepHywiu uM ycoBua § 


amvaOaTuuHocTH. BpegemM Oe3pa3MepHble BeAHUHHEI: l= —]— gapaenne, 
a) 0 


w = —— — morHocrs B BO3MYUICHHOM TOTOKe, Pe pasMepHble BeAMUMHBI 
0 ‘ 
Po. Po, Vo O3HaNaIOT aBJeHHe, MIOTHOCTb WH CKOPOCTb B HaGeralomleM 


a 2 k__ Po dhs 
noToke. O6o3HauuM > aor u ae Torga (5) = ii, ae ries 
‘ 0 
1 é 
Noes ea SanumieM ypaBHenue Bepnyaau uv ycnopue aquadaTH4HOocTH 
0 
B CENYIOULEM BHC: 
me.) Le | 
Spear Say eee a 1 
N=M(z)  [1—=s > Ma tee (4,1) f 
§ \F 
(=) = const. (4,2) " 


i 9 k i 
Tloab3yacb YCIOBHAMH AHHAMMYCCKOH COBMECCTHOCTH, BEAMUMHY (+5) i 
0 f 


Ha MOBEpXHOCTH pa3pHIBA MO%HO BbIpASHTh Yepes sHayeHHe cKopocrh, ff 
mIpeACTaBAeHHOM B Bue Ay = 1+ ae 
n=1 
aan ee 3 aft! 2 
38 PE es 


+ ace Mi? + 0(65). (4,3) 
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,(1 2 
loncraspiaa B (4,3) Berpaxenue aia DY yw mph ¢—t,, LOmy4uM 3Ha- 
k 


> 
(CHHE BeJHYHHbI ts B nepe Her KPOMKE 
0 


k(k2— 1 M3 ope ea 
=14-" 5". sai wa, f+ =e ny 
oe (Mo— 1 —p?) 


[4 (1-+pt)? +2 (4-2) Mo (1+-pi)—(k—1) M6] H+0 (#). (4,4) 


(Mp — 1 — pj)? 


Tak Kak MOBEPXHOCTb KPblla ABIACTCA IOBEPXHOCTbIO TOKa, BeJMYH- 


ta a NOCTOAHHA BAOMb BCeH 3TOK NOBEPXHOCTH H ONpeAemneTCA Ha Her 


popmy.10i (4,4). Hs copyabi (4,4) BHgHO, 4YTO MpH mepexoge uepes no- 
BEPXHOCTb CHJIBHOFO pa3PbIBa SHTPONMA MCHACTCA Ha MOCTOAHHY1O BeJM- 
4HHY TP€Tbero NOpAAKA MaJOCTH. 

Tenepb, nowarad B ypaBHenuu Bepnysan (4,1) 


n=1 
M IIpOH3BOAA BHIYMCACHHA C TOYHOCTHIO AO BeJIHYHH YeTBEpTOrO MopaAKa 
MAaJIOCTH BKJIOUHTEIBHO, MOYYHM, yuuTelBan dopMyap (4,4) u (3,10), 


CMEMVIOULEe BbIPAKCHHE TIA MaBICHHA: 
4 


Ty) 
; | Mao y ne (2 
2 1 
hae ee E ny @) ae ae ail xis 


n=1 


Me 
Se tute hee ya 


Me ge MAP crs eet 3 
aah AY — ee” + £(g — tp) de) += Moke” + 
Mi #3 M5 —1 . 2 : 
a eer ances 
(M5 — 1 — pi) i 


L— 1 2 ) 
+ ne (— 54 S.mb + 22? at) — gf? aa? — 


2 My 
— YY t(q — tp) + (52 — 1} n+ 


eo Mo k—2 2—k)(3—2k) 1,6] .(0! 
$(mb—1) 1g — y+ [FP : i + 


Me MG , a)4 gee 4\ 34)? 52) 25 (1) 4 @) 
rag gt vale M+ M3) 4 MEAD 2) + 


2 
Me 2 M oe n2,a)2 , “o , a)? 
+> 2), ae + mi) ,®? Me += PA ae 


4 
: M5 ae 
k(k +1) Mo ap kts 0 4(1+p)?+ 
als 12 Ge he t} 16 (Mp— 1 —pi)? [ ( pi) 
4+.2(k —2)Mo(1+ pi) — (&—1) M)] ti. (4,5) 
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BuipaxkeHne 1a 6e3pa3MePpHOH MAOTHOCTH 3aNHIWeM B BHLe 
1 


(ay (2) 


Ilomaraa 30€Cb 


o=)]+ yo”, 
n=1 
4 
HS p42 Sia 
n=1 


vw ucnoab3sya P@opmMyvy (4,4), NOyYMM, COXpaHAA B BbINHCJICHHAX BeJH- 
UMHbI YETBEPTOFO NOPAAKA MaJIOCTH BKJIOUHTEbHO, BbIPAaKECHHE JIA TLIOT- 
HOCTH Yepes MaBJIeHHe 

4 4 


(2) Ay QV) _ At Me ( (1)? yy any? 
Dar eS 1) 0 (T+ ‘ 


n=) n=1 


fT?) ah (k — Bh —1) Mi ( no i 37 nn”) a 


(k= 1) (2k — 1) (84 = 1) spay) 1, M) oe 
ea 
1 (1) k2—|] 0 [ ( 2\2 
a ee 4 (+pi)? + 
12 (ae Si ly hin ete Ce ir Pi) 
+ 2(k—2) Mo(1+4 pi) — (k—1) My] tt. (4,6) 


§ 5. Moctpoenue nopepxHoctTH pa3pbipa, npoBepKa YCAOBHA Ha 
pa3pbiBe WH ONpaBlaHve pe3yJbTaTOB HHTerpHpoBaHHA 


Tenepb HaM lIpexzCTOHT ONMpaBlaTb NMOAYYeHHbI€ PeeHHA HU B TEX 
cayuanAx, KOrya ITO CeMaTb HEb3A, BbINCHHTh MpeAebl MPHMe€HHMOCTH 
9THX pellennfi: HAM HYXHO MOKa3aTb, YTO NMOCTpoOeHHOe pewlenne (0606- 
meHHoe Teyenne TIpanaras—Matepa) vaoOBeTBOpAeT C HEKOTOPOH TOU~ 
HOCTbIO He TOJbKO YPpaBHeHHAM Ta30BOH AMHAMHKH HW YC.IOBHIO OOTeKa- 
HHA, HO H YCOBHAM Ha BCeH NOBEPXHOCTH CHJIbHOFO pa3pbiBa. 

Tak kak 4A O606meHHOrO TeyeHHa TIpanataa—Maiiepa ruapoauna- 
MHUYECKHE 9/1 MEHTHI MOCTOAHHDI BLOJb XAPAKTe PHCTHYECKOH NAOCKOCTH, Ipo- 
xomaAmleH uepe3s OOpasyiomlylo C NMapamMeTpom f, TO OHM OyLyT NOCTOAH- 
HbIMM H Ha .AMHHH, ABAAIOMeHCA MepeceyeHueM VIOMAHYTOH XapaKTepH- 
CTHYCCKOH MIOCKOCTH C NOBEPXHOCTHIO pa3spHiBa. Cre qOBaTebHO, HaM 
U3BeECTHbI THAPOAHHAMHYECKHE BXICMCHTHI HW Ha MOBEPXHOCTH pa3pblBa, Kak | 
PyHkKuNH HepemMeHHOn f, . 

Ha noBepXHOcTH CHAbHOrO pa3pblIBa Mbl HMe€eM HATb yCAOBAA MHA - 
MHUYeECKOH COBMECTHOCTH: 


Be . oy der bes 
bearer yo th (5,1) 


TipH6inKeHHOe aHaTHTHYeCKOe pemleHne 6e3BHXpeBbIX YpaBHNeHHii oo: 


yeast Bel cablay We 
Rope kc dar ene. 


. - 
nech #8, {— HallpaB.1AloulMe KOCHHYCbI BHEMHeH HOpMaJH K MOBepXxHo~ 
rH paa3pbiBa. 

-Tlopepxuocrb pa3pbipa HaliqeM u3 nepporo ycoBua (5,1), a 3aTeM 
POB€PHM BBIMOIHeEHWE Ha HeH OCTaIbHBIx ycenoBH (5,1). Tak Kak n0- 
€PXHOCTh pa3pblBa O1M3Ka K XapakTepHcTHyecKOH MIOCKOCTH HeBO3My- 
lCHHOrO MOTOKAa, BbIXOAAMLeH U3 MepeAHeH KPOMKH Kpblia, HINeM ypaB- 
€HHe MOBEPXHOCTH paspbiBa B BLE 


3 
Waa (oe) eS ace NO eyes, (5,2) 
an ac a 
n=) 
me aal ee z)~0O(t"), mpu ycaosun, 4ToO OHa NPOXOAMT Yepe3 Mepe HOO 
POMKY, T. e. 


T(x, 2) S0F npu pee: (5,3): 
lonarad B MepBOM ypaBHeHun (5,1) Ay=1 + yw : HCHOb3yH  BbIpa- 
oes 
{CHHE 
_ Ov 
Ox 


Py ey oy 4 +(3y 

Ox ot 
—ypapuHeune (0,2) H MpoH3sBOH BCE BHIYHCICHHA C TOYHOCTbIO MO BeJH- 
MH nopsyzKka O(¢*) BKOUNTeEbHO, NOAYYHM 


Cie) use 1) q) 
Beh Pe a) 3 2V m ae ed us OF 
EE ee RN) a (Mo—1)-3 1 Oz 
= ; 2 2 
2V Ma—1—p; yo Le gy oer 
pao se 0 Ox Pi Oz | M$ 


y, (—4 45M? — Mi) (2 ee (me ap (24 


DV weap f 5 6g) 
Mg 


oe) og) 
+ (8p, — —4Mop,) = Ox ez l 


(Mj—l—p 
Mo 


og’ 
+P; Be 4 


2\ "lo (1)\3 
y [8+ 123 —4mi (| = 


+ (8p — 4Mip,) (%) + (—24pi + 4Mi + 8Mopi — 2Mi) x 


2(1 (1) oe) og) 
>< (BLY BE +. (4p, —20mip, + 2aMdp,) (=) 


— pj ; ax) gel?) ak) ge) 
ae ale —10M3-+ 2Mo) —-S— + (8pi — 2Me) S—- S— 


< (1) gel) gel) gel? d 
+ (—ap+ amp.) (2 sca 5 oe eco). (5,4) 
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Bxoyaulue B ypaBHenne (0,4) dyHKuuM XY? (t) Ha moBepXxHocTH pa3- 
ppipa BbIUNCAAOTCH 10 dopMyviam (3,6) —(3,8). [laa pemenua ypaBHe- 
yua (5,4) 3anumeM 3TH PyHKWOHH B MepeMeHHBIX x u Z. IIpu 3TOM MOXxKHO 
CuHTaTb, TO Ha OOpa30BaHHe KOHEYHOrO yuaCTKa MOBEPXHOCTH CHJIbHOrO 
paspbipa, OTXOAAIeH OT MepeHeH KPOMKH, OKa3bIBa€T BAMAHHE JIMLIb 
MaJblii YYaCTOK pa3BepTbIBalOUleHCA NOBEPXHOCTH Kpblla, MPHMbIKa oui 
K mepemuell KpomKe. Ha 9TOM MavIOM yuacTKe Maviaa BeM4MHa f MeHAeCTCA 
Ha Majylo Broporo NOpsAKa, TaK 4YTO Ha MOBEPXHOCTH Ppa3pbIBa MOKHO 
TOOK UT 

fat 4 Ay (5,5) 
roe At— At? 4 AL®. At? —~0@); At ~0(#). 

Ilonarad B BbIpPaxKeHHAX WIA ® t=—4,+ At, packsanpipaa pbyHKnun 
p(t, + At) u g(t, + Af) B panst Tefaopa no Beayunne Af u mpousBoga 
uuTerpHpoBaHne no Af, nouy4HM, NpHpaBHHBadA B WeBOH M MpaBOM YaCTAX 
ypapHeuna (5,4) COOTBeETCTBEHHO BEAMYHHbI N-TO MOPAAKa MaJIOCTH, AMHeH- 
Hoe gsuddepenwnaibHoOe ypaBHeHHe B YaCTHBIX IMPOM3BOMHbIX MepBOTO | 


NlOpaAAKa JA Hev3BeCTHBIX PyHKuNH EN ez) 


n a 
(a3 —1) 2+ pF Pa (My, pr, AE, ALY, ED (x, 2)), (6,6) 
ih 2: 
Jiia Toro TOOK OTLICKHBAeCMaA MOBEPXHOCTh MpOxosUa Yepe3 NEP THIOIO~ 
KPOMKY, BeJIM4HHbI g) (x, Z) MOM2%KHEI YAOBICTBOPATh YCOBHIO . 
E(x, z)=0 mpi «—p,2—0, (5,7) 
= 1 s*2S Or 


4 
hot Mo 
mew ieee Pyles trois) 
M pemleHne ypaBHeHusa (0,6) np ycaopun (5,7) 3anumetca B Bue 
4 
(1) ( 2 tee Moti 
B(x, Z)= ere (x — piz) (5,8) 
2 2)\2 Nigie ae 
4 (Mo— 1 — Py) . 
Tlpexae 4eM NpHcTynuTb k pemennio ypaBHennii (5,6) mph n=2 u n=3, F 
HalimeM Bbipaxenua gzna At”, BxoaamMx B U3BeCTHHE dyuKunu Py, wepes § 
KOOPAMHATHI X HM Z Ha NOBePXHOCTH paspHiBa. Jim 9TOTO HaMHUIeM ypaB- & 
HeEHHE XapaKTCPpHCTHYECKOH MIOCKOCTH BTOpPOrO CeMeHCTBa, TepeceKalomen 
MOBEPXHOCTh pa3pbiBa H MpOXOAAMLeEH Yepes OOpa3syIONLy!IO pasBepTHIBAalO- 
WerocaA KPblla, COOTBETCTBYIOWUy!O Mapametpy t—¢,-+ At. Jina onpene- 
J€HHA BeMUnHEE Af jOCTaTOUHO 3HaTb 98TO YpaBHeHue C TOYHOCTHIO 0 § 
BeMYMH BTOPOrO NOpAAKa MaJOCTH BKJIOUUTEAbHO. i 


B nepsBoM npvOmKeHHH, T. ec. mpH n=1 P,y= 


x=Ay+Bz+C, (5,9) 
rye iW 
aloe es 
sees tet hn LS Mo i 
ADV i= 1=p oa 
0 PA pet Se ae eee 
(RAN) 81° RRA Vas ae pce a 
| ae Mi —-—>— Mo(1 + pi) — + M3(1 + pi)"| + 
PP; ’ kR+1 MiP 
+ Af) = By eee eS 
Vigil 
RE | ae QOS Ue ees 
My— 1 — pi (3 eps 
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' a. le a Pr, 
B= p,+ At(pr— a. V Ms—1—p)}) +> A + 0 (23), 


C=(9: — 2 VM —1—p2) At+ > 1 (ty) AL + 0(#). 


Ilepexona Ha NOBeEpXHOCTH pa3pbipa, T. €. NOarad B 3TOM ypaBHeHik 
of ~ 
BOS I OS $ rane ‘ 
Y= Go ae t SE, 2) +00), 
ViMo +1 — py 
n=\ 


IOYYNM KBallpaTHOe ypaBHeHHe aA onpexenenua Beanuunn Aft. IIper- 
‘TaBlAA B 9TOM ypaBHeHnn Af B Bune 


At = At + at® 


2 . 3 
ne At ~O(#), At? ~O(#), u pemaa ero mocaenopaterpHyiMu mpu- 
JIM2KEHHAMV, NOYuUnM 


4 

R e! Mot ORL PEt oe aL 
aay et al = ale? (x= pyz) — V M1 =p? 2) (x, 2) 
(Mo—1 — pi) 


At? = ; oe, ky LO} 
, 4 PyP, ( 
Dit Ores oa ee, ES Piz 
: "  Mj—1—p; 
4 
; 1 k+1 Mot 1) ye 
yO) , i a gE! (x, Z)— 
PrP; ( ; ae omar 
ie 7 oy (Xi — Pie 
Dae vin Pig M2—1—p? Pj 
Lane 2 -(2) Lt; A 
J Lj has PG (gee ee = (N= pee 
VMoj-1- 43 
9 q 
ms PiP, : Box. z) At”? - : 7 eas ~ 
Ne Sas ar V Mo—1—P; 
Mét pap, M3 2 
pipe eM FeO hy, 4 Roth 0 a (x — p,z) At + 
2 2 2° 2 2 2\"l2 : 
(Mo—1- 73) (Mj—1— pi) 
9 12 2 9} ” 
Ca ia oe ’ 1 (Mo—1) p; + (Mo— 1 — pj) oi», 
+V Mo—1i—pilqizt go) At + x 
0 Pil’ + $2) 2 (MB — 1 — pp? 
9 pzt+e, 2 = 
x (x — pz) 4 — + —* ae | + 0 (¢*). (pn: 


3necb &") (x, z) onpeneaaetca dbopmy.toli (5,8). a Ae (x, Z)—u3 ypaB- 
reHua (5,6) c Kpaesbim ycnopuem (5,7) (41a #2) mp HaliqeHHOM 3Ha- 
ieHnn At” (5,10) u Bi eag ray 

He Bpinnchipad H3-3a FpOMO3AKOCTH BbIpaxkeHHA AA USBECTHBIX PYHK- 
mi P, u Ps, crosuHx B mpaBblx vacrax ypapnenuit (5,6), BHITMIe M 
pasy PeUI€HuA 3THX VpaBHeHHii c KpaeBbiMu yCzoBnaMH (5,7) AIA fi To 


by 1 fe +1) Mot; jd dials aa 
ni = 2 4 (w2—1— 12)" (Mp—1—p3) ey(ts) — PsP +( Mo — 1) Pr? 
ol ag ee 2 (Se) 


” 
1 


M2—1—p 


102 H. A, Ilonoea 


bel mil! +i)? Ms (1 +23) + —y— MG 


4 (oie 7, 

baal ¥ M3 22 : . a 

LN phn) 89 (ae alee —5Mo\1 Mo) ; 

( 4 ) 2 (M3 —1—p?)’! [4(1 + pi) —5 0(1 + pi) + Mol 

A 1 /kR+1\8 M2 72 re) («— 94z)8 
-(3) (x, 2=3 (4 } erry (Moet) 


‘ 12 e 
bi fk+ ‘) My 4 : («= pz)? 
— =(——) ess P" (61) SO + 
| (Mj —1— pj)? * 7 


1 pe 18 My ty , 42 (x — pz) 
agli | res [Pre — (Mo — 1) 2) 


we ee si My ¢, (x=p2) , 3 eS My’ ty pee. 
Tg Ger cad ee ax a na Py 
Aa Wee (Mj —=1—= pi) D2 2\ 4 (M5 —1—p}) 


8 49 
(2=hzP el (eo ; iE, (<2 
ay 5 +3 4 (M2 —1— pi) @, (t;) 13 
: 2 (x — pz)? 
(we —1— pep [p,.< (Mo Ie] 
1 /R+1\2 Mo ti RE ee Ne hatte Ses en 2 
+3( 4 (ma—1— pi)? eae By ee 


TODSE ae — = pyzy 
+7 = M(t pt 30 idee 
cera) us, My tt ‘ 

a pepe ea (5,13) § 
3heCb | 
D = (Mo —1—+3) 9, (4) —PPi* + Mo —1) 2, 2; (5,14) # 
1— Rk . k2—5 : ea | ea) eee a | 
T= = Mo (1 + p)-+ FZ? M1 +2)? + SEE" Mt py + i 


4+ BoP a! Mic +p?! +(3—&) M1 + p2)5—(1 4p). (5,15 


Tenepb nepeiaemM K MpoBepke BbINOAHeHHA yCaAOBHii Ha BCeH NOBepX- 
HOCTH CHIbHOrO pa3pbipa. Ham mpeACTOHT MpOwepHTb BHMOHeHHe YeTBI- ff 
pex ycaoBui u3 (5,1) Ha MOBePXHOCTH paspbiBa, NOCTPeeHHOH Ha OCHO- | 
BaHHH NATOrO H3 HHX. GanWIeM HHTepecyloulHe HAC YCAOBHA B BUC 


x 8 y) 
he= phy, 
I — iH, = —{i,—1), (5,16) 
Il — If, 
pap LEN 
Mo 2 i! 


rye a, B, Y— HaMpaBAioulNe KOCHHYCH BHeIHeH HOpMaaH K NOBeEpXHOCTH 
pa3ppipa. IIpn ycarosuw (5,2) umeem 
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3 


: l es Vo os 
= RS) = +0 G2). 


n= 


oe”) 
— + 0 (f*). 
a VR Se ( 


Tipopepky Oy eM NpOH3BOAHTh A BCeX YeTHIPeX NPHOAMKeHHA, a IOTOMY 


um) R 


(5,17) 


= 


MOA0%KHM B (0,16): 


4 4 4 
rast > (2) , a Wa —_ (1) , 
ie =e 1 = se Kx 5 Ay — y hy ; hz = ay hy 3 
¢ n=\ n= n=1 


(9,18) 
(1), 
I = 430 fa iethasi 
n= a n= a 
Smecb BCe NMOMpaBKH K THAPOAHHAMHYeCKUM 3AeMeHTAM JAA BCeX 
YeTbIPeX MPHOHKEHHA OMKHbI ObITh BbIMHCCHbI Ha MOBePpXHOCTH pa3- 
PbIBa, OllpeweAeMOH Kak AbIA pas C TaKOW TOUHOCTbIO, YTOOH yueCTb 


B HHX Be@AHUHHbI YeTBeEpTOrO MOPAAKa MaJIOCTH. SITro ob6ecneunBaeTca 


COXPaHeHHeM JOCTATOYHOFO KOAHYeCTBA YICHOB Mpu pa3si0xKeHHM MOMpa- 
BOK K THAPOAWHaMHYeCKHM 97eMeHTAaM B pag no At wu BEIUMCTeHHeM 
C HYKHOH TOYHOCTHIO caMOH BenH4HHE! Af. IIpou3sBoaqa 37eMeHTapHHle, 
HO JOCTAaTOYHO FPOMO3AKHE BHIYHCIeHHA, COXPaHAA TPH 3TOM BeAMUHHBI 
yeTBepToro NOpAKa MaJIOCTH, MOXKHO y6emuTeca, 4TO B ycaoBuAX (5,16) 
BCe YWICHH WO TpeTberoO MOPAAKA MaJIOCTH BKJIOUHTEJIbHO B3aHMHO YHHU- 


TOMAWTCA H OCTAIOTCA WICHbI YETBEPTOLO NOPATKAa MaJIOCTH COOTBETCTBEHHO 
c1enyrouleroO BH ja: 


Lane See ys 
1, (x, )=7(] Tara pe te en) — 3M at 
1 3 Mee iz)? 
Sa laea) (ms : ei pip, \4(1 Hag) ay fap eee act 
= 
12 f 
1 (ek +1\3 My Sn ener? Lena 
+31 4 ) a ele? =f 0] <— 
F MY ¢} - 4 
oie rag + : : (M2 a Pie PP, (Mo ia 1) — be ta ; (5,19) 
\ Olas 


Lets Mo ft x—piz 
H, (x, 2)=—-3(7) wea nne! [4 (1 + p?) — 3M] —*— + 


: mo 28 ; ’ : 
\ et ray ogy) 


12 43 
Mot 


= pak 1 (hs M “yg — 1) See 
+ 3M)| 9 | 4 (M5 —1—p;)* PP, 3 
(Ree The My tS vary) a (X — pz) Lee 
— = | —— |? ar Mo — 1)? — : 5,20) 
5 + LaGies rateiibe he 0 ) D+ ( 
Se ae 
ete (My —1 — pi)” 
>< ae (5,21) 


(Mp — | —p;) P, (1) — 0p, x + (M o— 1) P12 
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10 43 
‘kR+A\2 Mo fy 
Hi, (x, z)=—k(-] (1 — ee 


en ee Bye 

* Tie = 1H) ss Orie eG ee ies 
Orcioa MOXKHO ClelaTb BEIBOL, YTO HOCTPOeHHOe Hamu pelleHHe (0006- 
meHHoe TeyeHHe IIpaHaTaa — Matiepa), yOBmeTBOpsAIoOMlee YCIOBHAM Hai 
NOBEPXHOCTH pa3pbiBa B Tepe He KPOMKe UH YCJOBHIO OOTeKaHHA, B TPeXx 
mpH6anxKeHuAax (popmyan (3,6) — (3,8) u (3,10)), saBaaerca pemleHHem 
OOWMX YpaBHeHHH ra30BOH JuHAMMKH, YMOBJeTBOPAIONIMM YCJIOBHIO OOTe- 
KaHHA WH YCJIOBHAM Ha BCeH MOBEPXHOCTH CHAbHOLO paspHlBa. OTHOCHTEJIbHO: 
NOCTPOeHHOrO pelleHuA ypaBHeHui (2,4) B YeTBeEpTOM MpHO.1HxKeHHH (Pop- 
Myvbt (3,9), MO%xHO CKa3aTb, TO OHO YROBIETBOPAeT YCJIOBHAM Ha pa3- 
PHIBe JIHIUb B.TOM C1y¥ae, eCaM BCe PYHKIMU 


A (4.2) .30" ph se ee ee (5,23) 
Ycaosue (5,23) papHocuabHo ycoBu1o D = oo, 4uto O3HaNaeT Ha OCHOBAa- 
Huu (5,14) u (1,4) ; , 
((Mo — 1 aa Py) aa (Mo — l)z—p;x]} ® (t;) 5 
+ [(Mo — 1) z— py] 4; (4) = ©. (5,24) 


BromHeHHe (5,23) B nepemHew KpOMKe, mpH Xx —pye=—O0, OFeBHAHO 
U3 CaMOrO NOCTPOeHHA PellleHHA. 

Kpome Toro, MOXKHO NOKa3aTb, 4TO ycaoBNe (5,24) 6yLeT BHIMOAHEHO! 
Ha BCeH NOBEPXHOCTH pa3pbIBa, ECM OHA W3 BeauUHH ¢,(4,), ¥,(f,) HAW 


o6e OAHOBPeMeHHO OOpauiaioTca B 6eCKOHeYHOCTb. OTcioga MBI MO2KEM 
3aKJIOUHTb, YTO WIA Pa3BEPTHIBAIOWWHXCA KPbWIbeB, HMCIOULHX HYeBYy10: 
KPHBH3HY B HOCKe XOTA Obl OMHOFO U3 3aaHHbIX NpOMHAeH, MocTpOeHHOe 
HaMH pellenHe ypaBHeHult (2,4) (o606mleHHOe TeyeHne IIpanaTaa — Maii- 
epa) H B YeTBEPTOM TIPHOWXKeHHH ABAAeTCH pelwleHHemM OOUINX ypaBHe- 
HHH ra30BOH JHHAMHKH, YOBJICTBOPAIOWNAM YCAOBHIO OOTeKaHHA H yC10- 
BHAM Ha BCeH MOBEPXHOCTH paspbiBa. 

TakuM OOpa30M, OlpaByaHoO yTBepxAeHHe, YTO WIA pelleHua 3alauH 
OOTeKaHHA BCEX Pa3SBEPTHIBAIOWIHXCA KPbIIbeB C TOUHOCTbIO AO BeAHUHH. 
TpeTberO NOpAKa MaJIOCTH BKJIOYUHTEAbHO HU JIA KPblbeB C HYJeBOH 
KPMBH3HOH B HOCHKE XOTA Obl OAHOFO V3 3aaHHbIX MpOMuANH C TOUHOCTHIO 
WO BEAMYHH YeTBEPTOFO NOPAAKa MaJOCTH BKJOUNTEAbHO MOXKHO MO/b- 
30BaTbCA OOBIKHOBCHHbIMH AupepenuwaIbHLIMH ypaBHenuaMH C. B. Baa- 
JiaHwepa. 

IlocrpoeHHoe pelwieHHe 93THX YypaBHeHHii C TOUHOCTbHIO JO BeJMYHH 
TpeTberO NOPAAKa MaJIOCTH BKJIIOUHTeAbHO ABIACTCA AaHaJHTHYeCKHM pe- 
IWI€HHEM 3aadH OOTeKAHHA PaSBEPTHIBAIOINMXCA KPbLIbeB CBEPX3BYKOBbIM 
NOTOKOM ra3a. 


\ 


Summary 


An approximate analytical solution of system of two ordinary diffe- 
rential equations, obtained by S. V. Vallander [1] for the solving of the 
flow-problem of some wings of finite span, is given. 

It is shown, that this solution satisfies the conditions on the attached 
shock wave with some exactitude. 
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H. B. CmupuHos: 


AHAJIATHYECKOE PELWEHHE 3AJ.AUH OBTEKAHHSA PELWETKH 
COHHYECKHX JIOMATOK CBEPX3BYKOBbIM TOTOKOM [LA3A. | 


B aOnaTOUHbIX M€XaHW3MaX IPH 3Ha4YHTeAbHOH BHICOTe JONATOK HHOr Aa. 
IPHXOAMTCA HUMETb e10 C AOMaTKAMH NepeMeHHOTO MOMepeyHoro ceye- 
iM. YueT M€peMeHHOCTH MOMepeyHOrO CeyYeHHA ONATOK B OOUIEM Bue 
IPC ACTaBAAeTCH BECbMa TPYHbIM H, KaK MNPaBM0, MPHBOAUT K HeEOOXxO- 
[HMOCTH pellaTb OOUIHe TpeXMepHble 3aqaun PuApOaspOAMHAMUKhH. 

Ham npeACcTaBANOCb, YTO 6HIIO Obl KeAATEbHBIM HMETH TAKHE CHCTEMbI 
lOnaTOkK, B KOTOPBIX HMea Obl MECTO M@PeCMEHHOCTh Ce€YeHHA UH B TO Ke 
PEMA HMEJIH MeECTO TDEXMEePHble TEYCHHA, PACCUNTHIBAeEMBIe CPaBHHTeJIbHO: 
ipocro. Pemerka H3 KOHHYeCKHX JOMaTOK, OOTeKaeMad CBEPX3BYKOBbIM 
IOTOKOM Ya3a, YOBIeTBOPAeT OOOHM YIOMAHYTHIM BbIWe TPeOOBaHMAM.. 
3 pewleTKe H3 KOHHYeECKHX JOMATOK HMee€T MECTO MePeMEHHOCTH CeyeHHA 
lonaTOK MO BbICOTe, a BO3HHKAaIOUlMH B HeH TPeXMEePHbIH MOTOK MOMKHO: 
YHTaTb 3aBHCALIMM OT JABYX He3aBHCHMbIX NepeMeHHHIX. Ham mpesctas- 
IAETCA, UTO PaCCMOTPeHHe TeYeHHA B TakKHX PeuleTKaX MOMKeT MMeTb 
[PaKTHYECKHH WH TeEOPeTHYeCKHH HHTEePec. 

B cooTBeTcTBHH CO CKa3aHHbIM BbIINe, B HaCTOAMeH padore pacemar- 
MBaeTCH pelieTKa H3 KOHHYeCCKHX JOMAaTOK B CBeEPX3BYKOBOM MOTOKe 
a3a. B paOore npejviaraeTcaA aHaJNTHYeCKOe pelmleHe 3a2a4qH B JIMHCHHOM 
ipHOMKeHHH. Pemenne 3a,aun BEICTPaHBaeTCA DIA OTLEIbHBIX OOVIaCTeH, 
l€@ KOTOPbI€ M€2KIOMAaTOUHOe MpOCTPaHCTBO eCTeCTBEHHBIM OOPa30M pa3- 
HBaeTCH CHCTEMOH yapHbIX BOTH. OCHOBHOHM pe3ybTaT paOoTH cocTouT’ 
| MOYYCHHH 34MKHYTHIX PEKYPeCHTHHX POPMYA, NOSBOAIOUIMX NoOCTelo-~ 
ATEbHO MepeXOANTb H3 OMHOK OOMaCTH B APyrylo HW NOCMe HECKOMbKUX 
WarOB 3aBePIUHTb pelleHve 3aauH. 

Hactosmiaa paOoTa cyleCcTBeHHO ONMHpaeTCA Ha Pe3YALTATb, COLep~ 
aujueca B pa6otax C. B. Baamanyepa [1] u A. C. Apgounna [2]. 

B cnenyiouen pabore OyzeT H3102%eHO pelmleHne TOH 2%Ke 3arauH 
O BTOPOM npHO.AWKeHUH. 


§ 1. O6ulaad hopmyAnpoBKa 3aaunH WH CHCTeMa KOOPAHHAT 


Kak H3BeCTHO, 3€a4a MpOcTpaHCTBeHHOrO TeYeHHA HeabHOrO 1a3a' 
KJO4aeTCH B HHTCErPHpOBaHHU CHCTeMH! ypaBHeHHH: 


OVy OUx Guy. a hrop 

Ug lay ayes “2 > ax? 
dvy TDs, Cares BY 

ea a Uy Oy i UZea ee 6 dy? (1) 
du OG grin pe OUzise oy 1 OP 


Zw pe sea cea sect 
Or gee “Seay Uz oe me es 
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ES oe a 40s ae 225G 
d 


ool (8) 98 (2) +0e8(8)—0 


THe Uy, Vy, Uz — COCTABAAIOUIHE CKOPOCTH, P— AaBAeCHHe, 9 — IVIOTHOCTD, 
% — 10Ka3aTe/Ib amnaOaTh IPH CeEAYIOULHX YCOBHAX: 


a) Ha HEH3BeCTHBIX YJapHBbIX BOJIHAaX | 
a 


MM 
Oa Unt ag ead (v2, — aj), 
yo Gea 2 
Vyo =. Vy eT Uni a aie as), 
aetna Ly ye ey 
Uz i Va a 7 AY Unt (0-5 ay c (2) 
a 
Dz — P, ae (Ui — 4), 
— Py 
eo Ss 
x~— | ano 
ie 2 
x*+172+1 U1 
re ay= ae , HHAeKCH 1 u 2 OTHOCATCA K A9POMMHAMUYECKHM 3Ae- j 


MeHTaM JO H MOCAe pa3sPpHBa COOTBETCTBEHHO; Uy, — COCTABIAIOWAA BeK- | 

TOpa CKOPOCTH, HOPM@aIbHad K yapHOH Bowne; a, B, y — HanpaBAIOWHe | 

KOCHHYCH HOPM@/JIH K MOBEPXHOCTH yaPpHOH BOJIHBI; 
6) Ha H€H3BeECTHHIX TAHTCHUHaIbHbIX Ppa3pbIBaX 


—p,=0, 
a, (3) 
n2 fe 9 Unie ed 
B) Ha NOBEPXHOCTAX OOTeEKAeMbIX Te 
V2’ + VyB’ + Uy’ = 0, (4) 


roe a’, 8’, y’—HanpaBaAAaIoMlHe KOCHHYCbI HOPM@/H K TOBEPXHOCTAM OO6Te-/ 
KAa€MBIX Te. 


KOHYCOB) BOKPyr OCH X, HallpaBJIeHHOH 10 HaOeraloujeMy MOTOKYy, KO-| 
TOphld OyReM CUHTaTh PaBHOMePHbIM. DopMa OOTeKAeMbIX MpodpuaeH u 
BUA HaGerawulero MOTOKA TalOT BOSMOXKHOCTS IpeRNoaraTh [1], wo ecaM 
BBeCTH ChepnyeckHe KOOPAHHATH 10 PopMysam 


t 

z==rsin§icosy, yea rsm sing, <== cos 0, 
TO BC@ a3PpOAMHaAMHYeCKHe BIEMeHTH! OYAYT 3aBHCETh TOABKO OT YIAOBBI3|t 
Mepe€MeHHHIX § uo HAH, ITO TO KE CAaMOE, OT 
a xy Vetg 8 


oe eee ao eee 
“kee TLR cose bee sed 2 


=V M— 1, 


5) 
Un 

0 
re 


* Muanekc 0 mph aspoqnHaMM4eCKHX 3@MCHTAX O3HA4ACT, UTO OHM OTHOCATCA K Hal) 
Oenawujemy MoToKy. 


AvawuTH4eckoe pellenne 3aqa4n o6TeKaHuA pelleTKH KOHHYeCKHX J10aTOK 107 


B naoeKkocru 9, 9 cucreMa KOHYCOB OyeT BbITageTh Kak 6ecKoHeY- 
Hat NO OCH P pelll€TKa OAHHAKOBHX MpoMuret, pacnOmO*KeHHHX O/H 
Hay, APyrHM WH OTCTOAWIMX Apyr oT Apyra Ha paccTOAHHH 9%. Beuny ta- 
KOTO CrelvaIbHOrO Bua OOTeKAeMOH PeleTKH KaxK10e KPbINO OyzeT 
BAHATb TOABKO Ha AByX CBOHX cocemzeH H MOSTOMY AOCTATOUHO Or paHHu- 
4HTCA PaCCMOTPeCHHeEM ABYX KaKHX-NMOO CoceszHHX mpoduneH. Ha6erat- 
WMH YOTOK B mocKocTH 8, ¢ napatneren oc 4. Or HocuKoB mpoduazent 
OyAyT OTXOAUTb yAaPHbIe BOJHBI, KOTOPbIe, OTPaxkaACb OT NOBepXHOCTeH 
SepXHeroO H HWKHerO MpopusneH, cosqaqyT OTPaxkeHHble yapHble BOMHBL 
M TEM CaMBIM Pa300bIOT YaCTh MIOCKOCTH M@KAY ABYMA KPblabAMH Ha 
OrpaHH4eHHBle OOaCTH AByX THNOB, OGaacTH nepBoro THNa OOpa3s0BaHbt 
4YeTbIDDMA yaPHbIMH BOJIHAMH, BbIXOAALMMH H3 TOK Npoduas, a rTpaHuUel 
oOAacTeli BTOPOrO THMa COCTOAT H3 ABYX YaPHbIX BOAH M 4aCTH BeEpXHero 
HAH HWKHerO n1poduset. B o6AactaAX NepBoro THMa BO3MOXKEH, KpoMe TOrO, 
TAHTCHUHAIbHEM PaSPbIB, BbIXOAAMLHH H3 TOUKH NepeceyeHnA yAapHHX 
BOJH. CYI€CTBEHHYIO POlb MPH pacuete HOTOKa OyAyT urpaTh ycaroBus 
COBMCCTHOCTH Ha Pa3PHBaX MH YCOBHA OOTEKAHHA Ha MOBEPXHOCTAX IIPO- 


DOS 


IlpHHwnnna.ibyas CX€Ma MOTOKA MEKAY ABYMA COCCXHHMH KDbIAbAMH. 


IipH mpopeeHnu pacueTos MBL OYJEM MOMb3OBaTbCA MAOCKOCTBIO 5, 7. 
Ha nea OyReM HMeTb. PUCYHOK, NOAOCOHDIA pucyHKy Ha MuocKocTyH 9, ¢, 
HO IIPH 3TOM HY2KHO MMeTb B BHAY, 4TO ECM B MIOcKocTH 9, 9 KOOpAK- 
HaTbI HOCHKOB HH2KHeErO H BepXHerO Mpous1en Oblan PaBHbl COOTBETCT- 
BeHHO (8), 0) H (8, 90), T. €. HMeAH OAHY HM TY x%Ke AOCKMCCYy, TO B M10- 


f 


ctg ctg I 
ckocTH § 7 MBI HMeeM amr 0) wf eee tz 9,) COooTBeTCTBeHHO 


(CM. PHCYHOK). 
Tlepexoaa K Oe3pa3MePHbIM BeAMYHHAM 10 POpMyviaM 
Tee ee eel — £ ieee 
Ce same e a ee Tw mene ae Pop 
: IP Se 3s 
H ead 3aMeHy MepeMeHHBIX § =>] > => eo 7 =tg?, ‘BMecTo 


cuctembl (1) mpHXOAHM K CHCTeMe 


1 coe Ohy 1 oll 
& eal 2s) ag + Oy — he) og = — feo OE’ 
1 oh on 1 oll 
| hye Eh] a (Ay Nz) a oO Oy, ’ 


(5) 


k 
l Ole dy 1 (- eo cies 
(F he — he} gee Uy a M2) a Glee | MG 
1d 
k 


(hx — Bs) 5 (S-) + y= ms) i(42) = 
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Tlycrh ypaBHeHHe KaKOH-HO0 yapHOH BOMHbI MMeeT BHA 7, =a GLC) |< 
Torga ycropua (2) Ha Hel MpuMyT Buy 


Ds 1 
hea — her — 54 (@*— gan), 
Diy Onley Aabagh 
No yl — cee fe ae 
Dr Era 1 
Nea hn rs cea” , (6) 
2 1 
Il, — Hl, = rile ip) 
1 
a ais 
©, — = Foq ie 
Posh 


rye a, B wu Y BbIpaxkalorca uepes ypaBHeHHe yapHOH BOMHBI Ce AyIoulNM 
o06pa3om: 


meee De 
12 7/\2 
aVi+hx (XS EX 
m: 1 
B= > ) uM 
Vi+3 X74 (XEN? (7) 
you fees 


V3 + ex + (X — £4’)? 


Tlyctb ypaBHeHwe BepXxHeH uacTH HW2KHErO podusa UMeeT BULL. 
y—=(§), a ypaBHeHHe HWKHeM- 4aCTH BepxHero Tpomuaa — y= x (§). 
Torga ycnoBun O6TeKaHHa (4) npuMyT Buy 


ty Sh OEP ate: (8) 


roe P(é)=@(€) ya ywKHeM npoduase nu P(E) =x (5) Ha BepxHem. Ycaosua 
Ha TAHPeHMMAIbHBIX Pa3PhIBAaX B Oe3pasMePHHIX BETMYHHAX MPMMYT BHA 


Ii, — 0, = 0, 9 
y 
hn, — An = 
ee OOpa3s0M, 3afaya COCTOHT B HaXOMKMCHHH BeAHYHH hy, hy, Az, 
Il, ©, yYROBMeTBOPAIOWNHX CHCTeMe AudepenWHabHBIX ypaBHeHHH (5) u 


ree (6) — (8), a TakKoxKe HaXOKTCHHH YpaBHeHHA yapHbIX BOJH Hi 
CTaIHOHAPHEIX Pa3pbIBOB. 


§ 2. YpaBHenuaA HW rpaHH4Hble YCAOBHA B AHHEHHOM NpHOAMKeHHH 


B faibHeiuiem OyeM npemnonaratTb, 4uTO O6TeKaemple mpoduin 
B N0cKOcTH 9, 9 HAH, 4YTO TO 2%Ke CaMOe, B HAOCKOCTH §, 4 HMEIOT OCTPHIi 
HOCHK, OOpalileHHbIi kK HaOeraloMleMy MOTOKY H 4TO YI BXOAHBIX KPO- 
MOK MaJibl. KpomMe roro, OyemM mpeqnouaratb, uTO OOTeKaeMBIe npoduar . 
TOHKHE H MoOMorHe, T. €. Ka HHKHEM Mpoduae P(g), O(€), O”(G) Marui, 
a Ha BepxHem %(€)=—tgo,-+ X,(&) uw X, (§), Ne (6), Ya (€) maa. B cBasH 
C 9THM OyAeM CUHTATb, YTO AaSPOMHHAMHYECKHE 9BCMEHTbI B BO3MYIICH- 
HOH OOnacTH MAO OTMHYAIOTCA OT COOTBETCTBYIOWIMX 3JIGEMeHTOB B HaGe- 
raioujeM mOTOKe, T. €. B BO3MYLeHHOH OOacTH OyAyT cmpaBedHBET | 
COOTHOWeCHHA | 


he = VRP; Aya; Rae Ay Tig ee eee 
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(1) 


hz 


Q) : Q)| Zw : Ye 
npuuem [AY | <1; [aM] <1: elo che hes O eatn NpOu3BOL- 
HbI€ OT HHX HMCIOT TOT KE NOPAROK Manocru. TlomcraBAdA COOTHOWeHUA 
{10) B cucremy (5) u BHIOpachiBad Mave 607ee BHICOKUX NOPAAKOB HO 


(1) \ (1) 
CPaBHeHHIO Cc Ay Ay MT. Z., MPHXOMUM K CucTeMe 


a an) 
ap oe Ta roe 
a nbeyeey il om) 
Or 
1 ont) an® em) 
TR ORT pe og ae (11) 
Tepes rok” au on on) 
See Be Be se ar mee 
0) (1) l ye 
(0 = ge 0) = 0. 
C sTOH %*Ke TOYHOCTHIO YCOBHA OOTeKaHHA 3anlMUyTcA 
(1) ae 
dy = © (E) np 4=0, (12) 
nue ey di. (d= d 
y =a E)t+ “Ar; (d=tg %o) upu n=d. (13) 
Xapakrepucruku cuctempl (11) 2OnKHBI yROBAETBOPATD YpaBHeHHAM 
dy = —&ty¥1l4+72—& 
d& 1,2 1— & ; 
ay 
ae =i) 
dé |3,4,5 


Viuterpupopanue 3sTux ypaBHenuit naer 
1 1 1 
i eee as (¢, = he a Jit 3{a—g). 
1 
n=—(C: Ae Fay (—z), 
= C3, 4,5. 


Buguo, 4uTo cuctema (11) BnomHe runep6omn4Ha B OOmaCTH Mex AY 
ABYMA BeTBAMH runepOoun y2?—&—1. Bygem cuntaTb, 4TO COTeKaemmle 
mpopuau mex*KaT B OOMACTH NOAHOH runepOOMYHOCTH, T. €. HMEIOT CBEPXx- 
3BYKOBY1O KPOMKy. 

XapakrTepucruku, Mpoxogamue yepes sm6yio TouKy (&, 4’), uMelrT 
ypapyuenue 


cr 


! 1 nl! : 
s ies eee ere 2) (4) 
a7] ter Roe Ve aye er Ske Mae fey ee 


rae 3HaK ,+“ COOTBeETCTByeT xXapaKTepHCTHKe MepBporo CemeHCcTBa, a 
»— — BToporo. YpaBHeHue XapaKTePHCTHKH NMepBoro CeMeHCTBA, Ipoxo- 
aawmei uepe3 HOCHK HMxKHeErO poduan Cc KOOpsAMHaTaMu 4%, Q, 


' ctg fg 
(fe— >) MMeeT BHI 
é—& - 
eee (15) 
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a YPaBHeHHe XapaKTepHCTHKH BTOpOroO CeMeHCTBa, eS ate: yepe3 
j cig Yo 
HOCHK HHKHerO NpomuaA C KOOpAMHaTaMH &,, d, (é,=- ease ), uMeer 


BuL 


/ d 1 a $1 ~ 
aes -- ee + 2 « GtG) 
bere By ie =} 1+ & d—-Vii@®—& 


IlycTb MBI NpOBeH XapaKTePHCTHKY BTOpOrO CeMeHCTBa H3 TOUKH D. 
pepxHero Kpblua, HMelouleH KOOPAHHATH! (6, @) H XapakTePpHCTHKy Hep- 
Boro CeMeHCTBa H3 TOUKH G», NPHHawexaluleH HHKHEMY KPbly, C KOOpP- 
annatamu (Em, O). Torfa neppan xapakrepucruka mepeceyeT och 7=%, 
BLOAb KOTOPOH pacnomO#xKeHO HWXKHEe TOHKOE KPblIO B TOUKe C KOOPAH- 
yaTaMH 

eae \e 
boi (17) 
d(d—V it a?—£,) + 1+%m 


a Bropad XapakTepHcruka mepeceyer mpamMylo 7 =@, coOTBeTcTBylOllylo 
BEPXHEMY KPbIMY, B TOUKe C KOOPANHAaTaMH 


py te ee ee (18) 


TipHHuMaax BO BHHM@aHHe MaJOCTb BO3MYMICHHH a3PpOHHAaMHYeCKHX 
3€ME€HTOB H COOTHOUICHHA Ha CHJbHOM Ppa3pbIBe, MOXKEM CUHTATb, YTO 
CHIbHBIM pa3phIB OTMYaeTCH OT XapaKTePHCTHKH Ha Madylo TOrO *e 
nopsaKa, YTO WH CaMH 31eMeHTHI. KaprHHa XapaKTepHCTHK, COOTBeETCTBYWO- 
WINX YapHbIM BOJHAaM, M@%xK Ly NpodpuraMH MOAHOCTbHIO ONpemerneTCH 
XapakTepHCTHKAMH BbIXOQZAUWIHMH M3 HOCHKOB npodusel. [lo OTHOWeHHIO: 
K CHJbHBIM Pa3PpbIBaM MOXKEM CUUNTATb, B HalleM MpHOAHWKeHHH, YTO OHH 
BhIXOMAT H3 TeX %#Ke TOUeK Npoduseh, yro Hw COOTBETCTBYIOUMME XapPaKTe- 
pucTHKH. TakHM OOpa30M, eCIH ypaBHeHHe XapakTepicTHKH HMeeT BHI 
—=at + 8, TO ypaBHeHne CooTBeTCTBYyIONleH yTapHOH BOAHBI OyZeT 


na oE + B+ ef (8), (19) 


rme e()(€) — BeamunHa TOrO »%e NOpAaKa MaJOCTH, 4TO HM BOSMyULeHHA | 
a9POMHHAMHYECKHX 3JIEMEHTOB, a a@ H B—HeKOTOPHIe ONpewemeHHHIe | 
nocTrosHHble. ABH Bug e7)(—) GyneT HalieH B a/ibHeAUIeM. 

I]puuumMaa BO BHuMaHHe cooTHOWeHHA (10), ycroBua (6) 3anumyrca 
CAEAYIOWHM OO6Pa3zom: 


xOp_yOhe - gre) (20) 
MD — AD = (2 — 292), (21) 
ns? —my = — (A — 20), (22) 
mY = se (af? — of), (23) 
ct ale oe Sap (24) 


Bpuay Majocru e)(€) MoxwkemM cunTaTb, 4uTO ycaoBHa (20) — (24) Banoa- 
HAIOTCA HE Ha yapHoH BomHe y=ak +8 + eli) (8), a Ha XapaKTepucTuKe 
yak + 8. 


Yenosun (9) NpHHAMaWT BH 
ny? — 1} =o 


(25) If 
ee — AD — 0, (2 


AnaJHTHyecKkoe pemeHue 3anayn o6TeKaHHa pelwWeTKH KOHHYeCKHX MONATOK WR. 


| WabHeHIeM BePXHH HHAeKC, YkKa3bIBalonluli Ha NOpALOK mpHOan%Ke- 
HA, OyeT BO BCEX COOTHOMEHHAX ONYyCKAaTECA. 


Jipa ypaBHenua cucremp (11) MHTErPHPyloTcH HeMOCpeACTBEHHO: 
C yyeTOM COOTHOWeHHH (22) u (23) nator 


Tl ==— dy, (26): 


1 , 
of ~ Ee age (27): 


EcaH neperH B OCTaBLINXCa TpeX YypaBHeHHAX CHCTeMBI (11) kK Ho- 
BIM N€PeMEHHBIM 110 d~opMy.am [2] 


T+é ios es (28): 
Pees cH \ 
§ Ti ee {tees Paes (29): 


MPOH3BECTH HEKOTOPbIe MpOCcTHe mpeoOpasoBaHuA, TO B pe3syaprate 


OAY4UNM 
hy = f, (3) + Fi (t) + ®, (4), 
Ay = fo (8) + F.(*), (30): 
hz = f3(9) + Fs (*) + Bz (x). 


bynkunn f, (9), F,(t), Pi (4) cuntawrca MponsBO.bHbIMH (YHKYHAMH CBO- 


IX apryMeHToB, a Torga f,(s), fe (9), F.(t), Fs(t), ®. (ny) cBa3aHBI C HUMH 
OOTHOWECHHAMH: 


dj 4 dq? 

ig ee Peet fy 

aca ste) “ahay © 

afs 1—o? df, 

dee 7 is ae (31) 
deats (oeende, 

dt Qkt odd” 

dF, _1—2 dF, 

Glew © 1s aon 


§ 3. PekypeHTHbie COOTHOUIeCHHA 


Ilepexoga OT paBHOMepHoro moTOKa B OOsactH 1, HW 1, (CM. pucyHoR),. 
ouyuaem [2| 


5 r! 2 
oes a9 (1 + o?) ¥; (6) At Ls, W.(c 
Ax ae DP {. acre) do Oka, 1 ( ak 


(32), 


1, 1 (7 d—e2)¥, (s) seal 
Ns lat | de a4 ae en (1), 


La 
ne W, (c) == 9’ () L--3 a= V rome - o==9.— ypaBHeHHe Xapak-- 


PpvcTHKH mepBoro cemeHCTBa, NpOXOAAueH Yepe3s HOCHK HWKHETO MPO- 
maa. B oOnacru 1, HMeeM: 
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Ve (71) 
U ana ieee 
{a teat 
y 2% 
iia 1 (1-402) Wy (2) Hy i a + 1) We (1%) 
mune) Te amma es (33) 
“(144 ; ) dhe, +a 
s 2c} 
nthe. oo (1 — 2) W, (z) ( t7—1) ¥e(u) 
MideemeL  a ret Spo SS ete, 
“(144 2e,(1 + 
Qt; 
hae d-V lier 
rae V,(t)=--% (5) ate TLE ; t= Tt, — ypaBHe- 
as es 


HH€ XapaKTePHCTHKM BTOPOrO CeMeHCTBA, MPOXOAAUIeH Yepe3s HOCHK BepX- — 
Hero mpodua. 


YOBACTBOPAA YCMOBHAM Ha KYCKAX Y]@PHBIX BOTH, OTe MAIOUIMX | 
oOnactu 1; u 1, of O6macTH 1s, H yCIOBHIO Ha TaHreHI[HaIbHOM Pa3pBIBe, | 
KOTOPbIM MOXKET BHIXOJUTb H3 TOUKH MepeceyeHHA yAapHbIX BOWH, MOAy- 


yaeM, YTO TAHTCHIMAIbHbIH Pa3spbIB B OGacTH 1, B NepBOM MpHOAM2KeHHH 
OTCYTCTBYeT H 


t 


W (2) w 
Ae 2 
eves (s) + 5 de + “ 
[58 55 Poder 
A 
ee Gear O85) 1 (x2 + 1) W, (2) 
Ae ~ DR G ds — 5, oe eer 
e 
a +1 ( t+ 1) W2(t) | 
pee ee eee is f - | 
2kay Fy (3;) one) (34) | 
an ! 
Le), 
ng. A (1 — 0?) B, (s) 1 (1 ~2)W% (2) 
he 9 = ds L os ispeeie ie fhe =< 
at mt one 
be t 
2 2 
= Hat W-(6))— ( ce 1) eee 
24 (1 +4 24 
Qu, 


Iloiy4HM Tenepb pekypeHTHbIe MoOpMy Ab, KOTOPHIe JalyT BO3MOx-| 
HOCTh, 3HAaX Ay, Ay, Ay B OGMacTH [m—1],, BHIUNCAMTh UX B ObnacTAX! 
M,, Ms UW Ms. 


[lokawkeM IpeABapHTeIbHO, TO eCAH B O6aAacTAaX m, Um, B BbIpa-} 
WeHHAX DIA 


hy Hw Ay orcyterByior ®,(n) u @,(y), To 3apucumoctu 01) 
7 HE MOXKET MOABHTLCA HM B OOMACTAX Ms,[m-+1],, |m+1],. Yenopne He 


AnaJIMTHYeCKOe pellieHue 3aqaun OOTeKaHUH peleTKH KOHHYeCKHX JOMAaTOK Lies 
——— ee 


OTPESKE CmDm41 XAPAKTEPHCTUKU, BLIXOMMULeH U3 TOUKH A», CHECeHHBIe 
C COOTBETCTBYION[CH yapHOH BOJHbI, MMeIOT BH 


Ms m m my 0, 
Al" (2m) + EP (x) — FP" (om) — FAM (@) = — SE (pt (a) 
+ FI (2) + OY) (xn) — Al™ (om) — FI (xy), (35) 


& Ma Mz m m 
PA (on) + Fs) + BI (9) — A (Gq) — FI (0) = 
¢ 


aot! Ms >[m m m 
= — (A Sm) + FY (2) + BY! (nm) — AA"! (Cm) — FIMO), (36) 


pH oso», rye 


Vee 7 


K cCOOTHOWeHHAM (35) u (36) HYKHO eMle NPHCOeAMHUTh COOTHOIMe- 
Hue Bua (24), HO MbI ero 3feCb He MHUIeM, Tak KaK 3TO eCTb ypaBHeHHe 
a Maloro 2oOaBKa €(§) Ha OTPe3Ke CyOm+1 K MpaBoh yacTH ypaBHeHHA 
XapakTepHcTHKH y7= 26+ 8, BHIXOJAMeH M3 TOUKH Ay, He yuacTBylomlee 
B MpPOMOKeCHHH HCKOMBIX (PYHKUMA Yepes pa3sppEIB. 

IIpoxudepenunpyem (35) u (36) no + uw yuTem cooTHomenua (31). 
B pe3y.1bTaTe NO/ly4HM 


dF\™] (2) ( Beal 2 9b tl o& +1 dell (n) 4. 
dz DRO Qk 7) Seales (EY Ream ae OS 
= dFi™) (t) se et] 
_ dt Bee ip opel? (38) 
dF lms] (c) o —! 5 lie eeee %. el ae Sed 
dz 23, oy: 2 Cl era 
eal St a a 0 at le Ve 
' (t+ om) (1 — t4m)3 dy dt Qs Dg I] (39) 
Pemaa 2TH [Ba ypaBHeHHA, NOy4yaem 
dF is! (2) dF i) (<) 
dt = dt 2 (40) 
ao{™l (1) 
—— =0, (41) 


T. €, 3€BHCHMOCTb pelleHHA OT %] B OO6MACTH My B pe3yAbTaTe BJMAHMA 
Ha Hee OOMACTH MM, MOABHTbCA HE MOXKET. 

TouHO TaK Ke MOKa3bIBaeTCA, YTO 3TA 3aBHCHMOCTb He MOXKeT NOA- 
BHTbCA B OOJACTH Ms, B pe3yAbTaTe BJMAHHA OOMacTH m,. AHaOrM4Ho 
9TO WoKa3biBaeTcA HM faa oOOnacreh [m+1], u [m+ 1]... ComoctraBaan 
sTO C TEM, 4TO B OG6macTax 1, u 1, PelleHHe He 3aBHCHT OT %, MO2XKEM 
YTBeEpxaTb, ITO B Ne€PpBOM MPHOMxKeHMH PelleHHe He 3aBMCHT OT 7%] BO 


BceH O6MacTH M@XKLY NpOPuAaMu. 
Ilycth B O6nactu [m— 1], u3BeCTHBI KOMMOHEHTHI Oe€3pa3MePHOH CKO- 


pocrw A, mpH4yeM B 9TOH OOMACTH HET TaHreHUMaIbHOrO paspblBa 
pia Ts— f, (o) + F, (2); 
Pa =f, (0) Pets), 
a f,(o) + F,(*). (42) 


8 Becruuk JlenuurpaacKoro yHusepcnteta, Ne 7, 1961 r. 
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Mbt MOwKeM j06aBIATD K fp(s) MpOH3BObHOe MOCTOAHHOE CJlaraeMoe, 
BHIYMTaA ero u3 Fp(t). H3 RaapnHeiwux dopmy OyneT BUAHO, ITO STO 
He BIHAeCT Ha BCe MOCIeAYIOMNe Pe3sybTAaTH. 

Sanuchipan yCIOBHA Ha OTPe3KaX YaPHbIX BOH OmCm, AmCm, a 34TEM 
Ha Cm0m4i1, CmAam+1 WM YUHTHIBaA YCJIOBHA OOTeKAaHHA HM YCAOBHA Ha 
TAHTCHILHAIbHOM Pa3pbIBe, MOyuaeM, UTO TaHTeHIMabHbIh Pa3spbIB OT- 


CYTCTBYeT HM 4TO 
i) 


= FA [vio AS et Ae 
m+! 
= =e [Ys (Sm) — Fy (— 3m) — fi (%m)] + Se (2m), 
[m,] __ Wi(9)—F,(—3) + ©), (43) 


[m2] _ en Ne dF, (—s 
x = | = (wi (9 SE) oF, — 


pres | 


-— [ (Gn) mF (= Gn) Ss Gal als): 


df ( d—t af ad—vt 
: ra Ween 
al 
Neel = fe (2) — 0 ee 
*m 
2 
ps3] 2 we+l1 l 
x — — di + Fy, es eee 5 SX 
dee (14d ee Va: Sm — | 
\ De 


xa. 3 eee ie Fs (tm) + sa 1g (=n)) ay py fears 2 


+4 (om) | — Fi so . 


~~ 
aS 
aioe 


a if (¢ mess 
3\t 4+ dt : hers! ; 
My) = fy (0) + CE a + W(t) | x 
1 1 
Dig | ae + | (i ) + Fs Gm) + 
setae Be Be loam 1 a 


oF 


ae F (=m) = fi aw: oa ES Cn) | 


+ 
Mr = fal oo Sh ees Soetaiegg alter reas) : 


Wott) slex 


Ne, 


AnasmtTuueckoe pelleHHe 3ayaunH oOTeKaHHHA PeWleTKH KOHHYeCKHX vloNaToK 
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2 
1—v? v — | | ] re 
x v2 — | | cut i 3 (m) a » 


2 
a—t Cae 
ia fa (A (Se) Teen) ae (n) |— 


—4A( Se + (<n) | rey Foe 


ie) 


o + | 
are [Fs (Gm) — Fy (— om) — fi (5m) + fo (5m) + Fy (tm) — 


: =a la (a(S )+-Fs (m) + 


Pwilioca = Ss | 


=2'G ad—t 
_altea) aaltpa 
ayn) = W, (2) — Fy (—3) + Cocos oo 
Y ad—%m 
a Ss) == dx + Smee ae ee 
l+d- 5} La. 7 
eo) ee Fc) A lrees )+ ¥en]. 
{5 =] (2) — ee 
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Ls 
a 


Cees | 
x == Co oe [Ys (3) — Fi (— 3m) — Si (m)] + 
eas = 
e — 1 1 d—%m \ 
+ fs (Gm) + Fs (tm) — mee oe : al Ale 1+ d- ee en a (45) 
ee et 
Dio 


Fs (em) + Bcc F; n))— pokiieere sn (én) | — PAGS: 


— 


re 
— ie yee 


© 


a §, —a6cuucca TOUKH Dy, 
” Coornomenna GWAr (18), (32) — (34), (42) -— (46), o6pa3yioT nomHBh 
HaOOp PeKYPeHTHBIX (OPpMy, KOTOPbIe alOT BO3MO2%KHOCTL BbIUAMCHTb 
Ax, Ay H Az B MOOOH OOnACTH MexAY Kpbiibamu. J]1A 3aBepuieHHA pemie-— 
HWA MOCTABICHHOK 3aa4ud HY2%KHO elle HaHTH ypPaBheHWA YJapHbIX BOJH. 
Yuutpisaa (19), ypaBHeHue (24) c TOUHOCTHIO AO MaAbIX TepBoro 
NOpAAKa, MPMHHMaeT BUT, 
M3 (x + 1) a2 


de 
(a + 68) =O) — ge (6) = — SSE yy — hy), 
WUurerpupopanne 3sToro ypaBHeHHA aeT 
(6) = (a+ ft)| C— AF. a eee |, 


rye C — NpoOu3BO/IbHax MOCTOAHHAaA, ONPeReAeMaA H3 YCIOBHA MPpOXox- 
JI@HUA YRapHOM BOVJIHbI Yepes H3BeECTHY!O TOYKY. 

OKoH4aTeIbHbIe POPMYAbl WIA COCTABAAIOUIMX BeKTOPa CKOpoOcTH } 
NOMYYeHbI He B PUSHYECKHX KOOPAMHATAX 9, Y, a B XapaKTepUCTHYeCKHX 
¢, t, YTO NpescTaBAaeT COOOH HeEKOTOPOe HeyAOOcTBO. OrmeTum, 4TO ne- | 
PeXOA W3 OAHUX KOOPAMHAT B APyrue BbIPaxkaeTCA MPH NOMOMIM CHemyro- § 
mux POpMyA: 


k sing + y k2 — ctg?é } nu, #sing—y Mage , 
eam Rkcos 9 + ctg 6 : 1. kcos¢ + cig 6 : 
+o 1+ to 
==arct re ie i =arectg (A Wiessesth 
Cee oe Va+2a+%) 


Tipu mpopeeHuM pacueToB MpescraBneTcA WesecooOOpasHbiIM MpoBo- | 
QMTb BBIYMCICHHA B KOOPAMHaTaX ¢, t, a B OKOHYATEIbHOM pe3syvbraTe | 
Me€peXOMHTb K (U3HYeCKHM MepeMeHHbIM 8, y. Dro OObACHAeTCH TEM, 4TO 
B (POPMYJbI LAA COCTABAAIOWIMX CKOPOCTH BXOAAT HHTerpasbl 10 o ut OT} 
OTHOCHTeEJIBHO MPOCTHIX BbIPaxkeHHH. 


Summary 


A method of analytical calculation of supersonic gas flow aro 
a lattice of conic airfoils is proposed. Linear approximation is used tol) 
solve the problem. The solution is constructed in separate regions into} 
which the flow space is divided by a system of shock waves. 
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C. H. Kupnuynnkos 
O CTAWMOHAPHOCTH MOJIA HMNYJIbCOB 


B pabotre HW. C. Apxannrx [1] mpu goKa3aTenperBe Teopembl THIMAa 
TamMuabTrona — AkOOH UCMOAb3YeTCH BO3MO2%KHOCTh NOCTPOeHHA CTAaIHO- 
HapHOroO NOJId HMiy.pcoB. B cBA3H C 3BTHM MpeAcTaBIAeTCA HHTeEPeCHbIM 
paccmMoTpeTb BoMpoc O CyeCTBOBaHHH y M@€XaHHy¥eCKHX CHCTeM CTalHo- 
HapHOrO MOA HMMYAbCOB. 


§ 1. Mose umnyapcos 


OOmee pelwleHHe KaHOHHYeCKHX yPaBHeHHH MeXaHHKH MO2KHO 3alu- 
caTb B Bue 


ae 1,2 ele 2n) (1,1) 
= ’ Oy waist ims 59; nN; a ae d CMEC Is “Ls 3} on J d 
Po Pe (%;, t) / 
DQ, -- +s Yn: Pis+++> Pn) 0 24 
D (ty... > Tm Intype? Ton) i ‘ ( 4 ) 
TMC G1, Jo,.--; Jn — OOOOMWEHHHIE KOOPAHHATHI; P;}, Po,..-, Pn — 0606- 
HICHHBIC HMIMYJIbCH; 11, Yo,---, Yon — WPOM3BObHbIe NOcTosHHbIe. Cpequ 


MPOW3BOJIbHBIX MOCTOAHHBIX HaliqyTcaA takue M (OO03HaUMM UX Hepes a,, 
OCTabHbIe uepes §;), 4TO 


DiGi 3 dn) £0. | (3,1) 


Ec mpeqnoi0xKuTb MpoTHBHOe, TO MpusemM Kk mpoTHBopeuuio Cc (2,1). 
O6Omee pemenne nepenmumertcaA B Bue 


q,=49,(a;, By, ¢), | (4,1) 
Pp, =P, (4, Bj, 4), (5,1) 
PQs +++) In Piy-++s Pr) 6.1 
Die ek ee (6,1) 


3asucumoctu (4,1) pa3pemiMmbl 


aj==aj(7,, B,, ¢). (7,1) 

Cootuomenna (5,1) u°(6,1) paBHOCcHIbHb Ceny Oulu: 
PL=P,(9p bp Y=P, (ay (% Bir Hs By 2), (8,1) 
DOR HO ©) 


Tlokaxem, 470 “3 3aBucumocre (5,1) u (6,1) caenywr (8,1) u (9,1). 
‘Coornomenua (8,1) noayyawrca momcranoBKon (7,1) B (5,1). Ilycrs 
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(9,1) He BbImoHeHO, Torfa @ynKuun p,(q,, By, t) 3aBHCHMBI H, Tak Kak 
B HHX BXOZaT g,, f B KayecTBe TapaMeTpoB, CyllleCTBy€T 3aBHCHUMOCTb 


F (2, (9 Bj t, 9% 2) =0, YO HeBosMOxHO B cuay (8,1) u (6,1). Anano- 
THYHO MOMKHO MOKa3zaTb, uTO w3 3aBucumocTedH (8,1) Hu (9,1) crenyioT (5,1) 
u (6,1). 

TakHM 06pa30M, oOulee peleHnHe MCXaHH4eCKON 3afayW BCerfa MOKHO 
mpemcrapuTb B Buse (4,1), (8,1), (3,1) u (9,1), rae coorHomenna (8,1) 
OnpeeAIOT MOE HMIMY/IbCOB. 


§ 2. YcnOBHA CTaLHOHapHOCTH OA HMIYAbCOB 


Kak TOJbKO MPOW3BOJIbHBIe MOCTOAHHBIe @;, 7; BblOpaHbl B OOMeEM 
pemennu (4,1) u (5,1), cpasy MO#xHO MOCTpOHTb Nowe uMnyabcoB (8,1). 
TpeOoBaHHa ero CTalWWOHapHOCTH 


OP; _ 
ojo 
SallwIWyTcvA B BUE 
: Op; Oa; 
‘ Pi : ae i 3 , (1,2) 


M3 Tow LecTB 

a; =a; (9, (2; Bi 2), B, f) 
HanweM 
oh 


vy 
OKOHUaTeIbHO YCAOBMA CTalMOHapHOCTH MOA MMMYIbCOB MOAY4HM 
u3 cooTHOWeHHA (1,2) u (2,2): . 
n 


: QT Op; 0a, - ; 
jy Tao (=.5 OR (AE (3,2) 
p, v=1 : 
0a, | oq, \-} 
rae 09, ABJAIOTCAH SJIEMCHTAMH MaTPHIUbI | 0a, | 


IIpumep 1. OOmee pemenne KaHOHHYeCKOH cucTeMbl g=p, p=@q 
WaeTcA paBeHCTBaMH 


q = ae! + Ber, 
p = ae! — Be-*, 
CoctaBiad ycroBus (3,2), nolyunM 
(ae’ + Be-*t) ef — (ae’ — Be-*) ef £0, 


OTKYHa CIEAyYeT, YO NOME UMMYAbCOB B STHX HNOCTOAHHbIX He CTaMHo- 


HapHo. J[eHcTBuTeIbHO, OHO uMeeT BUA 
p=q—2Be-*. 
§ 3. YpapuenuaA AIA ONpenenenuaA dyHKuUHA Nepexona 


K TMpOW3BOJbHbIM NOCTOAHHBIM, NOe HMMYIbCOB B KOTOpbIxX 
cTaluuOHapHo 


ITpousBezem B OOulem pemennu (4,1) n (5,1) 3ameHy nponsBOAbHEIX | 


MOCTOAHHHIX 110 (OPMyviaM 


tp =ap(a,, 0), | | 
Bp = Bp (ae b,) (R, vel, as oie sly n), l (1 3) 

ID Re he: any Bivetsy Ba) 2g | ; | 
Dayana. a ae 


Ot aq, 4" (2,2) 


y 
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HPHYEM 3a Ay B3ATHI TaKME MOCTOAHHDIE, MPH KOTOPHIX Aa OOMerO pe- 
IeCHUA 


T= G2, 6, D=4,(% (a, 6), (a, 4), #), 
q 2,3 
P,=P,(4,, wD. t) = p, (4, (@,, b,), B, (4, b,), t) . 
BbINOJIHEHO 
an Crise) 
D(q reeen J ) aft 
Dina. ie 
Tak Kak 


Opi _ Opi Oty , Opi | Oe 
da Org Oa, ' OBp Oa]? 
Rk 


04; Og O%% 4 Ogi | OK’ 
ie Oap Oa, © Oe Ba jhe 
k 


TO yCJOBHA CTamHoHapHocTH (3,2) aaa oOulero pemleHna (2,3) 3annuyTca 
TaK 


n 


ele NG {Opis 02a) 5h Ony HORA OF, 
Pi 2B Ge d da, 08, : ja} oe Bt =0 (i = 1, 2, eon tei n), (4,3) 


R, ps v1 


& 


da qd. 
rye oF ABAAIOTCA QICMCHTAMU MaTPUILbI | a 
em 

BpmoHeHHe cooTHomeHHH (4,3) ecrb ycaoBue Toro, 4TO NOe HM- 
TWYJIbCOB B IIPOH3BOIbHbIX MOCTOAHHBIX Q,, 0,, K KOTOPBIM MBI Mepeulu, 
ABMACTCA CTaHOHapHHIM. [losTOMY HX MOMKHO paCCMaTPHBaTb Kak CHCTeEMY 
u3 2 jwuddepeHWnatbHbIX YypaBHeHU B UYaCTHBIX MPOW3BOJHHIX TepBoro 
MOpAaKa Wid Onpemetenua 2Qn-hyHKunn (1,3), koTopHiMu onmpememnetca 
TakKOH mepexog. 

Ecam paccmaTpwpaTb Ooee yacTHHI BAA dopmya (1,3) 


a, =a,, 
Bp = Ge (a,, 5), (5,3) 


TO ypaBHenun (4,3) mpuMyT Buy 


Op; \ OP Ae oae|, 09. ee 
a >> ee re met ORR sa) og, oe ve 


By ¥ 


Oa 
iP ARS ae CCTs COOTBETCTBY IOM[HE 3JLEMeCHTBI MaTpPHILbl 
ps 
04., 049, Br 
da, OB, Oa, 
h 


B 3ToM cjlyyae nWOmyyeHa cucTeMa “#1 ypaBHeHHH C 71 HEM3BeCTHBIMU 
@yHkmHAMH (5,3). 
Paccmotpum mpumep 1. Cucremy (6,3) noy4uM B BHfe 
08 b 
Ff 2a—— 28, P= 5. 
Tloae uMnyabCoB B MOCTOAHHBIX @, b OyeT CTalMOHAPHBIM, B TEM MO%KHO 
yOeMUTbCH H HEMOCPeACTBEHHO. 
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§ 4. CucTembl, LonycKaloljHe CTalMOHapHoe Nose HMNYAbCOB 


Ilycrb MeXaHHyecKaa cucTemMa ompeeaeTcaA CHCTeMOH mucddepen- 
WMabHBIX YPaBHeHHi 


aq, 
dt eG, Piy t), | 


dp, 
“dt = f5.(¢; Pi t) | 


Byzem cuntath d@yuKunun f,,, f,, TAKUMM, FTO YCOBUA TEOPeM Cyllle= 
CTBOBaHHA WH eJLMHCTBEHHOCTH BBITIOJIHEHBI. : | 

Onpegeneunue. Cucrema guddepenmuaibybx ypapHenui (1,4) 
Ha3bIBAeTCA CHCTEMOH, MONYCKalouleH CTalMOHAapHOe NOWe HMINYJIbCOB, CCIM 
CyUleCTBYIOT TAKHE NPOH3BObHbIe MOCTOAHHHIC 4, B,, YTO NOME MMIMTYJIb- 
COB, MOCTPOeHHOe B HUX, CTAUMOHapPHO. 

Teopema 1. 12 mozo, 4mo6u cucmema OuggmepenyuanbHolx ypas- 
Henut (1,4) Oona Gol cucmemolt, OonycKanmwmet cCmayuoHapHoe nose 
UMNYALCOG, HEOOXOOUMO U Gocmamo4HO, 4MOObl C€ MOICHO OoLNO Obl 
npusecmu K Beudy 


(i, v= 1, 2,..., A). (1,4). 


aq, 
“dt =f, (9; Pi» t), 


2,4) | 
ap, ( b) 
wie esis De Maas ; Tia (9, Pi L); 
p 
zde My. = M,, (9, p,), &@ cucmema ypasHenul 6 OuggepeHyuanax 
dp, = LMw-d9, (3,4) 


p. 


Oona Oot 6novaKe uHme2pupyemoln. 

Jokxasateapcrso. Jlocrarounocrb. Hyctb cuctemy quddepexnnu- 
aJIbHBIX ypaBHeHHi (1,4) moxHO mpuBectu K Busy (2,4), a cucTema (3,4) } 
BHOJHE MHTerpupyemMa. Torga WHTerpHpOBaHHeM HaliyTCA 3aBHCHMOCTH 
P,=P,(9, B,), TOXMeECTBeEHHO yOBAeTBOpAIomMe cucteme (3,4), T. e@ 
CTaNMOHAPHOe NOE HMMYAbCOB CyImecTByer. 

Heo6xoyumocrs. Ilycrb nome uMMybcoB cramHoHapHo. Tora obmee § 
pemenne B Bune (4,1) u (8,1) 3anumertca 


q,= 49, (aj, By #), 
Piaps (9, B,). 

CocraBuM cucTemy jnepenuMatbHblxX ypaBHeHHi, KOTOPOL COOTBETCTBO- |é 

BalO Obl OOmee pemenne (4,4). Mmeem: 


dq, _ 94, \ 
ae = aE (tp By 4), | 


ap, -» op, aq, 
ditt Oe Pts 
oo 


Paspemaa cooTHomenua (4,4) OTHOCHTeIbHO @,, 8), Hale 
aj =a (9, BY (9s D;)s t), 


(4,4) 


Bj = Bj (4, P,)- 


O cramnonapnoctu nossa HMILYJIbCOB 12¥* 


TlogcraBasaa 3aBucumocry (6,4) B cucremy (5,4) u BBOAa O603HayeHUA | 


Op, 
My (7, p) ec Uh B: (9), P;))s . 
0g, 
ix (9, P, C= (2, (9) B; (Gg, P,)) t), 8; (7; D:), ty, 


NOAYYUM HCKOMYIO CucTeMy AndepenuvadbHBIX ypaBHeHUii B BHZe (2,4)>, 
mpuyem cucrema (3,4) BnomHe uHTerpupyema. Teopema foKasana. 

Sameuanuue. Yenosua nomHolt MHTErPHPYeMOCTH CUCTeMBI ypaBHe-- 
HHH B Auddpepenunatax (3,4) Moxno 3anucaTs B BHLe [2] 


OM,,; oM,. - 0M, OM, ; 
ag \ ae — i) re 5 iy of se 
0q; = a OP p Mpj imi 0q; + » OP » Mri (¥, a A; 2; COMES) i). (7,4)}> 
IIpumep 2. Paccmotpum ypapHenns 
dq d, ' 
7k Cle J2, Pi, Pr; t), a = Pil Paden 


d ap. 
<2 =f, (q1, qo, Pr Po; t)s = Df. 


Yceuosus (7,4) BEIMOAHeHEI, Tak KaK M,, =P, My. = p2, My, = ps, M,,=0-. 

CreoBaTebHO, 3Ta cCucTeMa jomycKaer CTAUMOHAPHOe MOC UMMYIbCOB.. 
Teopema 2. J/12 mozo, umo6u cucmema dugbpepenyuancnox ypas-- 

HeHuu (1,4) OonycKana cmayuonapHoe none umnyAscos, Jocmamouno, 

4moOb. PyAKYyUU 

eS 

Bf (V==1,2,..., R—1, R+1,..., n, R—Hexoropoe us 1,2)..., 2) 


He 306UCEAU Obl OM BPEMEHU U YVCAOBUA MeOpeMbL CYUVeECmMBObaHUA UW: 
COUHCMECHHOCMU CUcmemMbL ypasHeHuli 


aq \ 
=n aae Pp t), 
dq, Sas )> 
Dm ee ae ype (8,4): 
ap, Sow. | 
— =e ee Nn 
dq), Sip (e ) 


OotAu Obl BbLHOAHEHDL. 
Jloka3aTeabcTBo. ObOmee pemenne cuctemp (8,4) uMeerT, Buz 


Ip= 9, (6, Ai, 8;, t), 
I, =, (Vr. %, Bi), 
Pi =P (Ver %» Bi), 


THE C, My, A3,..., A, By, Bo,..., 8, —NPOM3BObHbIe NOCTOAHHHIC, NpHyeM: 
M2, %,..., % TAaKHe, YTO G,—g,(9,, %, Bj) paspemumbI. Takum OOpasom, 
CTalHOHapHOe MOM MMMYAbCOB MOCTPOHTb MOXHO. Teopema oKa3aHa. 

B 3aksI04eHHe MOIb3yIOCb CyyaeM BbIPasHTb TayOoKyo O/aropap-- 
HocTtp B. C. Hopocesosy 3a OKa3saHHylO: MHe- nOMOoUb uM. C. Apokannrx: 
3a PAJ, WeHHBIX 3aMeuaHHii. 
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Summary 


The transformation of the general solution of canonical equations to 
.a form containing the field of impulses is considered. Conditions are 
‘found for the general solution’ in which its field of impulses is stationary. 
Equations are derived that give functions transforming the arbitrary cons- 
‘tants so that the field of impulses with the new constants is stationary. 
In conclusion two theorems allowing a judgement about the existence of 
the stationary field of impulses from the structure of differential equation 
care proved. 
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lr. A. Kynonen 


OB OJHOM METOJE PACYETA JIAMHMHAPHOrPO MNOrPAHHYHOroO 
CJIOS HA NOPHCTOHW NOBEPXHOCTH 


B paOore paccmaTpyBaeTca ycTaHoBuBuleecd ABHXKeEHHE ABYXKOMNO- 
HEHTHOH Ta3s0BOH CMeCH B JaAMHHAPHOM MOrpaHH4HOM Cw10e Ha MOBEPXHO- 
CTH, ABJIAIOULEHCA HCTOUHHKOM TOMepeyHOrO MOTOKa MaCCbhI HeOOMbUWOH 
MHTCHCHBHOCTH (MOpucTad MOBePXHOCTb; MOBePXHOCTb, pearupyrlollad 
C OOTEKAIOUIMM €€ NOTOKOM 1a3a; HCHapAIOMaica MOBEPXHOCTh HT. J.). 

@Musuyeckune CBOHCTBA ra30B, OOpasviouuX CMeCb, Mpesnomararorca 
SHAUHTEIbHO OTAMYAIOUMMMUCH Apyr oT Apyra. 

Gamaya paccCMaTpHBaeTca AIA OOMeErO CIY4YaH MepeMeHHOH CKOpOcTH 
CBOOOJHOrO NOTOKa, NepeMeHHOH TeMNepaTypbl MOBepXHOCTH, a TakxKe 
{WIA MPOV3BOJIbHBIX 3aBHCHMOCTeH KOSPPUNNeHTOB MepeHoca oT TemMmepa- 
TYpbl H KOHICHTPalHH. 
| IIpemnosmaraerca, YTO MOTOK MaCCbI Ha MOBEPXHOCTH HeBEJIMK, HU ero 
BIMAHHEM Ha TCYCHHE BHE MOPpaHNYHOrO COA MOKHO MpeHeOpers. 


§ 1. [uddepenunanbHble ypaBHeHHs JBYKeHHA JBYXKOMMOHeHTHOH 
ra30BOH CMeCH B NOrpaHH4HOM CJloe. Ppannynpie ycAoBusa 


OcTaHOBUMCA Ha He@KOTOPbIX OCHOBHBIX MOHATHAX YTHAPOAMHAaMHKU 
MHOPOKOMIIOHECHTHBIX CMeCeH. 


Cpe HAA MaCCOBawd CKOPOCTb JIBH2KCHHA CMECCH V OMpeTeIAeCTCH Kak 
NOJIHBIM UMNYAbC CAMHUMIbI MaCCbl CMECCH, T. €. 


=. 
= = ») pM pUp, 


k 


V 


re p = YS og di nem, — MaCCOBaA IIOTHOCTbh CMeCH; Mp—4CIO MOeH 
z i 
B CIHHUNeC OObeMa; Mp — MOJEKYJAPHBIM BeC; Ugp— CPeMHAA CKOPOCTb 
MBWKeHHA R-Ol COCTABIAIOULeH CMeCH. 

Cxopoctp muddy3nu R-of coctaBsioujeH BBOAMTCH Kak Pa3HOCTb 


Ve = Up — Vv. 
CoorsercrByloului MOTOK Lu@dysuu 
Jp =erVe. 


YpaBHeHuaA PuAPOAMHAaMHKH MHOPOKOMMOHEHTHBIX CMeCeH MPHBe,eHB 
B [1]. Jlma mByXKOMMOHeHTHOH CMeCH OHH MMCIOT BUT: 
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du; dp eee a) du; , Ouj 
p aie Ox; 3 “az (# a Moe Elan ae I 
div ( oV) =a). 
div (cypV sje) == 0; (11m 


2 
p eee =V (AV Hie, rede Vi) > 
k=1 


re X,, X,— KOOPAMHAaTHI BXOb WH MO HOPMaJIH K MOBEPXHOCTH; ,, Uy — 
cocTaBasioujwe cKopocTtu; ® — AnccunaTHBHaa @yHKuHA; J — 9HTaIbNMnA 
€AMHHUbI MaCCbl CMeCH; Cp— YAe/JlbHad KOHICHTpalHaA; J/p— 9HTAbNMA 
CMHHUbI Macchl k-of cocTaBaa1omlehH CMeCH. 

YpaBHeHWA THAPOAMHAMUKH Mid GHHAapHOH CMecH JaHbl Takxe B [2]. 

Tasbl, COCTaBJIAIOWMWe CMeCb, OYJCM CUHTATb HUJeaIbHBIMM, a HX - 
YHe@IbHbIe TEMIOCMKOCTH H€3aBHCAIMMH OT TeMMepaTyPpH. 

Ecan mpeneOpeup guddy3sueh, o6ycnoBieHHoH rpaqveHTaMu TeMIie-— 
paTypbl HU aBenua, TO Qu@y3vOHHHIH MOTOK WIA Kaxk OH COCTaBJAIO- 
we OKa3bIBaeTCA MIPAMO MPONOPIHOHAIbHBIM COOTBETCTBYIOINeCMY Tpa-. 
MeHTY Ve@bHOH KOHICHTpanny, T. e. 


Jk =— eDRV Ce. 
Jia JKBYXKOMMOHEHTHOH CMecu 
Ti Ps 
NOCKOIBKY Cj + Cg==t ou Dy=D, =D. 


Ynpomad Np CheaHHbIX MpeANOORXeHUAX ypaBHeHuA (1,1) BOAn38H 
MOBEPXHOCTH, NOJYYHM yPaBHeHHA NOrpaHH4HOrO COA B BULLE 


Ox we» Oebaneer wane du | 
tt ae tO ay — Get ay (Poy) 
Op 
ay 
Ht) Ae | 
O (cpu) if A(apv) 9 (7 Oe (2,1), 
Ox dy Oy e a) aI 
7, OP , Oc, OT 
cpp = epev Se hae +eD (Cp; aa oe eras 
oT (du \? 
a4 He ay) +e F igal : 
PH =X p- VS a a ee . 
Bpeem Oespa3sMepuHble nepeMeHHHe 10 (PopMyviam 
x 7 y u v } 
x’= —; ee —; w= =; V’ —— 
‘aes L/yR AG ulfYRe ° 
ae 0 
f= Umesh hes Ce Eee Dy 
ye P Dp PF 0 4 oy ee (3,5) 
= be Ri er 
pv h (ome Ts 
--= ) 
oul 
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Ilepexoaa B ypaBHeHuax (2,1) k Oe3pa3MepHbIM TepemeHHBIM (3,1) 
u ONYyCKkad WTpuxun, Oy eM uMeTL 


Ou Ou ip 0p 0 Ou 
as + p0 = tf 
Boe i Oo a a Oe x ay)» | 
eo ~ Op 0 | 
oy 
0 (pu) O(ev) 
Ox a oy =0, 
| 
ENO ais 0 (cyov) A hes oD 2 . + (4,1) 
Ox oy c Oy oy 
plore leg op dc, oT 
Begg st pie age aie gr On e, PD (Cp: — Cp») 5 on 
ie oT u2 Ou \ 
Pr Oy | eat (x) ‘ | 
= ue Cp: 
Mme Sc==—; Ppr—-?-, 
But D? ‘1 


PacCMOTpHM rpaHUyHble yCIOBUA AA ypaBHeHnit Aubdy3uu u auep- 
THM Ha OOTeKaeMOM NMOBEPXHOCTH. ; 

Jlaa mopucrptx moBepxHocTeH OO6BIYHO MPHHMMAaIOT, 4TO ras Hapyx- 
‘HOFO MOTOKA HE NpOCa4uBaeTCA BHYTPb CTCHKY, T. e. 


Sy lye ig (P, Vy) eo =0. 
Ycopue OalaHca 9HeprHu Ha NOBepXHOCTH 


Vy ly—0 ay Ly byes ar (pVy-AJ,) mr ==), 


re g = Tu A/,—u3MeHeHHe ZHTAIDMWH CAMHHUBI MAaCCbl OXaquTess, 
O3HaYaeT PABHOBECHE Jd YCTAHOBMBILMXCA MpOMeccOB M@K Ay KOHBEKTHB- 
HBIM H MOJ@KYJIAPHBIM TepeHocaMM Tela, UAYUIMMH B MpOTHBONOOK- 
HBIX HallpaBJe@HHAX, C YYCTOM BO3MO2KHOH 3aTpaTbl 9HEpruu Ha HCMapeHHe 
OX/a JHTeIA. 

BZanumemM rpaHHyHble ycoBua Aida cucrembl (4,1) 


w(x, Os=07 0, oo) =e (xy) == 75, 
yous 


? (x, 0) 20 (x, 0) == PwVw, 


) 
or ar | | | 
hw oy | tot hy Oy” vs ais C2 PwVy* (Ty — Loa Li), Fe) ee (5,1) 
sli 7 (4, Pi =2y, | 
yoo 
ac, : 
rw wy ay = =CrwPwVw (xX, ~)= Had (x, y)=1. 


B ycaopuax (5,1) Beauuuna L — oTHeCeHHad K Cy. CKPbITad TemoTa 
mapooOpa3s0BaHHA eCMHHUbI MaCCbl XWUAKOFO OXJamuTeiA. SHauKn ,*“, 
,@* u ,O“ OTHOCATCH COOTBETCTBEHHO K HEMPOHHWAeMOH MOBepxHOcTH, 
K BeCM4YHHaM Ha MOBePXHOCTH H Ha BHeIWHeM rpahvuue NOrpaHn4yHOroO COR. 

Tlepexoan B (5,1) kK Oe3pa3MepHbIM nepemeHHbIM (3,1) Hu onycKaa 
WITPuXU, NOyY4UM: 
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w(x, 0) =0, u(x, co)—lim u(x, y) =m, 


p(x, 0)- U(x, 0) =—pytw, 


or aor « 
hw Fy i oes nt east (6,1) 
T(x 3) = lin Gaya : 
yoo 
(a) oe 
pwDw Fy =SC-C)wPwVw, Cy (X, ©) i ce, (x, y)=1. 
Yew > ise 


Bxoqallve B ypaBHeHuA HW PpaHH4Hble YCAOBAA MaCCOBaH MIOTHOCTB 
CMeCH, €€ Y@JIbHEIe TEMMOeCMKOCTH, KOSPUUMEHTHI BASKOCTH, TeMMOMpO-: 
BOAHOCTH H AN@py3nn ABIAIOTCH PYHKUMAMH TeMIepaTyPbI HW KOHILCHT- 
paunn. Jina umeaibHbIX Ya30B Y/@bHBIeE TeMJOCMKOCTH MH IVWIOTHOCTB 
CM€CH HPOCTO BbIpaxKaloTCA YePe3 AaHaAJOFHYHbIe BeEJIHYNHI [WIA Ce COCTAB-- 
JIAIOULUX 


Co=CiCyry 4. CoC p25 
Teeoe <A Mp 1 
“pp VPs TH CaPe = CML og)” FIT)’ 


iY 


Xapakrep 3aBucuMocteH Kos*PuyNeHTOB BA3KOCTH, TeNMONPOBOAHOCTH H | 
Aupy3uu OT KOHWeHTPayun MH TeMMepaTypbl yCTaHaBAUBaeTCA TIpH H3y-! 
YeHHH ABJICHHH MepeHoca B CMeCAX Ta3s0B HIM Ha OCHOBAHHM 9KCMepH- 
MEHTA@JIbHBIX HCCIeLOBaHHH. H3BecTHo, ro Koaddunnent suddy3un, 
ca60 3aBHCHT OT KOHICHTPalHu, TaK 4TO 3TOH 3aBHCHMOCTbIO MOXKHO 
mpeneOpeu. 

YpaBuennsa (4,1) u rpannunpre ycaosun (6,1) mpeoOpasyem K HOBBIM 
NEPCMCHHBIM, IIPHHAB 3a HE3ABHCHMBIe MepeMeHHbIe . 


b= (r(x) de, cy (7,1) 


a 3a HOBbIe HCKOMBIe€ PVHKIUH 


== || a 1 
le» (Hijr tee! Mita | 


ola 
Css | a oe — (8,1) 
Om |e ieee 
rae y= ae ( pdy. Tlowy uum 
0 
: 02 an 3 ) 
we thle +A, ett | 
T So IPS); 03 Ose a 0; o. Bit . 
Ot re ; | (9,1) 
Ge (Cw), BOs Pw; tw, Sw Caw] +4: (P10: Pee) Tes | 
) 


| en 


O6 o2HOM MeTOge pacueTa JaMMHapHoro norpanuyHoro cos, ie 


_ 


= . Bi ikesees 
Fat Bo [2 (Es BOSS 4, 45% 9,05 te ot, of] SF 

81 (BGs Ss Ps 5%, 5, 63 %, 92, C3 Cg] o + 
S017, POs & e935 % os 65% % O5 eg] =Pro se, 


o eS 2 : 
= te om Pw Pw: Seq5 Cw (§); Pws Tw Sw, Cw; in als 


Of 


€=0 


. (9,1): 
+ 8s [Cw (5); Pw Tw Sw, Cws Cue Sy, S|,_.= 1, 


02¢ ‘ watvs,..'c aeadte) 3 
az +h [8 (3 Pes T 9, C5 T%, Ty Co) ge = SCY ae 


a ee 


Oc 
ra mee Ce [Co(S): as:tas Se Cy| +0¢ [Cw (§)3 Pw; Tips Ops Cah Cos 
eh =o 
rye 
Oa LY ve 
Ae 2 ON ae oi ae Coe _ Pwlyy 26 
0) =— ay 3 PORE Bt ate]; Co 6) — ee 
14 4 


2 


Up of 25C Ho 
ae, 0) = ze; > v(E, 8 ar 6 = Cp, 7) +> (B 9TOM paBeHCTBe Bce Be- 
AMYMHBI pasMepHbie), C— yelbHad KOHIeHTPallud OXaNTesn. 

@yukuna 7 (x) B KaxKTOM KOHKPeCTHOM CJlyyae LOKHA ObITh BHIOPAana 


u 
TaK, UTOOB] MAKCHMA@JIbHO YNPOCTHTb BbIPAxKeHHE MA P= Toy 


TakKuM oO6pa30M, ypaBHeHHa moOrpaHHuHOrO COA mpeocOpaso0BaHkbt 
K CHCT€Me TPeX H@JHHEHMHEIX OMHAKOBOTO Bua YypaBHeHHH BTOporo. 
nopadKa. 

PaccMOTpHM BONpOC O HaXOMKAeHWH PeWIeCHHA 9TUX ypaBHeHHH. 


§ 2. Metoa pewennsa 


Cuctema (9,1) 3Ha4uuTeIbHO. ynpoulaerca B Cy4ae, CCIM OJHOBPeMeH- 
HO BbIMOJIHEHBI CE LVIOULNe YCOBHA: 


a—=const (Hampumep, ecru M, > co un My — 0), 
8—const (M,~&”), 


* 


ri 
o,,, == const WAH Sy —const, 


Cw 


Cy .COMSt, | 
T= const (1,2): 
Ogee ROE Tg aT (cnenosaveasno, oa = const | h 
0 
h 
Pr, =const, Pr. = const (crenowarespxo, ae = const} : 
1 


TlocneqHue u3 ycaosul (1,2) mo3BoasioT BElOpaTh r(%*) TakuM OOpa3som, 
uTo6H 9, = 0. 

TIpH CieaHHbIX MpeAMO102KCHHAX MO2XKHO HCKATb PellleHve ypaBHe- 
Hui (9,1), 3aBHCAWee AMMIb OF OZHOHM nepemeHnHol C. Pemenue cucTrembi 
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‘Tpex OObIKHOBCHHEIX HeJHHeHHEIX LupPPepeHIMabHbIX YPaBHeHHH OTHO- 
cuteabho 7(C), 3(Q u c(6) naxoguTca MeTOAOM MOCIeAOBaTeABHEIX MpHO- 
. JMOKeHHA. 

TIpHMeHNTeIbHO K MMOCKOH miacTHHKe NOOOHaA 3afqaya PaccMaTpH- 
Balacb B paoore [3]. 

Ecaw HeKOTOpbIe H3 ycoBHi (1,2) He BBITOJHEHBI, TO MpHOM2KeHHOE 
pemeHwe MOKeT ObITb HalimeHO C MOMOUIbIO MeTOZa Kopuna — Jlofmsan- 
‘CKOrO, epepaOoTaHHOrO Jad 3afa4un O ABHXKCHHH JBYXKOMMOHECHTHOH 
-CMeCH B THOrpaHH4yHOM caoe. OcyllecTBHTb Takoe peuleHHwe B OOLLIeM 
-cryyae KaxkKeTCA 3aTPYAHUTeIbHBIM. 

Mero suveapusaruu _ypaBHeHu (9,1) OTHOCHTeDHO MOMpaBOK - 
K Be@IHUMHaM %, 3 B MOFPaHH4YHOM COE HeNPOHHWAaeMOH MOBEPXHOCTH HU . 
-OTHOCHTCIbHO KOHILEHTPallMH C, MCNOAb30BaHHBIM B padote [4], OKa3bI- 
BaeTCH HeMPHMeCHHMBIM, 34 HCKJIOUeCHHeM MaJIOH OKPeCTHOCTH NepeqHeh 
Kpomku. Jia uHTerpupoBaHua .ypaBHeHua (9,1) B paOoTe npesmaraerTca , 
HCHOb3O0BaTb TAK Ha3bIBAeMbIM ,MeCTO UpAMbIX“. OTOT METOZ IPHMeHAJICA, 
-Halpumep, B padote [5] aaa pelmeHud OAHOrO MapaOoinyecKoroO ypaB- 
HeEHUA C MOCTOAHHBIMH KOa*PumNeHTaMH. 

Eciw yCOBMA 1eC4YeHHA Ta3a, MPH KOTOPbIX CipaBeAMBbI ypaBHeHHA 
(9,1), cOxpaHaIoTCA BOAb BCeH MOBepxXHOCTH OOTeKaeMOrO Tea, TO MBI 
WOAKHbI UCKaTb pewiennve cucTremp (9,1) B mpsaMoyrombHHKe O<C <1, 
Oa 5 <= (1): 

*Kaxjoe u3 ypaBHenud (9,1) mHHeEHMHO OTHOCHTeAbHO CTapweH npo-, 
W3BOUHOH OMHOH u3 yHKuUMA +, 9, c. EcrecrBeHHO mocTapaTbCA MpHOAH-’ 
2KCHHO 3A€MCHHTb KaXKOe€ YPaBHeHHe B HaCTHBIX MPOM3BOAHBIX OOBIKHO- 
BeHHBIM UDMepeHWWNaNbHbIM YPaBHEHHeM, JIMHCHHBIM OTHOCHTCAbHO TOM 
@PYHKUHH HW ee MPOM3BOAHHIX, CTaplMad NPpOH3SBOZHaA KOTOPOH nO © BXOAUT 
B pacCMaTpHBaeMoe ypaBHeHHe . 

PasneiumM mpomexytTok [0,-€(1)] u3meHeHua € Ha m2 paBHbIx “acre 


| i . 
BeJM4MHBI Jae: Hes3aBucuMo ‘oT. ypaBHeHult (9,1), aaa KaxOH U3 


@yHKWHH %, oO, C YCTaHaBIMBaeTCA CBA8b M@EXKTY 3HaveHHAMM (PYHKUWH H 
ee MpOv3BOAHBIX B Tpex cocemHHX TOUKAX §==€;, §=—F41=8 +4 
if EES fA Boe pe Gs Dh: 
$= Epo= 5 +2 . 


F(t, D=FE, D+ 2 S| 4 0(h%), (2,2 
= E41 
OP iso). i OOF nit) aeons eke) ey Ds 
gun = oun + 2h oeOL ate =e O Tey (3,2) 
OF (&,<¢ 2 % 
oe : ae FC 9 Cea 
S=Sj49 
4 2 OF (&, 6) 


lon F B faibHefuiem noxpa3syMeBaeTCA OFHAa u3 PYHKNMH t, > HIM ch 
f Ee 


Mckaovaa pH §=€,,, us ypaBnennit (9,1) mponsBogupie no § of tH 
3, € C TOMOLLbIO (4,2) H 3aMeHAA B STHX YPABHEHHAX HCKOMBIe yHKuut|h 
M UX Teppble WpovsBosHbIe 10 ©, ‘BxoAAMHe B KOaddpunnentH f;, £;, Al 
v, BbIPaAxKeHHAMN Tura (2,2) u.(3,2), MOuy4uHM cHCTeMy TPeX OObIKHOBEH jf 
HbIX JIMHeHHBIX [Mp@epeniuarbyblx YpaBHeHHH OTHOCHTeABHO 7(E,,., S)} 
o(€5, %), c(§,5, 5), oTanuawmyioca oT TOUHOM cucTemMBI ypaBHeHHilf 


norpaHuuHoro com (9,1) BeaMunMHamu nopayKa A, 


O6 OTHOM MeTONe pacueta JaMHHAPHOrO HWOrpanHH4HOorO con {29 


Hlocae onpenzenenna t(&40, ©) 
Or (E, 6) ds (€, 6) 
“is 2 0g 


= 849 


ae k S(Zi42, ©), ¢C(Si42, 5) mponsBogupte 
CGS Oe 
ay sae HaXOJATCA MO MOMAHbIM ypaB- 
b= Ero em bi49 
2 sm S42 
HeHHaAM (9,1). Ilyrem nounennoro Aubdpepennuposanusa (9,1) no © Berauc- 
AAIOTCA BTOPble CMEMIAHHBIE NMPOH3BOAHbIE 


Ya A 
Pa, 6) 0s (E, 6) de (6. 6) 
GEOG Taek 4) TORR Pde CORAL Mire: 


i+2 pace Sey 


YIOMAHYTHE MPOHSBOAHBIC HeEOOXOAMMBL WIA OMpemenenuA npHOsH- 
MEHHBIX 3HAUeHHH CyHKOHH WM HX MePBHIX MpOUsBOAHBIX no © mpH 
& = £43. é 

AHaNOrn4HoO JIHHeapH3HPYIOTCA rpaHW4HBIe ycCAOBUA, TaK 4TO mpK6- 
AWKEHHOe TpaHu4yHOe ycoBHe ia yHKuHH F(Z, 6) Ha moBepxuocru 
HMeeT BHI 


OF (&, ¢ : 
Ae) ; uae GAN Opies ei 


C= 


fipu ykasaHHoM croco6e AHHeapH3alHH KaxK Oe U3 ypaBHeHHit 


PF (i490) §) OF (E49, 5) 
pa OH + OP Ege, YF Oy) =0 (5,2) 


HP PPAaHHYHbIX YCAOBHAX 


OF (&; 9» ¢) = 
ay eee es @,.(:42) + 0, (Ei+2) Fo, 


Fis2, 1) = Fo 


MOXKeT ObITh pelleHO He3aBHCHMO OT JPyrHx. 
| Bo3MO%KHbI HW Apyrve CMOCcOGb AMHeapu3salMH ypaBHeHHi mpu § = &40. 
OyHako yKa3aHHbIt cmoco6, MO3BO1AA MPOH3BOAMTb C ONpemesIeHHOu 
TOUHGOCTbIO 3AMCHY HeJIMHEHHBIX YPABHeHHH JIMHEHHbIMH, MIPHBOAUT K Ha- 
uOonee HpocToH CucTeMe HW MO9TOMY eMy C/leAyeT OTMATh MpeAMoUTeHHe. 
SAcHO, 4YTO Aa pacuyeTa MOrpaHH4HOrO COA MOCMEMOBATEbHBIM Tepe- 
XOOM OT mpamom §=& k mpamMon €= [41 B HanpaBJeHHH BOSpacTalollux 
3HayeHuh € HaM HY2KHO 3HATb BeMUMHDI 


oF (0, Sy) OF (EO) OPF(E, 6) | 


Br cae = Geo na ny eee im eee oh 


(6,2) 


E(O'%),, 


b] 


T. @, HeOOxoqUMO HaliTH pemleHne cucTempI (9,1) B AByX TOUKAaX =O 
§, =A B oxpectHoctu mepesHeli Kpomku. Ecan cdbyukyuu My (é) u Cy (5) 


1/2 
MOrYT ObITh NpeACTaBeHbI pawamu 10 cremeHam &/, TO mpH OCTATOUHO 
Maom A Takoe pellleHHe MOKeT ObiTb HaHMeHO C MOMOLIbIO pasiOKeHHA 
tT, OH C BOAM3M MepeaHeH KPOMKH B PADbI Clemyloulero Bua: | 


eee ebietag At | | 
o = (0) +o (pe 4+ o(E)-E+..., _ (2) 
cate CEP + OK) Et... | 
Mogcrapaaa psa (7,2) B ypaByenua (9,1) mp MaAELX € uw mpupas- 
uBad HYAIO KOIPPHUMEHTH! MPH OAMHAKOBHIX CTeMeHAX e'? 1IpHeM K 110- 
Ce OBATCAbHOCTH CHCTeEM OODIKHOBECHHHIX AnpdepenWWaIbublX ypaBHeHHH 
IIA OnpemeiteHHA KOIPPUUNEHTOB PAAOB Cig2): 


19 Becruux JlenunrpagcKoro yuusepentera, Ne 7, 1961 r. 
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0 0 0 ~ 3 
Ypapnenus, onpenersionme 7, o? wc, Heannefinpr u pemariorcs 


METONOM TIOCEROBATebHEIX NpHOAMAeHHH. OcTabHble ypaBHeHuA JMHeEH- 
HH. 
YnomanyTOMy B Hayane Naparpada yaCTHOMY CJy4alo COOTBETCTBYIOT 
2 =0, 3° =0, co 0 Hiway 
Tlpouspomnpre dyHKunh mo € npu §,=A caeayer onpezelaATb NO: 
TOUHHIM ypaBHeHusam (9,1) uMed 3HaueHHA yHKUMH HW UX MPOH3BOTHbIX. 
no C, BBYNCTeHHBIe pH &, =A c nOMOUbIO panos THMIAa (7,2). 

. TipH6am.KeHHbIe 3HaYeHHA PYHKUMA WH HX MPOH3BOAHBIX NO ¢, BbIuHC- 
senupie m0 (7,2) upu §, =A, AOM*KHBI ObITD HCIPAPJeHbI BOM3H NOBepx- 
Hoctu (C=0). JleficrpuTewbHO, eBbIe 4YacTH ypaBHeHHit (9,1), BHIUHCeH—# 
HBI€ Ha OCHOBAKHH YKa3aHHbIX MPHOWMKCHHBIX 3HAYeCHHH, OKA3SbIBaIOTCA 
He€PaBHBIMH Hy.110, B TO Bpe€MA Kak KOZSMDUMMEHTH! MPM MPOH3SBOAHBIX TO 
—E B lpaBhIX uacTax oO6paulaioTca Ha NOBepxHOCTH B HyJJb. TlostTomy 
HENOCpeNCTBEHHOe ONpemeteHHe MpousBORHIX no — npn ¢,—A uv C= O% 
OKa3hHBaeTCA HEBO3SMO2KHBIM. { 


oz (&, 0) 
Hcxona u3 yClOBHA CyUeCTBOBaHHA M HEMpepbIBHOCTH ——,-——, 
(0) | 0) . 3 * 
oe ui aie mph §€ =A, HeoOxoquMO UCHpaBHTb NPOH3BOTHHIe 


@ynkuui mo C-B COOTBeTCTBHH C TOYHBIMH YPpaBHCHHAMH HW PpaHHYHbIMH 
ycsosuamu (9,1) TakuM OOpa30M, 4TOOK JeBhIe YaCTH ypaBHeHHH OOpa— 
wWaiHch B HOJb npu F = 0. : 


B oxpectHoctu [=(Q 
c=) tp (EC, =) ap) oD ee (8,2) 
k=0 k=0 k=0 


BeAWUHHE! Tt = ty, 99 = Oy, Co Cy HAXORATCA pH §, = 2 C HOMOULBOM 
(7,2), a mpH §,—=nh (# >1)—c nomompwo (2,2). Dpanuunpe ycr0BHA 
Ha NOBEPXHOCTH NO3BOAKIOT HaliTH 7, 9,, ¢,. TlomcraBaaa page (8,2)| 
B ypaBHeHna (9,1) npu Maapix © un npHpaBHHBaa Hy1I0 KOapMunveHTHL 
Mp OAMHAKOBbIX cTemeHax ©, NOYYHM YyPaBHeHHa, CBASbIBAIOUIHe Tp (),\) 
op (E), ce (&) (Rk > 2) wu ux nponsBogune no &. ; . 

IlponsponHble m0 — MH BTOPbIe CMeUIaHHbI€ TPOM3BORHBIe OT HCKOMBIXfl 
@yHKuHH Ha NOBepxHocTH mpu €,=—A HaxomatTca, dbaKkTHYeCKH, MyTeM# 
PaCKPbITHA HeONpemeneHHOCTeH Bua , HeoOxofuMble 3HaueHHA MpO-& 
H3BONHHX NO © nopaakKa pple BToporo mpu §; =A w °=O onpenensiotcapp 
no (7,2). SHayenua npovssoqunx no © gaan E,—=nh (n>1) ul =Ce 
MOKHO HaXOMMTb C NOMOULbH dopmya (3,2). B o60nx cayuaax MBI Hai-§ 
mem kooddunnenTh pagos (8,2) npn crenex#axX © H MX NMpOM3BOAHHIe MCh 
€. Sarem 3HayeHua (YHKWNH H TepBot HM BTOPOH MpOw3BOAHEIX ucmpaB- fe 
JAtOTCA BOAM3H NOBepXxHOcTH nO (8,2), a mponsBonHHe no € npn CACE 
BHIYHCAAIOTCH HENOCPeACTBEHHO NO ypaBHeHuaM (9,1). i 

BpluncieHHe MpOvSBOAHEIX PyHKUHH t, o HC nO § npn €=§&; aBasetcsh 
3aBePIUalOulMM 9STaNOM BHIYHCICHHH pH 3TOM 3Ha4eHHH €, MO3BOMASIl 
nepeitu k pemeHHio ypaBHeHnit (9,1) npn §=§& +A. 

YpapueHHnA (5,2) sanHetHb. Pemenne coorpetTcrByouleli KpaeBol i 
3aauv CBOAHTCA K pelleHHio AByX 3anay Kou, ecaw nomoKuTh F=f 
=F, +Fof, Oyuxuny F, u FP, fOmKHBI yROBMeTBOPATL y paBHeHHAne 


ho PR BOO a, Gt ¢ | 
A oe eee (9.2 


O6 ofHoM merone pacuerta JaMHHapHOroO norpakMaHOrO cos 13k 


ae c) a ea at F, (E;, FiO (10,2) 
M HaYaJIbHHIM YCJOBHAM 
OF, (&;, = 
FG, 0)=0, Se 8| a6), 


” 


OF > (Ej, 
TAGs Cage art dae a = b(t). 


aa onpegzenenna <2 HCHOMb3YeTCA BTOpoe u3 ycuoBHh (6,2), cornacHo 


KOTOpOMy 
Fy = Cee oe UNSERE 
z him| Pu, 5 |: 


Touxa C=1 ana ypasnenui (9,2) u (10,2) apanetca oco6oH. Tlosromy 
NPpH YHCTEHHOM HHTerPpHPOBaHHH MPOMexXYyTOK H3MeHeHHA © oT O ZO 1 
caenyer pa30uTb Ha HECKOJbKO 4YacTell Cc pa3sHOH BemHUHHOH Wara A, 
YMeHbIUatoMleHCa MO Mepe TpHOHKeHHA K TOUKe C=]. 


§ 3. [aockaa naactunka. [ipumep pacueta 


YroObl NOYYHTh ypaBHeHHA, ONMCHIBaIOUlMe ABHXKeHHe CMeCH B NOr- 
PaHH4HOM CyIOe€ MiacTHHKY, Caenyer momoxuTb B (9,1) B=O0. OnnaKo 
AJA WNaCTHHKH Oosmee wWesmecooOpa3sHO BBeCTH NepemMeHHbIe KpoxKo, 
B KOTOPb\X ypaBHeEHHA NOrpaHH4yHoro COA MMeIOT BHT 


| O't O / pp } 
oz Ox Ese 


=Pwyly, (x, 1)=0 


oT ‘ dint , O A Pr (ep 1) 0c er 
Pea sala + ax arse See bu | ow 


age peu 
ee 1) Mo = Pr. nee (1,3) 


oT ges ee yy ‘ | ee 
ae _ ‘ : : pet a igs LL) bate 
Ou u=0 Pr, Cnw ~w Ou ae F C Ww ) Tay 
PSs, nee 
2c Olnc oO (in Sc) Oc op. de 
ou? la— SO 5, oe Ae es =. 
dc. | Sty 
5a ea ete ie Ge Aye 0. 
Oh 6 SCq: (1 cw) cw ( ) 


Bnech *— 6e3pa3sMepHoe TPeHHe, C—YeUbHaA KOHWEHTPanHA OxAakn- 
TeAA. ; 
Panbt (7,2) mpeAcrapasioT pa31oKeHHe HCKOMBIX dyHkunH no cTe- 


neHam V x: 
Soest ADI as Waa ria eo 
Ft OG FOV x TO) mars, (2,3) 
6 en) ee (aoe ce? (a) x. | 
ge 
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Tloncrapaaa (2,3) B (1,3) mpH Maqbix x H MIpHpaBHHBad Hy110 KOsppu- 
I[M@HTHI IPH OMMHAKOBDIX CTeMeHAX Vx, nonyuumM cuctemMy ypaBHeHnit 
AAA foe da Cc. 

Koasmunnext c (a) oTAM4eH OT TOXKAECTBEHHOTO HyAsa IpH ycao- 


BUH, YTO PwVy eet Mbt paccMaTpnBaTb 9TOT CayuaH He OyeM. 


Ec PwVy|,.9 — BEAMYHHa KOHe4HaA HIM HMeeT MOPATOK MeCHbIUHit, 


I 
ae, 

Vx 
OMpeMeeHHA AHATOPHYHbIX BeMYHH B MOrpaHHYHOM C.10e HeMpOHHae- 
MOH MOBEPXHOCTH. ne . 
BykeM CuuTatTb, 4TO KOSPPUUHEHTHL BAZKOCTH H TEMAOMPOBOAHOCTH 
CMeCH MOryT ObITb BbIpPaxeHbl POpMyamMu 


=P, (C)-pa + po (C)- 2, as. fe) 
h=@, (C)-Ar + Go (0)-ho + 953(C) VA. 


0 0 
yeM TO BbIDaxKeCHHA WIA {4 T° copmagaiot C BHIPakKeHHAMH AA 


(3,3) 


Tipeanowaran gaa mpocrotn, uto py~ 7, 4; ~T uv D~ T’, 6yeM MMCTB 

3aBucuMocTH uHvcea Pr uw Sc CMeCH AHUIb OT KOHUCHTPaHHH OxmadUuTe1A 
1 ( 1 

c. B 9TOM cayyae KO3sDUMMeHTH! PATOB (0) OP eed ompeAeaAwTcr 

y paBHeHHAMH: 


2t0) u (1) u (1) } 
Gate Ayia | 
at) 0) 4) 
du =(PwYw) » F |y.1=9, 
ar) 4 __ p,@) dint ar@ 0), & 7) 
es a Se * 705 
di te du alt ee tr og 
(0) (1) 
(0) 2 (1) | Pr aoe 
Bae ee Ue eon, Ee (1 pa) + B| Free 
(1) /4(0) (0) pO) 
eae (¢! wi ) ay dint) \ dr = (4,3) 
+(1—Pr’) rie Bee da oh dil 28 
aT x Cpe Pr? (c@0y)” Be ake i f ) T) = 
iP toi 20) ’ u= ’ 4 
ae) o), dint® adel 0) 2 (It) 
wg PASO iets = eaue ee 
du u=0 wy a , 


3necb A u B—noOcTOAHHbIC BEAHUHHDI, 34BUCAUIME OT NMPHPOAH BLyBae- | 
Moro ra3a HM rasa Haderaiomero noroKa. TlopepxHocTs upu oTcytTcTBuH | 
BLyBa pe ANOMaraeTCA TeMvON30.1MpOBaHHOH. 

Ypasyenna (4,3) 3aMeuaTeJIbHbl TCM, UTO MBI MOMKEM HaliTH CHepBa 

1 1 1 

c), sarem t") uw, nakonen, 7”, 

B KayecTBe MpHMepa paccMaTpHBaJCA MPH yKa3aHHbIX YCJIOBMAX paB- | 
HOMePpHHIH BAYB BOMOPOZa B BO3SAYIHDH NOrpaHvyHH cok. IIpouwne 
YCAOBMA ObIMM MPHHATHE Cie 1yIOULMMH: 


Lz OTBOK 


O6 ©AHOM Mertone 


T 


=o 


0; u=T (u ) 


T(01;u) 


Ppacueta JaMHtHapHore NOrpanHYHORO cCuwIOg 


~~ 


10u 
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et 2 al Z 
ho 1709-10 CM-cex ’ Hoy = 890-10 CM CeK’ 
“4 Kan iO pp pect Els 
hyp = 980-10 PE se hoo = 4160-10 cmM-cex-2pao ’ 
cM? 
D,=0,611 —_, 
ceK 
een I.cex® 
op = 0,139 es py = 0,00918 ~—F— , 
se = Kan 
Cp, = 0,239 “yYepad? Cpe = 3,40 2-epao” 
M, = 28,96, M,=2,016, 
Tiveals b=): 


bynxgun f° 4 7° moryr OnTh B3aTEI, HampuMep, u3 padorot. [6]. 
tf), T® wc yno6Hee npegctaBuTh B Bue 


{UY => — (opt)? -@, Te (588, 532 alan) ee 
= (0,650 485) - (pep). 


SasucumoctH O(), Y(u) u O(4) npegactaBrenbl Ha puHe. 1. 
aa (2w0y) = PyVy = 0,05 BelM4HHa wara A mo MepeMeHHOw 
=| x Opiaa B3ata paBHot 0,05. | 
3uauenua t, 7, nc npu E= VV x=A onpesensnauce c nomMompio (2,3). ff 
OTH wKe PYHKUMH MpH ¢=— 2h Oplnuw HaAeHbl B COOTBETCTBHH C MeTOZOM ff 
PeCWICHHA, H30%#KeHHbIM B § 2. | 
KpHBble, MOCTPOeHHbIe Ha plc. 2 H 3, COOTBeETCTBYHWT 3HaYeHHAM 
€=O0u €=0,1. 
IIpu cpapHeHun rpaduKxos dyukuni f(w) u T(u) npu €=0 u §=—0,1 ff 
HeEOOXOAMMO OTMeTHTb cyexyioulee. YMeHbINeCHHe BeHYHHB fy BeCbMa | 
He3Ha4dHTebHO. Haodopot, cHwxKeHHe TeMMepaTypbl moOBepxHocTH Ty | 
BeJIHKO, HECMOTPA Ha MaJIYIO BeJIHYHHY YeIbHOrO pacXoqa OXnaMUTeA. | 
Peskoe MaeHHe TeMMepaTyPbl NOBEPXHOCTH OOBACHHETCA BbICOKMM If 
SHAYCHHeEM YLCJIbHOH TEMMOCMKOCTH BOZOPONa. 
Takum oOOpasoM, 3a cueT BAyBa Maworo KOJHYeCTBa JerKoro ra3a, 
KOTOpOe HE MOXET HapyWIHTb YyCTOBHA CYMLeCTBOBaHHA JaMHHapHOro | 
pexkuMa, MOXKHO JOOHTBCA B3HAYHTeIbHOTO YMECHbINeHHA TemmepaTypbl & 
MOBEPXHOCTH, HO He MOBEPXHOCTHOrO TPeHHA. 
B 3aK10UeHHe OTMETHM, YTO PaCCMOTPeCHHHI BIE MeETOA pelleHHaA } 
MO3BONAeCT TaKKe PelIHTb 3afayy O JBHKeHHH CMeCH B MOrpaHHuHOM — 


CNO€ IPH PaBHOMCPHOM KOCOM B/yBe BeleCTBa Yepes MOPHCTY!O MOBepx- | 
HOCTDb. a ; 


Summary 


The laminar boundary-layer problem of the motion of binary mixture jf 
of gases with different physical properties is considered under arbitrary | 
free-stream velocity, normal to the wall injection velocity and also under fh 
arbitrary dependence of transport phenomena coefficients upon tempera- f 
ture and concentration. HT 


The system-of the two-dimensional boundary-layer equations is trans- fil 
formed to new variables. This system is equivalent with O (A%) on thelf 
characteristics €—const to the system of ordinary nonlinear differential @ 
equations which are linearized. | 


The solution of boundary-layer equations near the leading edge is} 
obtained by means of power series. 
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Crocco’s variables are used in the case of flat plate. An. example of 
calculation of laminar-boundary equations without pressure gradient and 
under the injection of hydrogen into the air is considered. 
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ACTPOHOMHA 


C. B.. Ppomor. 


K BOHPOCY OB ONPEEJIEHHH OBLUEFO! 3EMHOTO 
IJ JIMMNCOU TA 


§ 1. OOumA 3emHOH s1nKuNcOHn. E, 


Bo Bcex paccyxKeHHAX OyeM CUHTaTbh Sem.10 PperyAPH3HpOBaHHOH,. 
a MOSTOMY lO CAOBOM reouA O6yeM MOHUMATb reOHA pery.ApH3HpoBaH— 
HOH Seman. 

TIpupezem px yxKe H3BeECTHHIX ONpeemeHni. | 

VM3pecTHOo, BCAKHH YPOBeHHbIH 311uncoug EL, WeEHTp HHEPILHH KOTOPOTe | 
(OH 2%Ke H TeOMeTpHYeCKHH WeHTP) COBMagaeT C WEHTPOM HHEPUHH reonsa, 
OCb BpalleHud —C OCbIO BDpallleHHA reouga, a Macca M w yraoBan CKO- 
POCTb © PaBHbl COOTBeETCTBEHHO Macce H* yrAOBOH CKOpOCTH reoHsa, Ha- 
3bIBalOT YPOBCHHBIM Q/IVIMMCOMAOM, aOCOIOTHBIM OOpPa30M OPHeEHTHPOBaH— 
HBIM B Teme reonya. 

ToT a4HNCcONy H3 CeMelicTBa 31uNcOuLOB £, KOTOpHIH y4ue BCero 
mpewcraBaneT (urypy reougza B WeOM, Ha3blBaloT OOULHM 3eMHDbIM (HH 
TMwaHeTapHbIM) 3/JIHNCOHLOM. 

O6p4yHO 3a OOH 3eEMHOH 91aNNCONA Ey MpHHHMaloT TOT 3aHNCOHA 
M3 CeMeHCTBa 2/1HNCOKAOB £, AAA KOTOPOTO CYMMa KBapaTOB OHLYASWHE. 
MHHHM@IbHa, TO eCCTh HHTerpad 

= | Nae (1,1) 
o 
MHHUMaJeH. Secb yepes N o603HauaeM OHAYAANMIO B aHHOM TOUKe: 
MOBEPXHOCTH reonda. 

VMurerpaa (1,1) 6epetca no noBepxHoctu ¢o 32aunconna £. JlonycKas: 
MaJly10 OWWMOKY, MOXKHO 3a 9 IIPHHATh MOBEPXHOCTh cdepbl pagunyca R,, 
paBHOro CpeqHeMY pawHyCcy KPHBU3HHI samHMcoHAa FE. Ho B TaKkom cay- 
uae Mpolle 3a S NPHHATb MOBEPXHOCTh Ciepbl CAHHHUYHOTO paduyca, Tak 
Kak aOCOJOTHBIM pasMep MNOBEPXHOCTH Ha YCJIOBHE MHHHMYM@) HE OKaxer 
BJHAHHA. 

Vi3BecTHO, 4TO YCKOPEHHE CHIBI TAKECTH Y Ha MOBEPXHOCTH S/VIMI- 
conga E c goctarounoh TOUKOCTHIO MOXKer OblITh mpekcrapleno mopmy— 
ro Kaepo [1] 


Bs: 1= te(1 + B sin? ¢ — B, sin? 29), (1,2) 
ey e2 3 30243 Bwt ade? 
Yl (1 ne F5 earn ea (1,3) 
nm! e2 5o2gs e4 132a3¢2 l5w4aé 
aeons siz SM oh mea rae 4f2M2 ° (1,4) 
v wae 1} 
5w2a3e2 et 


By = 167M 38° (1,5) 
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-B @opmyaax (1,2)—(1,5) y, ecrh 3HayeHne YCKOPeHHA CHIBI TAXKECTH 
Ha 9KBaTOpe s1MNCONa Bpaulenua EL; Ml — Macca nocueguero, f — n0- 
CTOAHHAA HbIOTOHOBCKOPO TIPHTAXKeHHA; @ Hu € — HHA OoibMol Horyocu 
(QKBaTOPHaAbHO) HM NepBblli sKCIeHTpHCHTeT 2auNCcOonMa E; » — reorpa- 
@uyecKaA WMpOTa TOUKH MOBepxHOcTH saauNconsa EF: Ouin6xu jopmya 
(1,2)— (1,5) — Mampie BeAMYHHEI, uMewonue NOpAROK a, rae a — cKaTHE 
Ricaere IE; 


Ecam OO03Ha4HTh JWIMHY OonbUIOH MOyocH saaunconta E, vepes a, 
a KATHE ero Yepe3 a, re 


a=a-+ Aa, 
ay = 1 + A, 


TO A@ wu Aw nOMKHBI Sa Sea clexyloulel cucremMe ypaBHeHni [1]: 
veer 
ba+ % a(t ) =a Nae 
(1,6) 


Paat 1 5 tee 
Ape aa B (s)=aE Js sin? gds, 


rae ¢ — cepa eXHHHYHOrO paguyca, a © — reosesuuecKkad WHpOTa TOUKH 
NOBepXHOCTH reonwia c OHAyAAuHeEH N, oTCuHTHIBaeMOH OT TOBepXHOCTH: 
samunconna E(a, «). Bes yujep6a rounocrn B (1,6) reonesuueckyto WupoTy 
MOXKHO 34MCHHTb aCTPOHOMHYeCKOH WIMPOTOH ¢. 

Tak Kak pH nowyuyenun ypaBHenuit (1,6) or6pomenbt w1eHbl C KBad- 
paramu nompaBok Aa u Aa, To coBepmieHHO sCHO, 4TO ypaBHeHHa (1,6) 
Oyiyrt TeM TOUHee, YeM OnMKe BHIOPaHHbi samuncoun FE, onc_yaauun 
OTHOCHTebHO KOTOpOrO yuacTByloT B Popmyaax (1,6), kK aamunconrzy Ep. 
CnelyeT 3aMeTHTb, 4ToO B cTaTbe [1], OTKya B3ATbI ypaBHeHusa (1,6), Bo 
BTOPOM ypaBHeHHH MO BHHeE aBTOpa OKa3aIHCb HeBeEPHbIMH HeKOTOpbIe 
3HakKH. B jaHHOH 2#xe CTaTbe Mbl JaeM 3TH ypaBHeHHA B HCMpaBAeHHOM 
BH Le. 

Pemas cuctemy (1,6), MoxHO HalluCaTb CleyiouwNe BbIpPaKeHHA WIA 


HCKOMHIX TlompaBok Aad 4 ara 
| A (z|= — pMetias) d: i ; eT) 
sa — = [-2 [veda Nee (1,8) 
3necb Py u P, — NOAMHOMbI eng, ee H BTOpoH cremenen OTHO- 
cHTeIbHO sing, TO ectrh Py=1, a P, =z (8sin’¢ — 1). 


-§ 2. SemHoH 210nNCcOna Eg 


HM3BectTHOo, 4TO o6nmil 3€MHOM 2MNCOHA LOKeEM YOBIeTBOPATS 
ycnoBuio (1,1), HO BMecTO 9TOrO yCOBHA YacTO OepeTcA apyroe, CBOA~ 
MeeCd K TpeOOBaHHIO MHHHMYMa CYMMbI KBaypaTOB aHoMaJMH, T. e. MH- 
HUMYMa HHTerpasa 


J (Ag)*de, (2,1) 


me Ag=g—y,(1-+8sin’¢ — 3, oe) —aHOMaJIHA CHJbI TAKECTH B 
rOuKE MOBEpXHOCTH FeoHAa. 
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OrcyTcTBHe MHpOBOH TpaBHMeTPHYeCKOH CbEMKH, a CACLOBATebHO, 
‘HEBOSMOMKHOCT BbIYHCICHHA OHAYIAUHA BEIHyKAaeT ycnoBne (1,1) 3ame- 
HaTb ycrosHem (2,1). IIpx stom monaraioT, 4TO 3amMeHa ycaosna (1,1) 
yesosueM (2,1) MpH HaM4YHH MHPOBOH TpaBHMETPH4YeCKOH CbEMKK He 
OJKHA CYUECTBEHHO CKa3aTbCAd Ha OKOHYATeAbHOM pe3yJbTaTe. Ita 
MBICJIb BbICKa3aHa, HalipHmep, B UusBecTHoH pa6ote A. A. H3orosa [2] 
(crp. 161). JJoKa3arebcTBO %Ke 9TOrO YyTBepxKTeHHA HaM HE H3BeCTHO. 
TlostoMy B JaHHOH paOore MBI pelllHId paCCMOTpeTb BOMpOC O TOM, Kak 
-cKakeTca pa3inune ycrosuh (1,1) u (2,1) Ha pesyapraT onpexeneHua 
durypbl OOmero 3emHoro sauncousa Ep. é 

Boo6Oue ropopsx, 3ameHa ycoBua (1,1) ycnospuem (2,1) nomKHa npH- 
BeCTH K HHOMY pe3yabTaTy, TaK KaK (PYHKIMM, MHHAMYM KOTOPHIX MIpH- 
XOMHTCH OTHICKHBaTb, pa3saMyuHble. TlosTOMy HapsAAyY C OOUHM 3@MHBIM 
3AMNCOKLOM Ly paCCMOTPHM TOT 9/IMMCOHL, KOTOpHI uHTerpay (2,1) 
MOcTaBAAeT MMHMMYM. QTOT aiauncou_ OyfemM OOO3Ha¥aTb Ey. HcKompiit 
aununcoun Ey Oy eT SATMMCOHLOM, aOCOJIOTHBIM OOPa30M OPHeHTHpOBaH- 
HBIM B Tee reouga. IlocneaHee BbITeKaeT U3 CaMOH TeEOPHH MOCTPOeHHA 
pOPMYIbI JIA HOPMAIbHOrFO paciipemeaeHHA YCKOPeHHA CHIBI TAKECTH [2]. 

Hala 3afaua Temepb COCTOHT B TOM, YTOOB] HaHTH TaKHe 3Ha4YeHHA 
av e?(a), BxoxauiMe B BbIpaxenuaA (1,3), (1,4), (1,5), MpH kOTOpBIX HH- 
rerpaa (2,1) uMeeT MHHHMyM. 

Tak Kak KoaddpumnenT ~; Ma H Ca60 3aBHCHT OT H3MeCHEHHA @ Ht C?, 
TO MBI 6YfeM CYHTATb CFO HCH3MCHHHIM, & BapHallHH NOAMe«KAaT, C1eLO- 
BaTeJbHO, TOAbKO Ba MapamMeTpa { H B. t 

Jlubdepenuupysa (2,1) no y, H 8 H NpUpaBHHBad HY110 MpOu3BOHEIe, 
MOAY4HM ypaBHeHHa (2,2) aaa onpezenenuaA y. u B 9annNCOunA Eg. 
Tlapamerpp yj. u B aaa Ey O603HauMM Yepes yx, H B. 


J Agi, 8) (1 +B sin? — 8, sin? 2¢) ds = 0, 


SO on (2,2) 
J Ag(y., B) sin? eds = 0. 


Pewurb cuctemy (2,2) orHocurenbHO Y. HB He mpegxctasaaetca HaM | 
WesecooOpa3sHbiM, TaK Kak CaMH NapaMeTppi ve WB HaM He -HYyKHE. Ham i 
HYKHBI WapaMeTpbl @ Hi a 9AHNCOnAa Eg. llostomy IpeqcTaBHM CHadaaa h 
v~. wu 6 B Bue 

tess ee a 


B—=8 + 88, 


re ¥. 4 §—CoOOTBeTCTBYIOMHe MapaMeTPH, OTHOCAIMeCA K HEKOTOPOMY | 
aauuncouty F, 6auskomy kK Eg,a oy, u 53 — HeOOAbUINe NONPaBKH K HUM. | 
Pa3Aarad NOABHTerpabHble PYHKWHH B (2,2) B pA HM yRepxHBaA TOABKOW 
Mable HePBOrO NOPAAKa OTHOCHTeABHO Oy, H OB, MOAyYYHM CAemyloMyo ¥ 
-CHCTEMY YPaBHeEHMA AA ONpeseteHuA Oy, uw OB: | 


1 
tet F B= a, | Agds, 


fey 


3 
bret P= 4G, | Ae sin’ gdo. 


H 


BpegemM B ypaBHeHus (2,3) BMecTO mompaBoxK Sy, u 38 nonpaBKH K 
‘OOAbWOH NOAyocH suMnconAa E Ww K KBakpaTy 9KCeHTpHCHTeTa: 
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Alia sTOro BOCMOAb3yeMCA BEIPAxKeHHAMH (1,4) u (1,3). Dupepen- 


(uPyYA HX HM 3aMeHAA MuhepenuuarwW KOHCYHAIMH BeHUMHaMM, TOY 4uM 
TIPHOHKEHHO 


p= — 21, = As 8e?: 
- __ 15wta ba leeeas (2,4) 
aad par eee ew zx be : 


Be moActaBHM 68 wu 6y, B paBeHcTBa (2,3) Hu 3ameHaa de? yepes 
Ge 
— 2a76 (=). Nocie OTOPaCblBaHHA MaJIbIX BeJIMYHH MOMKEM HAaMMcaTb 


x aw. /1 a 
6a + 3 Sgceas | Agds =o, 
N aa” i 3a 3 es (2,5) 
da + 5 a. 4 in| Ag sin? eds. 
Pemaa cucremy (2,5), Haligem nonpapKn 6a wu 6 (=) 
edema 
(=) sane | Ag P, ds, 
(2,6) 


Ba = — go i ha Pideso Vig Prd 


fey 


§ 3. Cpapuenne opmbl vw pasmMepoB 3eMHbIX 9HNCOMAOB EL, u Eg 


IIpeqnoA0*xHM, 4TO H&M K3BECTHB! 3HAYCHHA YCKOPeHHA Y CHAbI TH- 
*KECTH BO BC€X TOUKAX MOBEPXHOCTH peryaApH3HpoBaHHOroO reonga. B ta- 
KOM CJly4ae MOMHO MOAYYHTS pasmO%KeHHe AHOMAIHH YCKOPeCHHA CHIBI 
TaxecTu Ag B pad m0 chepuyeckMM (*yHKILHAM 


Ag=g,+ en. (3,1) 
Tlomp3yicb pazom Croxca —Ilyanxape [4], Momwem HamucaTb aee 
a So En 
N= = = sae (3,2) 


Tlogcrapaasa (3,2) B paspenctsa (1,7) uw (1,8), a (3,1) B paBencrsa (2,6), 
Aerko yOexK 2aeMCa B TOM, 4TO 
Ne Ait Al 
Seah 
ul . (3,3) 
NMG =— 0d. 


Bauy Toro, 4ro ypaBHeHua (1,6), (2,0) mpHOamxKeHHbIe, 3HayeHHA 

k 
f. |: oa, A(z) u Aa, napaemple papenctsame (1,7), (1,8) u (2,6), Takxe 
NpPHOHK CHHbe. | 

Own6ku ypaBueHua (1,6) u (2,5) aBoAKH TO CBOeMy XapaKTepy: 
OHH H3 HUX IIPONMOPUHOHAAbHBI pasHUHBIM CTeMeHAM CaMHX HCKOMBIX 
NompaBOK, a Apyrve %Ke He 3aBHCHT OT BeHYHHbI 9THX MOMPaBOK HAM 
34BHUCAT OYCHb C1a00. | 

OueBuAHO, MepBble OIMOKH MOXKHO ChelaTb CKOb YFOAHO MaJbIMA 
COOTRETCTBYIOUIMM BHOOPOM a, & HCXOAHOFO B1AKMMCOKAAa Es 
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Bropbie OWMOKH OCTAaIOTCA NpakTHUeCKH NOCTOAHHBIMH. OHH H Ompe- 
MeATIOT Pa3sIHUHe WapaMeTPOB Qpy, % 21AHMCOHAAa Ey U COOTBETCTBYIONLUX 


napaMeTpOB 9/1IMNCOKa Eg (a, a). ITH OWHOKH HMEIOT BUI 
a | NP,ds, 8, | Ag Pyds. 


OHM MOrYT JaTb pa3qHuve B jIMHax OombuINX Moayocef Ey, u Eg ZO 
10 cm, a pa3iMune B 3HaMeHaTeAAX MpoOeH, KOTOPbIMA BbiparxKaloTcA | 
caxatua E, uv Eg, no 0,001. | 

Korga Ke @, @ HCxOgHOrO 24AuMCONAAa E BHIOpaHbl 3HAYHTEABHO OTJIH- 
ualOlUMMUCA OT COOTBeTCTBYIOIWHX NapametTpoB Ey, u Eg, TO TaBHbIMH 
owH6KaMu ypaBHennii (1,6) u (2,5) 6yaqyT OwH6KH NepBoro BHAA. Hanpu- 
mep, mpu |4a|~300 

| (2) 
a 


owu6kKu pasencTB (3,3) 6ynyT cooTBercrBeHHO 0.01—0.02 nu 1—2 «. 
Ycaosua (3,4), mO-BHAMMOMY, erKO BbINOJHHMBI. TlostTomy axe 6e3 
TIPHM€HEHHA MpOwecca MOCcTeZOBaTeAbHOrO TIpHOIHKeHHA NPakKTHYeCKH 


NOAyYaeMble NWapaMeTPhl Ay KW QA MOMKHbI OTAMYATHCA Apyr OT Apyra He 
l 

Gonee, em Ha 1— 2°, a = na 0.01 — 0.02. 4 
0 a 


=~ (3,4) 


Ha OCHOBaHHM BHILNeCKa3aHHOrO MBI MO2#KeM ycaoBue (1,1) 3aMeHATD | 
yenosuem (2,1). Sta 3amena ycaosnit (1,1) Ha (2,1) He mpHBemeT kK cymle- 
CTBEHHO HOBHIM pesybTataM. QuiuncowAbl Ey u Ey MO2KHO CUMTATb Ipak- 
THYeECKH COBMaWaloulHMH. 

PaccMOTpHM B KaueCTBe HOATBEPKTCHHA BBIMMCMOAYYCHHHIX Pe3syAb- | 
TaToB npumep. IIpeanono%#xHM, 4TO CHJla TA2KeECTH QB Ha MOBEPXHOCTH - 
per yJADH3HPOBaHHOTO TeOHAa MpeAcTaBAeTCA B BHZE pa3lOx#KeHHA, MaH- | 
Horo HM. Jl. 2Konroaosnyem [3] (neppy BapuaHTt). B KayecTBe HCXOJHOH 
WopMy.1bl IA HOPMAAbHOTO pacnpeweeHHA YCKOPeHHA CHIBI TAXKECTH 
BO3bMeM opMyvly KaccuHuca 


1 = 978.049 (1 +. 0.0052 884 sin? ¢ —0.0000059 sin? 2¢), 
WAH B APyrOM BHJTe 
{= 979 769.98 + 3445.96 P, + 5.28 P, 2a. 
B TakOM Cayuae aHOMaJIHA CHB TAXKeCTH 
Ag=5.52—8.59P,+... B M2a. 


Otcwya cormacHo (2,6) nozyyaem npH6anxeHHO a (— =-—1.16, a sa=m 
= +10 wm, T. e. a-! ana SnaHNCcoNnzA E, (Eg) paBHo 295.84. 
B pesyiprare pemeHua ypaBHenna (1,7), (1,8) wan (2,6) Mbt HaxouM 


1 
nonpaBku A Ge H Aa, Ileppaa nonpaBka NO3BOAKeT peUIHTbh BOMpoc oO 


cpopme oOulero 3eMHOTO aauNcouga. 3HanHe xe Aad He NO3BOReT HaM 
ele HalTH OOAbIyIO NoOyoch saHnconga Fo. JleicrsuTrerbHo, B3AB 
KaKy1l0-TO SopMy.ly JA HOPMatbHOrO pacnpeseeHHA yCKOpeHHA CHIBI | 
TAXKECTH 3a HCXOMHY1IO, Mbl Cpasy, NO Teopeme K.vlepo, HaxOUM CxHKATHE & 
Toro aaiunconga E, KOTOpOMy cooTBeTcTByeT JaHHad @opmysa. Pasmep 
2TOFO d1HNCONMa (2) OCTaeTCA HAM HEH3BECTEH C HY2KHOM TOUHOCTHIO, TAK 
Kak 110 Y. MOKHO H3 (1,3) HaliTH @ TOABKO MPH TOUHOM 3haHHH BeanuHHE [M. 
TlocmeqHee 2%Ke TPOH3BeeHNe H3BECTHO HAM C OTHOCHTeABHOM OWIMOKOM 
oxon0 + 0.001. Sro nponsBeneHne M3 OAHUX TpaBUMeTPHYeCKHX H3Me-_ 
peHHA NoAyYNTh HeTb3A, HEOOXOAHMO MPHBIeUeHHe APyrHx Uu3MepeHHA, 
HanpHMep acTPOHOMO-reOe3H4eCKHX. 
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Summary 


It has been shown that the Earth’s level ellipsoid determined by the 
-ondition i (Ag)ds min practically coincides in figure and size with 


he World's spheroid. 
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B. A. Jlom6posckne 


PACNPEEJIEHHE 3BE3/, MbIJIEBOM MATEPHH 
HW ME)K3BE3J.HOM NOJISPH3AUHH B JIEBEE 


B pa6ore [1] 65110 u3syyeHO pacnpesenenne 3Be31, NbINeBOH MaTepuH 
WU M@K3BE32HOH NOAAPH3aNNH Aan OOmacTH ABOMHOTO CKONMeHHA YX Hu 
Tiepces. Tam 2xe ObI0 NPH3HaHO HOe3HbIM MPOH3BeECTH aHa/JIOrH4Hb 
aHaJH3 WH iA KaKOH-1MO00 ppyroH OOnacTH C CyWieCTBeEHHO HHbIM, 4YeM> 
Bp Tlepcee, xapakTepoM novapu3sauuH. B kayuecTtse TakoH OOnacTH HaMy 
6blla BbIOpaHa O6nacTb B JileOene, OXBaATHIBAalOWlad HHTeEPBal MpAMBIX BOC- 
xougenni or 19°52" no 20°20" npn cKNOHeHHAX B Hpemenax oT 34.5 TO 
38°.0 w MHTepBad npaMBIX BOCXxOKFeHHA oT 20°04" no 20°32" npu cKon-. 
e@HWAX B Mpenedax oT 38.0 no 41°.5. Tpannubl o62acTH OTMe4eHbI Ha 
cororpadun aToro pahona HeOa, NpHBeeHHOHM Ha pue. 1. 

Sra oOsacTb H3BeECTHAa CKONACHHEM 3Be3 CBePXrHraHTOB paHHUXx 
CNE€KTPaJbHbIX THNOB, B TOM 4nCe 3Be3q Tuna O, WR, Be, o6pa3ytominx, | 
cormacHO NOCJeAHUM HCCICAOBAHHAM, PAX NpocTpaHCTBeHHHX Tpynnupo- | 
BOK. B o6macTH HaXOMMTCA HECKOJIbKO OTKPHITHIX 3Be3/HBIX CKONIeCHHH 
MV O6Obm0e KOMHYeCTBO JBOHHBIX HW KPaTHBIX 3Be32. Hakouen, O6aCTb. 
pacnomoxeHa BOaN3H pasBHKH Maeunoro IlytuH uw xXapakTepu3yerTca 
Kpaine HepaBHOMepHbIM pacnpeweieHHeM Norsomaioulel mMatTepuu, Bce 
aro femaeT €e BeCbMa YHOOHOH Daa NpeaNpHHATOFO HCCeROBaHHA. 

B npowiom 97Ta OOacTh CAYXMIa MPCAMETOM H3YYeCHHA JIA MHOPHX. 
uccieqoBaTeieh, Onaronqapa uemMy celyuac Haliv MpeycTaBeHHA O Hel 
OTHOCHTebHO OOee NOMHbI, YEM O MHOPHX Apyrux o6smacTax Heba. . 

a) CBoRKa HAOMWMATeCAbHEX RAHHHX. TlomapnMeTpHyecKkoes 
uccsmeqoBpanve 3Be3q B JIleOeme C UCNOAb3OBAaHHEM MOTOIMeKTPH4eCKOH 
MeTOANKK HaOIOZeHHH MbI MpOBOANAM eTOM H OCeHbIO 1953 roga. Pee 
3YAbTAaThl 9THX HAOJOMCHHH BKAIOUCHBI B Halll KaTaOr NOAAPMMeETPHYeCKUXD 
na6soneHHh 3Be3q [2]. Tlonapusauna MHOrHX 3Be3R RaHHOH O6macTHye 
(orosmeKTPHYeCKH ONpemenena XuabTHepom |3—6], a Takxe Xoan0M Ul 
Muxeseanom [7]. B pesyaprare sBcex 9THX onpeqeaeHHi nonapnsaio 
ceHuac MOMKHO CYHTATb H3BeECTHOK aa 196 3Be3q sTOH OG6macTu. CmncoKse 
2THX 3Be3/, BMeCTe C BbIBeEACHHOH AA HHX NOMApHsalHeA HW HEKOTOPHIMWME 
APYTMMH JaHHbIMH NpHBemeH B Tabane. am | 

B neppom croj6me 9sTOH TaGHUbI NpHBeeHbI NOpAAKOBLIeC HOMEpal 
3pe3q. Pumckwe UH@pbl cemyioue 3a 38THMH HOMepaMH O6O3HAaUAalIOI 
npOCcTpaHcTBeHHy!O TPyNMHPOBKy, K KOTOPOA OTHECeHa HAMM 3Be3za. it 

Bo sropom crouOue MpHBeseHbl HOMepa 3Be3—q NO KaTanoram TeHppil 
Jipsnepa (HD) nan Bonuckoro o603penna He6a (BD); ana 3Be3n, oTcyTs 
CTBYIOUWMX B OOOHX BTHX KaTaorax, NPHBeAeHBI HX 9KBaTOPHaabHHElh 
KOOPAMHATH, OTHECeHHHIe K 1900 r. 

B TpeTbem MW YeTBePTOM CTONOMaX TaHbl rawakTH¥eCKHe KOOPAHHaTbhe 
BHIMHCCHHBIe NO TaOHuWaM Oascona. 


Pacnpe SHHE 3B . 
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me “ace ee NOM€MeHbl MOAYJIM paccrosHHi 20 3Be34. Onn,. 
a ee ee 2, CHB H3 BUAMMBIX BH3YaJIbHbIX BeJIMUHH, HCMPaBJeHHbIX 
PIOWLCHHE, MH AOCOJIOTHBIX Be3YaJIbHbIX BeEAHUHH. B Ka-- 

TECTBE BHAMMBIX BH3yabHBIX BeHYMH JIA ITOFO HCNOMb3OBaAMCh BeAU- 
“a 4 B cucteme (U, B, V) u3 dotosmexTpuyeckux onpenejeHHH XuAbT-- 
pieertee ZK OHCOHa [8] u Xappuca [9], a rakxe peanuunn /Puv 13 dboto-- 
€CKUX OnpeneteHHi Poman [10] u Haccay u Xappuea [11]. Tax: 

kak BeMuMHb! /PU OKa3zaHCb CUCTEMATHYCCKH, XOTA H He CHAbHO, OTAH- 
YalOIMMUCA OT BeanuNMH V, OHH ObIIM peyNMpOBaHH K TOCTeAHMM,. 


Puc. 1. Pororpadusa uccneqyemouw o6mactTu. 


MNOJYYCHHBIM H3 ONnpesetenHH XuapTHepa. Jia Tex 3Be3q, WIA KOTOPbIX 
He OblIO TOUHBIX POTOI.1EKTPHYeCKHX ONPeAeAeHHH, HCNOMb3OBAINCb BU3Y- 
@IbHBIe BeAMYHHEE U3 TappapAcKux KaTasiOroB WK BeAMUBHEI B Tappapyz- 
CKOH BU3YaIbHOH Wkare U3 AHPHepenUNabHbIX POTOSIEKIPHYECKKX OMpe- 
Wenenuh Cre66unca, Xad@depa u Burdopgza [12] u Koza u Burdhopgza [13], 
a B OTIGJbHBIX CAy4aAX H pasviM4Hble jpyrue onpegenenun. Bce atu 
onpeneweHHa Obl peyUMPOBaHbI K CHCcTeme BeauHunH V. Tlormonmenne 
IPH BbIBOLe MOAyAeH paccTOAHHH Opanoch H3 CeAbMOrO CTONOMNa 3TOH xe 
TAOJHIbI, 2 AOCOMIOTHDIE BH3YAIbHbIC BeJHUMHbI NOTYYAANC M3 KAaCCOB 
CBETHMOCTH COrmacHO HX KaJHOPOBKe, BbINOJHeEHHOH B ACTPOHOMHUeCKOH 
o6cepparopun JlennxrpagcKoro yxreepcuteta. B Tex cayyuaAx, Korga 
B CNeKTpabHOH kKJacCHDUKANHH CBETHMOCTH ObMIM OXapakTepH30BaHbi 
JIHUIb nepdukcaMuH d, g, C, 3Be31aM MPHNMChIBATHCb COOTBETCTBEHHO KAaCCHI 
cperumoctH V, Ill, |]. B HekoTopbix cayyaax MOMYAM PaCCTOAHHA MOAY YeHbI 
Ha OCHOBAaHHH TPHrOHOMeTPHYeCKHX ONpememenHH mapatnakcosB. Heyse- 
PpeHHO onpeneneHHbIe MOJYIH OTMeYeHH ABYMSH JOUKaMH. B ckKOOKax 
NOME€WCHBI MOLY, OMCHEHHBIE KOCBEHHO: HCXOJA H3 BEPOATHOM NpHHat- 
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JI@KHOCTH 3Be3/ibl K TOM HAH HHOH MpOCTPpaHCTBeHHOM TPYMAHpOBKe HW/IK 
3 BeIMYHHbI M@xK3BE3NHOrO MOTAOULeHHA MPH yyeTe yKa3aHHA Ha CBeTH- 
MOCTb.H T. TI. 

B wectoM: ctromOue MOMeIWICHD TPHHATHI€ CHeEKTPaIbHbIe KAACCHI. | 
B 60,bluiHHCTBe C1y4aeB HCHOb3OBaIMCh cuctemMpsl MK wu MKK.* Hectou- | 
HHKOM JIA IIPHHATHIX CHEKTPANbHBIX KVIaCCOB C/yKW/IM WMpexkle BCero 
ONPeACeHHA, BBIMOAHEHHbIe M0 1e7eBbIM CeKTporpaMMaM XubTHepoM [6], 
Mopranom [8, 9, 13, 14] a Poman [10]. B Hekoroppix’ c1y4yaaX HCHOMb- 
30BaIHCb ‘aHHble KaTaora ayyeBbix cKopocteH Buancona. IIpun orcyt- 
CTBHH Klaccudukaluv, BbEIMOHEHHOH 10 UleeBHM CIe€KTpOrpaMMaM, 
HCNOAb3OBaIHCh pe3ybTaThl KaCCHUKaUHH OeculeeBbIX CMeKTPpOrpaMM 
u3 paOot: Hymeposon [15], Mxcanopa [16], Annepa [17], Haccay u Mak 
Pes [18] u Lanena [19]. Kaaccht cBeTHMOCTH B 3THX CAydaHX OOBIMHO 
ONPeMeIAIHCb HEYBEPEHHO H MOTOMY CONPOBOKAatwTcaA ABYMA TOUKAMH. 
B page cryyaeB Avid YTOUHEHHA CBETHMOCTeH HCHOb30BaIHCh cCuncKH OB 
3Be3, Haccay u Moprana [20] u Haccay u Fappuca [21]. Jaa HeKoToppix 
3Be3. CNEKTPaJIbHbIe KaCCbl H K1aCCbl CBETHMOCTH ObIIM ONPeAeIeHbI WK — 
YTOUHECHbI HAMM H3 CHHMKOB C OOBEKTHBHOL MPH3MOH, Oy YeHHbIX B Kpbim- 
CKOH acTpomusnyeckon OOCepBaTOpHH. 3 

CenbMof cTo16en comepxkuT HaHeHHOe HaMH 110 WBeTOBRIM H30bIT- 
KaM M@2K3Be3HOe MOrmoureHHe. Jina ero ONpeAeeCHHA HCMOAb30BaIHCb 
MOUTH UCKJIOUHTEAbHO (OTOSTeKTpHYeCKHe H3MeEPeHHA UBETOB 3Be3 | 
B cucremMe B—V us pa6or Xuaptuepa [6], J}koncona wu Moprana [8], 
Mopraua u Tappuca [9], B cucreme »%xe C,—us3 pador Cre66uHca, Xap- | 
cbepa u Burdopaza [12], Moprana, Kona u Burtdopgza [13], Poman [10], | 
IIonnepa [22] m B HeMHOrHX CAyuaHx MOTORTeEKTpHYeCKHe H3MePeHHA } 
Hukowopa B ero cucteme [23]. IIpu orcytcrBHu @OTos1eKTPHYeCKHX 3 
H3MepeHHH MOKasaTeeH WBeTa HCNOMb30BaIuCh choTOrpaduyeckue onpe- 
ACeCHNA KPaCHbIX NOKasaTeveH wBeTa u3 paboT Hymeposott [15], Uxca- 
HoBa [16], AnKepa [17] u Haccay u Max Pea [18]. Hopmaapupie noKka3a- } 
Te WBeTa Ia cucrem B—V u C, 6paancb v3 ‘TAOAMIE, COCTaBeHHOR | 
Ha OCHOBaHHH ONpeeieHHH, BbIMOJIHCHHBIX B ACTPOHOMHYeCKOH OOcepBa- # 
TopHuH JleHuurpasnckoro yHuBepcuteta. Jin nepexoa OT HM36bITKOB IBeTa 
K TIOJHOMY NOMIOWeHHIO MPH HCMOAb30BaHHH CHcTemM B—V u C, Opaancb 
OObIUHbIe KOaPMuNNeHTHI Nepexofa, PaBHbIe COOTBeTCTBeHHO 3.0 u 6.1. % 
Jia PoTOKpacHbIX NOKa3aTeeH BETA HOPMaJIbHbIe UBeTa H KOIPMHUMEHTHI 
MepexoOfa OT CeeCKTHBHOFO K MOMHOMY MNOPOUWleHHIO Opamucb u3 pabor 
Haccay u Max Pes [24| u Hxcanospa [25]. J]ua 3pe3q c OO1bIIMMH WBe- 
TOBbIMH H3ObITKaMH IIPH Mepexoge K MOHOMY MOPIOULCHHIO MBI BBOAMAM 
NompaBKy Ha OCHOBaHuN pacueToB BuanKo [26]. HeyBpepexuo onpemeaen- $ 
HbIC 3HAYEHHA MOPOMWCHHA OTMeYeHH] ABYMA TOUKaMH. B pame cuyyaes, J 
KOra HOPIONLCHHE HeIb3H ObLIO BEIBECTH H3 IBETOBbIX H3OBITKOB, HO JIA 2h 
3Be3/IbI Ob USBECTCH MOAYJAb PaCCTOAHHA, H JA O61aCTH, B KOTOPOH Ona # 
HaXOMUTCA, OblNO H3BECTHO pacmpenereHHe NOrsouaioulel MaTepuH, et | 
IIPHHMCHIBAOCh MOLIOUWLeHHE, BEIBOMHMOe HCXOJA U3 Ce MpOCTpaHCTBeHHOLO | 
PacnOMOKeHHA. OTH SHAYCHHA MOPTOULCHHA 3aKJIIOURCHBE B CKOOKH. 

B BOCbMOM H @BATOM CTO1ONaX MpHBexeHa BbIBeeHHad H3 yKa3auH- | 
HBIX BbIINe HCTOUHHKOB NOAPH3aWWA — CTEMCHb NOMAPH3ANUH, BbIpaxkeHHaa | 
B MpOWeHTaX, H MOSHUHOHHBIM yrO.I MIOCKOCTH TIPCHMYUWECTBEHHBIX KOwe- § 
OaHHA 9eKTPUYeCKOrO BeKTOPA B LranakTHyecKkoH cucTeme Koopsunar. } 
Suaveuna yrioBw XuibTHepa Opin yBetuyeHbI Ha 4° wad MpuBesenna ux | 
B Corjacve C OCTaIbHBIMH OnpeweieHuaMH. [1px HeCKOABKHX Ompesene- | 
HHAX NOWAPHSANHH [it OHOH 3Be3bl CH OOBIYHO MPHMHCHIBaaCh MOMA- § 
PU3zalWA, NOAVNECHNAA Kak NpOCTOe CpeHee H3 OTACAbHBIX: ONPemeneHHi. | 
HeypepenHuble 3HaueHH OTMeYeHbI ABYMA TOUKAMH. 
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152 B. A. HomOpoeckut 


Ilonapu3saluna Wid BCeX 3Be3f, OO6aCTH NO JaHHbIM BOCbMOrO H eBA- 
TOrO CTOMONOB TAaO/JMNbI U306paxeHa OOBIMHBIM MYTeM Ha puc. 2. 

B jecaTOM cTo6ue aHO OTHOWeHHe NOMApHsalNH, BbIPa2KeHHOH B: 
Am, K NOAHOMY BH3yaIbHOMYy MOrsOULeHHtO. 

OnMHHaaaTEH cromOen oTBesqeH NO, WpHMeyanua. 3yecb WaHbl pa3- 
JIMYHbIC OOOSHAYeCHHA 3Be3, B YACTHOCTH OTMC4YEHEI JBOHMHbIC 3Be3bI M10. 
Katanory Alirkena (ADS) u nepemenupie coracHo O6ulemy Karamory me- | 
PeMeHHEIX 3Be3q (OKII3). Saecb xe NpHBeMeHbI yKasaHuaA Ha MpHHaaiex- A 
HOCTb 3Be3, K CKONJeHHAM. Homepa 3Be3 B CkonMeHHH NGC 6913 yanpt 


+38° 


20 32" 28 


+35° 


20°20" 16” Vi OB "04 20"00"~ §=5E™ tg"sem 


Puc. 2. MNoaspusauna cpeta 3Be3q B O6macTH Jle6ens. 


cormacHo Llyry [27]. Homepa 3Be3 B CKONMeHHM, M3BeECTHOM Kak Jle6e nb 
VI, MaHbt cormacHo Mionxy u Moprany [28]. Cxonaenan 5B, u B, ompe- 
ACMEHbL COrmacHo paboTte AmOapuymana u Mapxapsana [29], a cKonmenne 
C, coriacHo pa6ore Hymeposott [30]. OguaKo PeaIbHOCTb CYyIeCTBOBaHUs 
ABYX MOCeMHUX CKOMICHHH MO OOCTOATeIbCTBAM, OObACHACMBIM HaMH ” 
HWKE, CTaBUTCA MOA COMHeHHe. Kpome Toro, B S3TOM 2xe cTOm6Ne npuBe- } 
ACnbl MaHHble OO U3MePeHHAX TPHPOHOMETPHYECKHX MapaaKcOB COrsacHo. 
oOulemy KatTanory JKeHKuHCa, 06 onpemeneHuaX HHAaMMUeCKUX napaJ- 
AaKCOB HO KatTanory AlfiTkeHa u HeKOTOpHIe Apyrue 3ameuanua. 1 
6) IIpocrpauctBeHHoe pacnpememenue 3Be32 UH OHaAe- 
BOK, NOrmomatmeh cBet, Matepuu. Cormacno COBPe€MEHHBIM IIpes- 
CTABCHHAM O CIMPadbHOK CTpyKType PanakTuku, u3yyaemMad HaMU O6aacTD 
B JleOene sexUT B HanpaBeHuu MPHMePHO COBMaalouleM C HalpaBuie- 
HHEM OCH CHMPaNbHOrO TawakTHYeCKOrO pyKaBa, comepxamlero Cosnue. 
Sta Ob6NacTb Gorata 3Be3qaMu, KOTOPbIe, NO BC€M J@HHBIM, DOJ KHBI OBITB. 


Pacnpegesenne 3Be34, lbIeBoll MaTe€pHH H MeC7K3Be32HOH nOuApHsauun B Jle6ene 153 


TPWSHaHbl MOJOABIMH 3Be3qamMu. AMOapuymaH uv MapKapan B 1949 rowly 
Hamu [29], uro Bce 9TH 3Be3mHI COCTABIAIOT O-accomwalnio, o603Ha4eH- 
Hy! HMM kak JleOegp I. Onn onpeseauau, uro ona TeKUT BAOIb raiaKk- 


THYECKOTO SKBATOPa MEX Ly Lomroramu 39.5 u 45° c npoTsx*KeHHOCTHIO HO 
mupote oko0 2°. Monyab paccrosnua acconmamun uMu OBI IIPHHAT paB- 


HbIM LQ. 2 WTO TIIPHBeO K AHHeEHHOMY pa3Mepy acconnvanuu 10040 ne. 
B xkayecTBe sep acconuayuu onn yKa3sain cKonmenHue NGC 6871, 
NGC 6883, IC 4996 u aBa BHOBD OOHapyxXeHHHe CKONAeHUA B, u B,. OgnaKxo 
HaOMOMaTeAbHBI MaTepual, KOTOPEIM pacnoaaraau AmOapuymMan un Map- 
Kapa, OblI ABHO HeOcTaTOUeH AA CKOMBKO-HUOY Lb yBepeHHoro onpe- 
ACHCHMA XapakTepuCTHK accouManun. BnocaecTBHH BOMpocoM oO mpo- 
CTPaHCTBCHHBIX PPyNNNPOBKaXx 3Be3q B BTOH OOmacTH Jle6ena 3aHuMasocD. 
MHOrO apropos [10, 11, 14, 30, 31]. B pesyunrare stux pa6or pe ACTa B- 
JACTCH HECOMHCHHBIM CYUICCTBOBAHHE 3ACCb HECKOJIDKUX MPOCTPaHCTBeHHBIX 
PPyNMHPOBOK TOpAYHX 3Be3q. OAHAKO OHH B pasHbIX padotax OKa3aaHcD. 
ONPeAeJCHHBIMH 3aMeTHO NO-pa3HoMy. 

B o6aacru Jle6ena s3aperucrpHpoBaHo 6obW0e KOmMUeCTBO OTKPH- 
THIX 3BC3THBIX CKONJICHHH, 4 HMeHHO CKONeHuA: NGC 6871, NGC 6883, 
NGC 6910, NGC 6913, IC 1311, IC 4996 Cr 419, Cr 421 u wenaBHo 06- 
HapyxXeHHbe CKomeHuA B,, B, un C,. OnaKo BeHuMHE paccTrosHuh 20 
STUX CKOIICHHH, NOAYYCHHbI€ Pa3HbIMH ABTOPaMH, MMOXO Coraacylorca 
Apyr C ApyroM. STO co3saeT U3BeCTHYIO HEOMPeeeHHOCTh B BEIACHeHUN 
CBA3M CKONMICHHH CO 3Be3HBIMH aCCONHalvaMH. 

SBe3Ibl, IPHBeLeHHbIe B TaOAMMe, KOTOPHe JexaT B OCHOBe HacTos- 
mero PacCMOTPeHHA, BOOOMLE TOBOPA, He MOTYT CJlyxKUTb MaTepHaoM mas 
KaKMX-MOO CTATHCTHYCCKUX 3aKJIOYCHHH O MpocrpaHCTBeHHOM pacipese- 
JI@HUM 3Be3q. OWHAaKO B 9TOL TAGTHMe HAXOLUTCA GOMBINOe KOAMYECTBO paH- 
HUX 3Be3J, BbICOKOM CBETHMOCTH — OOBEKTOB, OGHIYHO UCMOAb3YeMBIX VIA 
BHIABAeHHA O-accommalui, A KOTOPHIX HAMM C 6OMbIMOM THLaTebHOCTHIO: 
M B OMHOPOAHOM CUCTeMe BHIBEeCHbI AOCOMIOTHBIC BEMUHHbI UW Me@K3Be3I- 
HOe€ NOTIOULECHHe VU JIA KOTOPHIX, CJICAOBATebHO, MOMKHO CUMTATH WocTa- 
TOUHO HafexXHO OMpeeeHHbIM HM UX MPOCTpaHcTBeHHOe pacuomoKeHne. 
Bee sTO co3qaeT OarompHATHbIe MPeAMOCHIIKH B UCHOb30BaHHM MaTe- 
pana Halle TaOIHUbI DIA MPOBePKH 3aKAIOVeHHH O MPOCTPaHCTBeEHHbIX 
PpynmMpoBKax ropayuux 3Be3q4— O-accomnauuax —B 3TOH OOmacTH HeOa. 
IIpH 9TOM, KaxkeTCs, HHYTO He WaeT OCHOBAHHH O#KULATb, ITO B Pesy.b- 
TaTe C@JICKTHBHOCTH MaTepHada TaO/JMUbI MbI HAMeTHM JOXKHbIC, B Lelicr- 
BUTeCJIbHOCTH He CYINECTBYIOUIHe, MPOCTPaHCTBeHHble PpyNMHpOBKH TrOpAUUXx 
SBe3 I. 

IIpu mpopemzenuu 9gTOro HCCIeCOBAHHA HAMM BCA OOMACTh Oba pa3s- 
6uTa Ha PAR MMOWALOK, B OCHOBHOM CJlefyaA BHAUMBIM CryUeCHHAM 3Be3/, 
no Konpwosy [31], 1 B HHxX paccMOTpeHO pacmpememeHHe BCeX PaHHHX 
3Be3 U3 TaOMHIbI NO MOAysaIO paccrosHuA. TlomoOHOe paccMOTpeHHe NO- 
Ka3aiO HaJIM4He ABHO BbIPaXKCHHOH TeHJeCHUMM K CrYUleCHHAM 3Be32 IPH 
HEKOTOPHIX 3HAYUeCHHAX MONYIeH, BOOOWE TOBOPA, Pas/IM4HbIX B Pa3HBIX 
miomankax. B KayecrBe mpuMepa Ha puc. 3 npuBeseHa PuCcTOrpaMma pac- 
NpeAeeHHA 3Be3, PaHHuX THNOB TaOAMOBI WO MOYO paccrosnus (Brpa- 
HunWax Moya oT 9.0 mo 140) aaa Tpex TaKHX TAOMaOK. 

B pesybtTate avasu3a BCeroO 9TOrO MaTepHa/la MbI HalllM, ITO B pac- 
CMaTpHBaeMOm OOmacTH CymecTByeT HECKOABKO 3Be3MHBIX accomMalluy 
tuna O. A 

VUcxoaa u3 Ha6sromaeMoro CryUe@HH# 3Be3— B l0rO-3aNaMHOH YacTH 
o6mactH pH Mogyae paccrosHua 11.7—11"8, mp CHeMaMH 3aKJI0- 
yeHHe O CYILECTBOBAHHM 3Be3qHOH acCcomMalluu, OOO3SHAYeHHOH HAMH Kak 
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Jle6enb 1, Ha paccrosHuu OKOIO 2.3 KIC H pasMepOM TOpAAKa LoOmnes 
K Heli MBI OTHeCAM BCe 3Be34bl PaHHHX THMOB TaOTMUbl B Kpyre pawHny- 
COM OKOO 2° BoKpyr cKoNmeHua NGC 6871 uc MOZYJAMM B npemena x 
or 11.5 70 12™1. Bce onM oTMeyeHH! B NepBOM CTOMOIe 2TOH TAaOAMIbl 
yuppok |. BosMoxHO, pasMep accCOMWauHu HeCKOJIbKO MEHbIIe, CCH Ha~ 
_Nekve 3Be3mp1 HDE 228587, HDE 228602 u BD + 34°2952 cuuTaTb 3Be3- 
amu doua. B cocras sTOH accOuMauuH BXOAAT BCe 3Be3Nbl, OTHECCHHBIC 
Mopranom, Butd@opzom u Kono [14] « arperaty Cyg I. Ecau yuects 
pasiMuve Wika paccTroAHuli, ACMOb3yeMbIX HaMM M KOMBLIOBbIM, TO 3Ta 
-ACCOWMAILMA CoOTBeETCTByeT “acTH 3Be34HOrO KOMMaeKca KombiioBa [31] 
IPH paccTosuun 2.9 xiIc. 


W 
A(U:39°0- 41.°8, b:020- +3.°0) 


B(L:41.8-44°2, b:-1°0~+2°0) 


C(0:44.°2 ~46.°5 b:-1,°0-+2.°5) 


90 10.0 11.0 12.0 130 m—-™ 


Puc. 3. VuctorpamMa pacipeyeaeHuad ropsxyHx 3Be3q 10 MOY 
paccTosHua B maomagKax A, B, C 


Jia paHioHOB OG6uacTH BAOb YralaKTM4YeCKOrO SKBaTOpa C Od-~ 
rotamu or 40 go 45° BecbMa YeTKO NpoABAeTCA TeEHTeCHUMA K TPpynnn- 


popke 3Be3 mpH Mogzye 11°1. Ha stom ocHoBaHnu MBI ONpezeauAM BTO- 
pyio accounanuio — Jle6enb I, —k kOTOPO OTHeCIN BCe PpaHHHe 3Be3LbI 4 
Ha WaomaqkKe c rpaHunamu no b or—1 go +2° un no / or 40.5 no 44.°5 
vw C MOMYJAMH B Mpegenax or 10.8 no 11.°4. OnpeneneHHas Takum O6pa- 
30M accolvalua wMeeT pasMep npumMepHo 110 X 80 mc. H HaxOANTCA OT 
Hac Ha paccTosHHH OKOO 1,6 Knc. K sTow accomMaluu Mb OTHeCAH 38 
3BeC3 PaHHHX CICKTPaJIbHHIX THIOB H3 TaOJIHIbl, B TOM 4NCIe U 3Be3Ly 
P Jle6eqa. Bo3MoxHO K Hell OTHOCATCA H HEKOTOPHIE 3Be32bI NOSAHHX | 
CNeKTPaJIbHbIX THNOB, HampHMep 3Be3na HD 193515. Bce 3Be3nH, oTHe- 
CeHHbI€ HAMM K 9TOH aCCOMMallun, OTMEYeHHI B MEPBOM cTOTOMUe TAGAMIBI 
uuppot Il. Bo3moxHO, pasmep accomNalHu HECKOAbKO OOMbUIe YKa3aHHOro 
BbIWe, TaK Kak HEKOTOPBI€ 3Be3bl, PaCHOJOMKeHHBIE 3a HAaMCYCHHBIMM 
3eCb PpaHuyaMu accomnaluu, Hampumep 3Be3nqn HDE 229202 u HD 194774, # 
UMCIOT MOYAH pacCCTOAHHA, COBNaaioumMe C MOZYeM accolnanun. 37a | 
“acCOUMalANA XOPOWO COrlacyeTcA C MPOCTPaHCTBeEHHOH TpynmvpOBKOH ro- 
PayuX 3Be30, OOHAPpyxXeHHOH Poman [10], Haccay u Xappucom [11]. 
K He MpHHasiexuT OOMbINMHCTBO 3Be30, OTHeECeHHEIX MopraHom, But- 


PacnpeneseHne 3Be32, mpwieBoii MaTepruM WY Me*K3Be3 THOM MomApHsaunu B Jle6ene 155 


bopqom u Kogom xk arperaty Cyg Il. lo nammum jaHHbiM, 13 UX CiiwCKa 
¢ accouMauun Jle6ex5 [1 He mpnHHanqnexar 3pe3qp: HDE 228841, 
1D 193514, HD 193682, HD 193855 u HDE 229059. Onpesenenuaa yKasan- 
ibIM BbIIMe OOpa3s0M accounauua Jle6egp I] coorBercTByer wacTH 3Be3/- 
ioro KoMmeKca Konpliopa ua paccrosuun 2.0 xm. 


B agaretax or 44 no 46° spesqb paHHuX CMeKTPaMbHbIX THIOB Ha- 
wero CUMUCKa NOKa3bIBalOT ABHO BLIPAxXKeHHYIO TEHACHIHIO PpynMmupoBaTEca 


10 MOAyAIO pacCTOAHHA OKONO 3Ha4eHHii 11.5 u 105. Ee moaxHO npocae- 
[MTb, MpaBa TrOpasqoO MeHee OTUeTIHBO, H B COCeAHHX MwOWManKax. Ta- 
{O€ PacNpeweeHHe MOMKeT PaCCMAaTPHBaTbCA, KaK YykKa3aHHe Ha CyUIecT- 
30BaHHe IBYX HakJlaNbIBaIOINMXCA [pyr Ha Apyra accowMannh, OOO3HaueH- 
ibiX Hamu JleOenp II] u JleGean V. Accomnanuna Jle6Gegn II] Kaxkerca 
BUAMMBIM OOpa30M CBA3aHHOM co cKonaeHHem NGC 6913. Ho aro cKonae- 
dM€ HaXOMHTCA Ha C€AMOM Kpalo ucceyeMOH HaMH OOMAaCTH MU OO/bIIMH- 
TBO 3B€3, CBA3SAHHOH C Hel TpyNNHpoBKH HaG6miosaeTCA B NNOWANKe C 
ppaHuljamu mo b or —1 go +2° u no / or 44 go 46°. Bce 3Be3qbI paH- 
HMX CHCKTPAaJIbHbIX THIMOB, HAaXOAAMMeCH B ITOH MIOMAAKe, LIA KOTOPBIX 
MOAYJIM S3aKJIOUCHBI B Upememax 11.2—11"8, mp canta npHHaqiexKa- 
WIMMH 98TOH aCcCONMaluu, Haxomaueca OT Hac Ha paccToaHuu 2,0 xc. 
B TaOiume OHH OTMeYeHE! uNdpot Il. OgHakKo MOXKHO MpeANOOXKHTS, 
i7TO Ha yKa3aHHylo MMOWalkKy pacupoctpaHsetca accounanna Jledegp Il 
1 TOA HEKOTOPHIe 3Be3ZbI, OTHECCHHBIE Hamu K accomMaunn Jle6enp Ill, 
HampuMep HD 193946, HDE 228929, BD + 39°4117, B metcrBuTeabHOCTH 
OTHOCATCA K accomManun Jledenp Il. C aApyrol cropoHb, MoxHO MpeAno- 
IOMWUTL, YTO PasMeP aACCOMMANHN 3HAUUTebHO OoOvIbUe. JleHcTBUTebHO, 
SBE3 bl, YAOBICTBOPAIOMIMe YKa3aHHbIM PpaHhlamM WO MOYO, BCTpeyatorTcA 
A 3a TIPeMeMaMH BbITeeCHHOM HAMM TWJIOWAKM, Tak 4TO PpaHHIbl accOouH- 
AMM Ha HaWeM MaTepHale MOryT ObITh ONpeeeHbl BECbMa YCJIOBHO. 
[Ip 2keaHuH B aCCOMMaNHIO MOFyT OBIT BKAIOUCHbI HEKOTOPHIE U3 3Be3A 
‘KonmeHua OB 3Be3q Mionxa nu Mopraua; 3pe3qb HD 191978 u 
BD +40°4061, pacnooxeHHbIe B CeBepO-3alaHOM yray OOMaCTH; 3Be3AHI, 
OTHECCHHBIE HAMM K accomMaunn JleGenp I, HDE 228587 u HDE 228602; 
1 TaAKIKE HEKOTOPHIe U3 3Be3—q accomnanuu JieGenp Il. Mbt us sTHX 3Be30 
K aCCOUMaWNH OTHECIM TOAbKO HECKOJAbKO 3Be32, HEMOCPeACTBEHHO IIpH- 
MbIKAIONIMX K ONpPeAeIeHHOH BHIe aAomanKe. B accounaunio Jlebenp Il 
BXOMAT BCe 3Be3qb, OTHeCeHHEIe Mopranom, Burdopszom u Kofom K arpe- 
raty Cyg II]. Kompin0sp xe, NO-BUAHMOMY, OTHeEC 3Be3/[bI, BKJIIOUCHHbIC 
HaMM B accouMannio Jle6enp III, K pa3MUHbIM 3Be3HHbIM KOMIeKCaM. Ho 
oH B CBOCM HCCeOBaHHH Tak Ke OTMedaeT BUAUMOe CrylleHHe TOPAYMX 
3Be3 B NomangKe Cyg II], npumMepHo cooTBeTcrByloujen HalleH, H B HEM 
MOXKHO BBINeIUTb, C YYCTOM pa3sIHUNA WKa paccTOAHHA, TpyMMHpPOBKy, 
SOOTBETCTBYIOMLYIO accounamuu Jle6enp III. 

HeckoubKO HeOnpeneaeHeH BONpoc u Cc rpaHumamu accommanun Jle- 
seb V. Mbl, UCXOAA H3 BUAMMOFO CrYWeCHHA 3Be3, PAaHHUX eTIEUpaneEty 
rHHOB Hamel TaOAMUbl C MOAYAMH B Mpesxeaax oT 10.2 zo 10. 8, ompe- 
1AM ee BTrpanwuuax mo 6 —or BOCTOUHOH OOmacTH O + 9° n no b= 
or 43 no 48°. Bce 3pe3mH, OTHeECeHHEIe HaMH K 9sTOH accomMaunu, B Ta0- 
mye oTmeyenb! wudpot V. BergenenHad TaKHM OOpa30M accomMallMaA HMCCT 
asmep nopaaKa 100 nc uw HaxoguTca OT Hac Ha paccroaHum 1.3 KIC. Oua 
YBEPCHHO MOXeT ObITh MpOcsexeHa B PacipeeeHHH TOPAYHX 3Be3s/, MO 
MOYO paccTOAHuA Ha MomagKax Cyg III, Cyg V u Cyg VI HCCC AO- 
sanua Konbliopa B BU JOB WLHO YeTKUX CryuleHH mp4 mogzyate 10.9. 

 -3Be3 fb, IPHBeZeHHbIe B TAOWTHIe, NOKA3bIBaIOT, TOMHMO yxKe OOCYXK- 
LCHHBIX TPYNMHPOBOK, CryUIeHHe IPH MOZY1e paccTOAHHA IPHOAMSUTEABHO 
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12"2. Onnako 93TH 3Be3bI pacceAHbI MOUTH MO BCeH OOmaCTH, MU MaTepHaa 
TaO/IMIbI KaxKeTCAH ONMpeMesIeHHO HeEAOCTATOYHDIM MIA pellleHHA BOTIpPOCa 
O CYIIECTBOBaHHH 37eCb elle OAHOH accomnaluH. 

B mocmenHee ppema crymeHue OB 3Be32, oTKppiroe Mionxom u Mop- 
raHOM, 4aCTO BbIWemAIOT Kak arperaT Jle6eqpn VI. Cy nO HalHM jaH- 
HbIM, JIMINb YaCTb OOBIMHO OTHOCHMBIX K HEMY 3Be3f, COCTABAET PeCaTbHYO 
MNPOCTPaHCTBEHHYIO TPYNMHPOBKy, BKAIOUeCHHYIO HaMH B accoManuto Jle- 
6enb V. PaccTOAHHA OCTAIbHBIX 3Be3J, OKa3bIBalIOTCA CYUICCTBCHHO OT-— 
JIMUHBIMH. JIA BO3SMOXKHOCTH CUHTATb BCe 3TH 3Be3Abl WICH@MH OHOM 
IIpOCTPpaHCTBEHHOH FpyNMHpOBKH HEKOTOPBIM M3 HHX HeOOXOAHMO MIpH- 
MMCaTb CBeETHMOCTH, O4eHb CHJIbHO OTMHYAIOULHeCH OT  MPHHATHIX 
BBIMEe. 

Hekoroppie 3Be3fbl, IPHBeeHHbIe B TaOJMMe C YBEPeHHO oOnpeeeH- 
HBIMH MOLYIAMM paCCTOAHHA, ABJAIOTCA YICHAMM pa3JIM4HbIX 3Be3,HBIX 
CKOMJICHHH. ITO OTKPbIBaeT Mepe HAMM BO3MOXHOCTH 3aHOBO OMNPeAeHTh | 
paccTroAHHa O mocweqHux. Takue OmpesleqeHHA HAM TIPeCTABIAIOTCA OCO- 
O6eHHO ICHHbIMM OvlarofmapaA TOMY, 4TO MpHMeHeHHeE eAMHOH MeTOAMKU K 
ONPeAeMeCHHIO PaCCTOAHHH accOUMauHh HU CKOMIeCHHH MO3BOHT OOee OO- 
OCHOBaHHO CYZUTb OO MX CBA3H Apyr Cc Apyrom. 

B raOaune COMepxUTCA BOCEMb 3Be3/, —4IeHOB CkonMeHua NGC 6871, 
A C€MH U3 HAX MOAyAM TeCHO rpynmupywotTca OKOO 3HayeHHa 11.7 Hw 
TOJbKO 3Be32a BD + 35°3956, mo BCeM OCTaJIbHBIM JaHHbIM MpMHa dt eK a= 
ulad K CKOMMeHHIO, HMeeT MOLY 10:"9. Bo3MOxKHO, 4YTO WIA Hee OMM-— 
6ouHO OpegemeH Kuacc cBeTuMocTH. BpriTeKatomee oOTCcIOowa paccToaHue | 
CKOIMI€HHA, KCTAaTH TOBOpA XOpoMO coraacyiomeeca C paccTosHueM, Hafi- | 
menHbiM Mopranom, Burdopsom u Kojom, no3sBoaser yxe ocTaTouHO! 
OOOCHOBAaHHO YTBepxKaTb, uTO CKOMIeHHe NGC 6971 saBaneTca aAQpoM | 
accounauuu Jledenp I. | 

M3 pacnoJ0xeHHOrO pxAOM CKONJeHuA B, B HalllemM CHuCKe HaxOHuTCAa 
Mlb 3Be3za HD 191201, Monzyab KOTOpoH 3acTaBIAeT 9TO CKOMICHHE OT- 
HecTH K accomvanuu Jle6emp I]. BosmoxHO, Kak cuutaer Hymeposa [30], | 
3i\eCb Mbl HM€CM HaJOxwKeHHe TBYX FpynnM 3Be3q — CBA3AHHOH CO cCKOMe- } 
HuemM NGC 6871 u Gonee 6nu3Kol K HaM. | 

Ecau 3pe3npt HD 191917 u HDE 298104 cuutath unenamu cKomme-4 


Hua NGC 6883, ro Moayab ero paccTOAHuA OKaxeTCA OKONO 110 u cKOM 9 
JeHHe JlOJXKHO ObITb IIpH3HaHO CBA3aHHBIM C accomnannel Jle6enb II. 
OnHako, cyna mo pa6ote Hymeposoli, OHM JOM*KHEI OBITS IIPHYHCICHBI K } 
Oomee GN3KOH K HaM YPYNMMPOBKe 3Be3Z, TObKO 10 BUAUMOMY pacmo- § 
JO*KCHHIO Ha HeEOe COBMAaaomeh co cKoNMeHHem NGC 6883. 

B tom, 4To 3Be3qn1 HD 193007 u BD + 37°3862 npunaanexat kK CKOn- 
Jeumio IC 4996, He BO3HMKaeT HHKaKOrO CoMHeHHA. Torsa, OCHOBBIBaACh | 
Ha UX MOMYJAX, MbI AOJKHbI UPU3sHaTb, YTO cKONMeHHe IC 4996 apaserca § 
OMHUM M3 Aep accomvanun Jle6ens II. | 

Cxonenusa B, a C,, 10 HaliMM JaHHBIM, COCTOSAT H3 3Be3/, HaxXOnauXxca 4 
Ha Pa3HbIX PaCCTOAHUAX WH He OOPasyloT CANHHIX MpOCTPaHCTBEHHHIX rpyu-*% 
IIH POBOK. { 

B raO.1nle COMeP2xXUTCA WECTh 3Be3, WeHOB cKonNaeHua NGC 6913 © 
C YBepeHHO ONPeeCHHbIMH PacCTOAHHAMM, KOTOPLIe NPHBOAAT K MOYO f 
cxoneHun NGC 6913—11"5, copnagaioulemy c Mogyaem, yKasaHHbm § 
Mopranom, Burpopxom u Kogom. M3 cxonenua NGC 6910 8 nHamem > 
CMHCKe CofepxKaTcA WBe 3Be3qHI: HD 194279 u HDE 229196. Bepoatuocts & 
ux Pusnyeckol MpuHawexnocTH Kk CKONMeHHIO Taddbr [32] onenupaert } 
BbICOKMMH OaJamu. Torga, HCXOA u3 UX MORyseli, MOLYJb CKOMIeHHA | 
NGC 6910 noayuaerca pasunim 1075. | 
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B  mocwemHee ppemaA AIA onpenereHua pacCTOAHHH CKOMIeCHHH 
NGC 6910 u NGC 6913 6p11 NPHMeHed MHOrOOOeMlaloMuh MeTOR TpexIBeT- 
Holl Porometpun. Mcnoapaya ero, Bexkep u Wrox [33] onexnnan paccTOAHHA 
HO 9TMX CKOMMeHHH B 2,8 Kmc. OgqHakO, Kak MOKa3bIBaeT CHeMMatDHOe 
paccMOTpeHne, 3TH PaCCTOAHHA CeAyer CUYHTAaTb 3aBbILCHHbIMH 13-34 
CHCTEMATHYECKHX OMMOOK B ONpenerenHIX Bexkepom u IroKom mBerax 
3Be3q. Mopray u Tappuc [9] aaa ckontenna NGC 6913 naman mogzyab 


paccrosHua 117, KoTOpEIi 2On%KeH ObITh HEMHOTO yMeHBUIeH, ecm TIpH- 
HATY!O HMM BeEJIMYHHY ME€K3BE3KHOrO TOPIOULeHuA MCHpaBUTb B COOTBeT- 
CTBHH C yKasaHHaAMU BuanKo. Tuddr B ckonennu NGC 6913 saeaser 
TPH NPOCTPpaHCTBeHHble TPyNMHpOBKH Ha paccTosHHAX 1.20, 1.6 wu 2.1 KnC. 
IIpu stom HauOonee apKue ustenbr cKommeHnus NGC 6913 ornocsatca K 
PpynmHpoBke Ha paccTroaHuu 2,1 Kmc. OTH BHIBOAL! Tuddta moxHO pac- 
CMAaTPHBaTb Kak MOTBeEpxXNeHHe MOCTHFHYTOFO HAMM BBILMIe 3aKIOUeCHHA 
O CyHIeCTBOBaHHH B 3TOM paHOHe HeOa KaK Ppa3 HMCHHO Ha 93THX paccroa- 
HMAX TPeX HaKWaNbIBAIOWMXCA MpPOCTPaHCTBeHHHIX I PYNMHPOBOK ropxUUX 
3pe3q O-accomnanni: Jledenp Il, Jledenp Ill u Jle6eqpn V. B ckonaennu 
NGC 6910 Tuddr naxogur Be mpoctpancrBeHHble rpymnupoBKu Ha pac- 
cTromHuaAx 2.1 uv 3.3 KC HM HE yKa3bIBAeT HUKAKOrO OOee OH3KOrO TIpo- 
CTPaHCTBeEHHOrO CryWleHHA 3Be3q. OAHakO, Ha OCHOBaHHM ero xe HaGvIi0- 
WaTesIbHOrO MATepHala WA APKUX 3Be3R cKONMeHHA NGC 6910, moxHO 
3AMCTHTb MPOCTPpaHCTBEHHOe CryuleHHe ToOpaAyHX 3Be3q Mp MOmyse pac- 
CTOAHNA MpumepHo 10"5. 

TakHM OOpasoM, HallM onpeyemenua paccTOAHHH CKONeHHe 
NGC 6913 un NGC 6910 nHaxogatca B cormacHu c mpyrdmu, HanOomee 
HAC *KHbIMH ONPeCACCHHAMH HU MO3BONAIOr PaCCMaTPHBaTb 9TH CKOMVIEC- 
HHA KaK Apa accolunalMu cooTBeTcTBeHHO JleOenp II] u Jle6enp V. 

Cxenmenue Komanumepa 419 (Cr 419) apaaetca, ecIH OCHOBDIBaTbCA 
Ha TIpHHagqexHOCTH K HeMy 3Be3abI HD 193322, Onu3KHM CKOIVJICHHEM C 
Monyaem 9:5 

IIbvieBad, MOriomjaiomlad CBeT MaTepNa B OOJIaCTH pacupewqemena KpanHe 
HepaBHoMepHo. Ha 9TO ykKa3biBaloT MpAMbIe oTorpamuu OOwacTH HU 9TO 
NOATBepxXMaeTca uccaesqoBpannamu Haccay u Mak Pea [24| u Mxcanosa 
[25]. MccaemoBaHue mpocTrpaHCTBeHHOrO paclipeAeeHHA MbLIEBOH MaTepHu 
B M3y4¥aeMOH OOMaCTH MBI OCHOBHIBaIH Ha UBETOBHIX H30bITKAX 3Be3, Ta0- 
JMIUbI, BBIBECHHBIX ONMMCAHHBIM BBIIIe MYTEM 43 POTORCKTPHYCCKUX H3Me- 
peHuli UX MBeTOB. CNHCOK 3Be3f, Obl HECKOAbKO yBeAMUCH 3a C¥UCT IIPH- 
BIICYCHHA M3 TEX 2KE MCTOUHHKOB, KOTOPHIe CAYKMIM MAA COCTAaBAeHUA 
TAONMUbI, 3Be3J, C HEH3MEPCHHOH NMOAAPH3aWHeH, HO Hawex#XHO ONpeeJeH- 
HBIMM CBCTHMOCTAMH MM WBeTaMH. PaccrosHuaA MW BeAMYMHA MOPIOULCHHA 
MA STUX 3Be3 BEIYMCIAIMCb COBEPIWICHHO Tak 2#Ke, KaK HW [A 3Be3Q, 
BXOJAULMX B TaOJIMUy. 

B pe3ybraTe pacCMOTpeHHA OTHOCHTEbHO BeCbMa TOUYHBIX BeAM4NH 
MC?2K3BE30HOFO MOPAOULeHUA CBeTa JIA OOMbUIOTO KOMMYECTBA 3BE3, HaxO- 
UAUIMXCA OT HaC Ha Ppa3HbIX paCCTOAHHAX, Mbl Halla, 4TO 10%KHAA NOO- 
Buna oOacTu (c 6< + 38°) B OTHOWICHHH MOPIOU,eHHA MO2KET ObITh pa3- 
eneHa Ha Be ywacTu, IpMyeM rpaHnua MEXKAY HAMM MPOXOAUT MPHMEPHO 
NO raiakTHYeCKOMYy 9KBaTOpy. PaHoubl K 3alafy, OT rasakKTHYeCKOPO 9KBa- 
Topa (mexanlwe B C€BEPHOM TawaKTH¥YeCCKOM MO/Lyllapuu) CpaBHHTebHO 
MallO OTAPYCHE! NOPrOWLCHHeM, MbIIeBad MaTePHA 3eCb pacipesemeHa 
JLOBOJIbHO PaBHOMEPHO, HM NMOPIOMEHHe MIA 3Be31, HaXOMAMIMXCAH Ha pac- 
CTOAHMAX MopagKa 2 KC, MOXOAUMT B CPeAHEM NPHMepHO JO 175, HECKObKO 
Bo3pacTad B HampaBJeHHM Cc 3anafa Ha BOCTOK. McKm04CHHEM ABAACTCA 
JMWb OFpaHv4yeHHad, XOPOUIO 3aMeTHad Ha oTorpaduu, TeMHaL oONacTb, 


ca 
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Vymad MPHMEpHO MapadebHO ralaKTHYECKOMY 2KBaTOPy OT loro-3alal- 4 
HOro yrvia u3y4uaeMOH Hamu OO1aCTH, H3BECTHAaA Kak TeCMHAaH TYMAHHOCTh 
Bepuapna 144. 3necb normomenne MIA 3Be3 Ha paCCTOAHMAX, HEMHOLO | 
Goupumux 2 KMC, JOXOANT WO 3HaueHUi, mpeBbiuatoux 3”. Hamu 2aHHEe | 
cormacyloTca e€ 3aKaioyenuem Haccay u Mak Pes oO ToM, 4TO B 3TOM pali- * 
OHe Ha paccTOAHHM OKOMO 1 KC HaXOANTCA MbWIeBOe OOaKO, BbIZbIBaIO- |} 
mee mormemenve nopsagKa 1”. K BocTtoky of rasmakTHueCKOrO 3KBaTOp | 
(B 10KHOM TasaKTHyeCKOM MO.yWapHH) e2%KaT MOLIHbIe MbIIeBbIeC OOaK |} 
C MOBOAbHO pe3KoH rpaHuuel, MpOxOAAMleh MPHMepHO MO rasakTHYeCKOMy | 
9KBaTOpy. OHH MPHBOAAT K MOTVOWeCHHIO MA 3Be3f, 1exKallMX Ha paccToa- 
Huax 1.3—1.6 kc, paBHOMy mpvOausuTe1bHO 3", a B HeKOTOPbIX palio- } 
HaX HM K 3Ha4HTeAbBHO OObmWemy. Hanpumep, B patoue 38e3q HDE 222059 4 | 
BD + 38°4048 ono poxoguT 20 3HayeHHH nopsaKa O”.IIpu 9TOM Ha wre, } 
cyaa mo 3pe3qe HDE 228452, sHauvTeabHad YaCTb MOPOULEHHA BHOCHTCE | 
ye Ha paccTOAHHAX B Mpesemax 0,6 Kc, B TO BpeMA KaK Ha CeBepe 
OCHOBHHI€ TbWeBbIe O6laKa OTCTyNaloT Ha paccTosHHe nopsyKa 1 Kmc. 
MormomeHue xe Ha paccTOAHHAX cBbIWe 1.9 KC BO3pacraeT, CyiA MO 
HallvM J@HHbIM, OUCH HE3Ha4HTeAbHO. 

B 3amaHBIx palouax ceBepHOl NOAOBHHE! OOaacTH (c 46> + 38°) nO- 
TMIOULGHHE CHOBa HEBeHKO H JOBOJbHO paBHOMepHO. CorsmacHo ucclezO- 
BpaHuio MxcaHospa, normoujeHne 0 paccTOHHHH CBHIUe 2 KIC OCTaeTCA 
COBepUIeHHO He3H@4YHTeIbHBIM. T]lO HaWIMM 2%Ke MaHHbIM, OHO ILIA aBe3f, 
HaXOJAMMXCA HA PACCTOAHHM 2 KIC, UMeeT 3HAYCHHA B Mpemestax oT | Zo} 


1°5. Takum o6pa30M, 3TH paHOHbI CeBEPpHOH NOMOBMHBI OO/1aCTH B OTHO- | 
IIeHHM pacnpeseaeHHA HOrsoMlaomeh MaTepHH HEMOCPeACTBeEHHO MpPOROA- if 
*KaloT salable pavOHbl 1O#KXHOH NOJOBHHEI OOacTu. Pacxowx eHHe Hallux 
pesyIbTaTOB Cc pesyabTraTamu MxcaHOBa MbI CKJIOHHBI OObACHATH OWIMOKAMM 
B IIpHHATOH MxcaHOBbIM UiKaJlie HOPM@JIbHBIX IBeTOB TOPAUHX 3Be3L. | 
Jlampuie K BOCTOKY, BIVIOTh WO YadaKTHYeCKOrO BKBaTOpa, NOrsOUleHHe 
CTAaHOBUTCA 3aMeTHO OO/IbIIMM H BeCbMa HpperyaapHbIM. B oOTdeabHBIX 
MeCTAaX 3Be3Jbl, HAaXOMAUWMeCA Ha paccTOMHHH 2 KIC, OTATYeCHHI MOPOWe- } 
HHem cBhine 4". IIpH aToM 0 paccTosHuH nopagzka 0,5 kmc morsmomeHnue | 
Be3fe HEBEAHKO H OCHOBHHI€ TbIMIeBbIe OOJakKa JIeKAT KaxKeTCA HA PaccToR- } 
HHAX CBbIUe 1 KC. STH OTTEIBHBIC MbWIeBLIe OO6aKa OKOJO ramaKTu4e- } 
CKOrO 9KBaTOpa HM flabule K BOCTOKY (B 102%KHOM radaKTHYeCKOM NOyma- } 
pun) TepexOAAT B CIMOWHYIO IbWIeBy!lO 3aBeCy, HeMOCpeACTBEHHO MIpo-} 
TOJDKAIOULYIO TIbIIeBbIe OGJaKa, HalCHHBIe BILE WIA xO NOAOBHHEI | 
o6aactu. Bce OHH BXOZAT B COCTAB TCX MONIHBIX TIbIIeBbIX O6.1aKOB, KO- & 
TOpble OOSACHAIOT CYMLECTBOBaHHe pa3sBHIKH Maeunoro Ilytu. B paccmar- jf 
PHBaeMBIX HaMH paHOHaX OOMaCTH OHH WIA 3Be3q Ha PacCTOAHHH OKO 
1.6 Knc pHBozAT kK TOrmomeHHio OKONO 4", MH B HeKOTOPEIX MecTaX,dé 
HalpMMep B CeBepO-BOCTOUHOM yray OOaacTH B pafione cKoneHuA OBY 
3Be3, K eme GOombDUIeMy, WpeBbimiaiomeMy 5”. Mcnoab30BaHHbIi HaMudi 


JI@HHaA Ha OCHOBAHHH JaHHbIX O MOPIOULEHHH UCMOMb3OBaHHbIX B 3TOMD 
HCCICLOBAHHH 3Be3l. ITa KapTa, BEPOATHO, MOCTATOYHO TOYHO OTOOpaxae;t, 
oOmlMH xapaKTep pacmpenemeHHA TbWIeBOH MaTepHH B U3yuaeMOH HaMH 
OOMacTH, HO OTJ[@IbHbIe BeTaIM BO MHOTHX CJyyaAX BO3MO2%KHO CMa3aHBl 
3-38 YCPeHeHHA JaHHbIX TO COCEXHHM 3Be3 1aM. 

B 3akJOUeCHHeE MbI CYHTACM HeOOXOJMMBIM OOPaTHTb BHUMAaHHe Ha. 
PAL 3Be30, MEXK3Be3THOe NOPAOMLEHHe CBeTa WIA KOTOPHIX KaxKeTCA aHO-| 
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MaIbHO OOJbIIMM. STO upexze Bcero 3Besnza Ne 12 Cyg VI (Ne 190° 
TaOIMbI), Ha KOTOPyio yxXe OOpaujaim BiumManne Mopran, J>Koncon wm 
Poman [34]. Cnextpockonmyeckne u doromerpuyeckne janupre ompe me - 
JI€HHO YKa3bIBalOT, UTO OHA UMCeT PAaHHMH CHEKTPabHHI Kacc, BEPOATHO: 
Kaacc O. Ucnonp3ya ero AIA BEIBOMa UBETOBOrO H3ObITKa, MBI Ha OCHOBe: 
opmyn Baanko HaxoOquM, 4YTO JWIX Hee MEXK3BC34HOe Noraomenue B. 
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Fuc. 4. Kapta pacnpenesenua Mex3Be3qHOro Norsomenua B OOnacTu JleOensa aaa 
pacctosHul 1,5—2,0 xnc. 
POA 215 21S <A, <I; BHO OA, SOM; aM be A 23h 0; 
j= 320K As 375; 6— 39 5 < A < 4™9;7-4M0 <A, < EL aie ae ALM IS ye S35 
9-570 <A). 


BU3YQIbHbIX JY 4aX JOM2KHO ObITh NOpsAgKa 12". Torga naxke IpH CBeETHMOCTH 
8” OHa JOKHa ObITh IPU3HaHa OAM3KOH 3Be3 40H, HAXOAAUIeMCA Ha PaccTOA- 
HHH BO BCAKOM Cayyae MeHee 0.0 Kc. Ec 2Ke IIPH3HaTb ee YICHOM CKOI- 
neuna OB 38e32, Kak 9TO ZeaaioT Moprax, Jxoucon wu Poman, HeoOxogUuMO 
MOWYCTHTb, YTO C€ CBETHMOCTH HCKJIOYNTEMBHO BbICOKa, mOopagKa — 11”. 
OOmui xapakTep pacnpeye1eHHA MbeBOH MaTepuH B 2TOH OOMacTH HE 
Wael HUKaKUX yKa3aHHH Ha CYULeCTBOBaHHe CKOJbKO-HHOYAb 3Ha4HTe/b- 
HOFO MOrMOMeHHA Ha paccTOAHUAX B Upememax O,5 Kuc. Jla u MmpusHaBad. 
3Be3LY WICHOM cKONMeHHaA Cyg VI, Mbl M3 HaGOJeHHH 3Be3q, HaxodA- 
IMXCA B HeENHOCPeACTBEHHOM coces”crBe C Hei, HE TNOJyyaeM MOATBENK- 
TeHMa HafiqeHHOM BeAMYHHEI norsomjeHud. B OOOMX Cy4aAX MBI BbIHy2K- 
NeHb PW3HaTb, TO 3HAYHTeABHOe MOTOULeHHe WOJ2KHO BOSHMKAaTb B 
TbIICBOM OO6aKe, HEMOCPEACTBEHHO CBA3AHHOM C caMOH 3Be3n0#. IlpaBza, 
9TH HaGO/IOLAaTeAbHbIe J[AHHbIe MOXHO VHTEPMpPeTHPOBaTbh MW UCXOAA U3. 
Ip AMOO%#KeHHA, YTO COOCTBeHHEIM upeT sBe3nHl Ne 12 Cyg VI aHoMabHo 
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“KpacHbi. Torgqa C HOPMaJIbHOH CBETHMOCTbIO HM MOFJOUWeHHeEM OHA MOKET 
‘ObITb COUTeHA UIEHOM CKONMeHHuA Cyg VI. OgHako HHKaKHX IIPAMbIX yKa- 
3aHHH Ha €€ aHOMAJbHBIA COOCTBeEHHbIH IBeT Mbl HE HMECEM, 

Bonpocbl nOmOOHOrO xapakTepa, HO C MeHbUICH OCTPOTOM, BO3HHKAaIOT 
OTHOCHTebHO 3Be34b1 BD + 40°4212 (Ne 187 TaOmubt) H HEKOTOPHIX Apy- 
rHX 3Be3q. C Apyro CTOPOHHI, WIA PAfa 3Be32, HaNpUMep AVIA 3Be3/Ib 
HD 194779, Mex3Be3qHOe NOPIOWeHHe K@2KeTCA CAHUIKOM MAaJIbIM, ONATb 
He HaXOZAULMMCA B COrmacHH C OOUMMH AaHHbIMH O pacnpeeeHHH Mblle- 
BOH MaTePHH HW C MOPOMWLeHHEM 3Be32, KOTOPHIe JOAKHbI ObITh IPH3HaHbl 
HeMOCPeACTBCHHEIMH UX COCeAMH. 

B) S€2KOHOMEPHOCTH B pacnpeReACHHH NOAAPH3ZANUH. 
O6osacTb B Jie6Geqe xapakTepu3yeTca Ha MepBbI B3ria COBEPWIeHHO Oec- 
MOpAROYHBIM pacnpemxerenvem OAdpH3saynn. JfelicTBUTeIbHO, Y31y4eHHe 
3BE3, BXOJAIMX B pacCCMaTPHBaeMYIO OOMaCTb, MOJIAPH30BaHO B CaMbIX 
Pa3IMYHBIX IVIOCKOCTAX, TaK YTO NOSHIMMOHHBIC YIIbI, ONPeAeAIOMME TMO0- 
JOWKEHHE NOCACRHUX, KaKYTCA paCNpeAeCVICHHBIMH COBEPLWIeCHHO Ca1y4aHHo. 
‘CreneHb NOJAPH3aIlNuH Vid OOAbUIMHCTBA HAGOJIONCHHbIX 3Be3/, HEBeJIHKA, 
a [id MHOFMX faxke HE BBIXOZUT U3 NpeseOB OWMOOK HaOReHHH. Ho- 
BM€CTe C TEM HEKOTOPHIe 3BE3AbI XaPAaKTePH3yIOTCA OUEHb OOAbUIOH NOMA- 
pusauneH. B uacruocru, B u3y4aeMOH OGOaCTH HaXOAUTCA 3Be3Na, O003HAa- 
yaemaa Ne 12 Cyg VI, c camo Gompmoli u3BecTHOH CeHuac NOoAApu3amNed. 
OWHAKO, BbILCAAA 3Be3Mbl PACHOMOXREHHbIe Ha PaSHbIX OT Hac PaccTOAHUAX | 
(OTHECEHHBIE HAMH K Pa3HUHbIM MPOCTPaHCTBeHHbIM TpyMMMpOBKaM), MBI | 
NOAYYaeM SHAYHTCAbHO OOee PeryAApHOe pacnpeweenne NOApHsaNHH — | 
NOAAPH3aNMA BCEX 3Be32 B OOWNPHBIX paHOHaX OOMaCTH MOKa3bIBaeT OT- 
YeETAHBO BbIPaXKCHHYIO TEHACHIMIO COCPEAOTOUMBATECA B OHO OMpewemeH- | 
HOH mrockoctn. IIpu stom OpocaeTca B raza, YTO BO MHOTUX cay4uanXx | 
OOMLMM XapaKTeEpOM TOApHsalun OOaqaloT BCE 3Be3fbl BHe 3aBHCHMOCTH 
OT pacCTOAHHA, WpaBda, OObIYHO HauHHad C paccTosHuH 1—1.5 kne. 
TakoH xapakTep pacnpeqeieHua MOAApH3saluH BMOMHeE ecTeCTBeH 1Ipu | 
A NYULCHHM, UTO 3BE3MHOE H3IYYeHue NOMAPH3yeTCA B PesybTaTe mpo- | 
XO#KJCHHA OOMAKOB MbIICBOH MATePHH, AOKaM3O0BaHHOL, Kak BbIIMe OBO | 
MOKa3aHO, B OCHOBHOM Ha paCCTOAHHAX, He MpeBHaiomux 1.5 KIC. | 

Ecam BBeCTH B pacCMOTpeHve OTHOMeHHE NOApHsayuH K TOriouse- | 
HHIO, TO H3MCHCHHE 9TOFO OTHOUICHHA, PACCMATPHBACMOE COBMECTHO C H3- § 
MCHCHHEM HallpaBJIe€HHA MOJAPH3aUM, MOXKCT CYXHTb MaTepHasoM Aas | 
CyYKMeCHHA OO H3MCHEHHM NOAAPH3YIOWUX CBOHCTB MeXK3Be3HOH MbIeBOH 
MaTCPHH, KOTOPOE, B CBOIO OYEPe Ab, LOKHO OLITh CBH3aHO CO CTPyKTY- 
poH He€KOerO OPHeHTUpPyIOMlero MbVICBHI€ YaCTHIbI NOMA. 

Ha puc. 5 aaa w3y4yaemofi HaMH oOG6macTH B Jle6ene mnpewAcTaBena 
oOllad KapTHha pacnpeneaenun MOAApH3anuu, paccuuTaHHOH Ha CNMHULY | 
NOfTOMeHHA, KOTOPad BHOCHTCA B MpOXOAaulee H3MyueHHe CYMMADPHHIM * 
JWHCTBHEM BCE TOMI MbWIeBO MaTepHH, BIMOTb AO paccrosuHlt 1.5—2 xne.# 
OpveHTupoBKa MM VIMHa MIpaAMBIX OTPe3KOB, PaCNOO%*KeHHEIX B pasHBIXx | 
MecTax O6aCTH, COOTBETCTBYeT CPCAHHM 3HAUCHHAM JIA 9TUX MeCT T10- WF 
AOMWKCHHA MWIOCKOCTH IPCHMYULeCCTBeCHHBIX KOMeCOaHHH HW BEAMUHHBI OTHOUWEe 
HHA MOMAPH3aluu K NOrJOULeHHIO. 

CymMapHoe nowapusylomee gelicrpue BCeli TOA MbIMeBO MaTepHH, : 
NexKaweh Ha paCcCTOAHUAX TIpHMepHO po 1.5—2 Kc, wa paccMaTpuBae- )}j 
MOH oOnacTu B JIeGene 3aMeTHO MeHbINe, YeM JIM paccMOTpeHHoH panee | 
oOmactu B Ilepcee. Cpeqnee 3Hayenne BeIMUMHEI OTHOWMEeHUA Od pH3alHn ff 
K BU3YaIbHOMY NOPAOWeHHlO JIA SBe3, TexKallMX 3a 9ITHM CIOeM TIblae- 
BOH MaTepuH, HeMHOrMM OOabme 0.012. B ormeabuBIx Ke pafionax 3TO% 
OTHOWeHHE CHCTCMATHYeCKH BHINe H JOXOAMT JO 3HaueHHit HeECKObKO 
Soapmux 0.030. Ho 3ato, c apyro cropoHH, uMeloTca uM TaKHe paHOHH, * 
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Pe OHO CHCTCMATHYECKH MECHbINE MPHBeECHHOTO BbIMe CpemHero 3Haue- 
Hua. I]nockocTh mpewMyllecTBeHHBIX KOMeOaHMii sia BCeH O6maCTH B. 
WEOM HE HMeeT CMHOFO NpPeANTOYTHTeABHOTO HalpaBJieHHA, HO, KaK MBI 
YE OTMCTHIM BbIMNe, B OTCIbHbIX, H MOLYaC MOBO.IbHO HAY TeAbHBIX 
pattonax NOAOOHAA NPELNOUTHTEABHOCTS MpOABIAHeTCH BeCbMa OTUCTAHBO. 
ITH pahoubl 6e3 Tpyqa MOXKHO NpocmeqUTH Ha puc. 5. Ecau o6paruTeca 
K OOCgwAICKUM 3Be3LaM, TO KapTa pacmpenejenua NOJApPH3alluu, TO0- 
CTPOCHHaA aHaOrH4HO Kapre, MPHBeEAeHHOHM Ha puc. 5, OKasbIBaeTCA c Hell 


20°00" 67 soh5z™ 


Puc. 5. Cxematuueckaa KapTa CyMMapHOoro Mosapusywujero evcTBUA BCeH 
TONMH UbIeBOH MaTepun BOAOTh WO paccTtosHuH |.5—2.0 xrlc. 


B OOUWIEM O4FeHb CXOMHOM. ITO BMOUIHE ECTECTBEHHO HM MOJ2KHO HaOMOMaTb- 
cA, ECAH 3a MOMAPU3aNMIO TeX HW APYFMX 3Be3 OTBeTCTBEHHA OHA 
ra Ke MbeCBad MATepHA, Jle2K allan B OCHOBHOM Ha pacCTOAHMAX 1O 1.5 KIIC. 
HauOomee 3aMeTHBIC OTJHUHA, MO-BHAHMOMY, MMeIOT MeCTO B- 3allaHbIx 
paHioHax OOmacTH, rae wormomeHwHe Ha paccTOAHUAX MO 2 KMC CpaBHH- 
reIbHO HeBCJIMKO HM TIOTOMY pOb OONee MAICKHX MbLVIeBbIX OOJAKOB B 
popMupoBaHHU HaOAIOMaeMOH MO.TAPH3aNuN Oomee CYMLeCTBeHHA. Ec 2xe 
JOpATHTHCA K OTHOCHTEbHO O.1N3KHM 3Be31aM, TO H3-3a CKYMHOCTH HaOJI0- 
JATCIbHBIX JAHHBIX TPYHO HaPuCOBaTb CKOJbKO-HHOYAb MOAHYIO KapTHHy 
ACIPEMEICHUA NOAAPUSYIOWerO MCHCTBUA ME2XK3BE3THOM NbIIeEBOH MaTepuu 
WIA paccrosHu MeHee Ikmc, HO TEM HE Me€He€e MOXKHO JyMaTb, UTO OFA 
LOJKHA CHIbHO OTMM4ATbCA OT KAPTHHbI pacmpeWe/ecHHA NOAA pu3yrome;ro 
LeHCTBUA BCeH TOJULM WbLIeBO MaTepHH, B3ATOH MO paccrosHHMA 1.5—2 kIIC, 
aK KaK Mbl YK YKa3bIBalH, YTO OM3KHE 3Be3/IbI CMMOMb HW. PAHOM MOKa- 
sbIBAIOT MOAAPH3aNHIO, COBCEM HeENOXOXKY!O Ha TY, KOTOPaH HaO10 1a eres 


|] Becruuk JlJenuurpayckoro yHuBepcuTera, Ne 7, 1961 r. 
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y 3B@3, PaCHOMOHKeHHbIX B TeX Ke HaMpaBeHHAX, HO OOMee MateKHX, | 
Cpequee 3Ha¥eHHe OTHOWCHHA NMOAAPH3auHH HM TOPlOULeHHH OTCTaeICA, § 
10 KpaHHe Mepe Awa 3Be31 C paccrOAHHAMH OTO.O KIC 4O 1 KNC, WpakTH- 4 
yeCKH 6e@3 H3MeHeHHA. O BeAHUHHE 9TOlO OTHOWeHHA AIn ene Oomee 4 
O1H3KUX 3Be3q CYAUTh TPYAHO. BowbuwHM 3HaYeHHEM 9TOFO OTHOLeHHA ~ 
(0.04—0.08), HafteHbIM 4a paza 3Be3 B loro-3amaqHOH 4acTH OOsacTH, 4 
BDA, JIM CTOHT YeIATb CePpbe3HOe BHHMAHHe, TaK Kak OHH NOJYYeHbI J 
C MOPIOULeHHeM, HaHeCHHbIM HHTePNOJHPOBAHHeM. Zz 

B jOMOmHeHHe K CKa3aHHOMY 3aMeTHM, YTO pery/IAPHOCTh MOAAPH3a- © 
IMM ake B HeEOO/MbIUMX-MIOWantKax O6acTH B Jle6deme oOcTaeTcA BCeraa- 
ropa340 MeHee BBICOKOH, 4eM AAA OOMacTuH B Ilepcee. []nockocTu mpe- 
HMYLJeECTBCHHBIX KONe6aHHH OOHAPyXKHBAalOT OOBIYHO JOBObHO 3aMCTHYIO~ 
JMCHePCHIO OTHOCHTEIbHO MpeANOUTHTEIbHOrO HalpaBAeHHA, HW BeHYHHAa | 
OTHOWMCHHA MOMAPH3aNMH K MOPOWeHHIO Aaxe B WOWaLKaX C OTHOCH-— 
TeJIbHO XOPOWIO BbIPABHEHHOH NOApH3alveH MOKeT CHbHO KOeOaTECa. | 

Bce 9TO CBHAeTeIbCTBYeT O TOM, YTO ME XK3BE3RHAA MMC BAA | 
MaTepua B JleGOene VOAaAMaeT BEChMa Pa3AHUHOH B Pa3s- 4 
HBX Me€CTAX CHOCOOHOCTHBIO TAPOAYWUHPOBATb NOAAPH3A- | 
mHio. M Tak Kak CBeT JaeKHX 3Be3, OOBINHO TepeceKaeT HeCKOMBbKO | 
pasHOpOAHBIX OOMaKOB IIblIeBOH MaTePHH, NOMAPH3yIOUIMX ero B pasHont | 
CTeCNe€HH H B Pa3HbIX IVIOCKOCTAX, TO pacmpeweteHuve BO3HHKalollenH B pe- 
3YbTaTe STOO MOMAPH3AIlHH OKAa3biBAeTCA OUCHb CAOMKHbIM, MOUTH XaO- | 
THYHbIM. OfHaKO, OCHOBBIBAACh Ha CYLULCCTBOBAHHH JOBOAbBHO COUIMPHBIX | 
oOJacTeH C OTHOCHTebHO peryAPHOH MOMApH3aNHeH, KOTUPble MOTFyT | 
ObITh BbIJeIeHbI CpesW 3Be3 CaMOH pa3/IHYHOH OT Hac yjayieHHOCTH, | 
MbI MOKeEM YTBePKMaTb, 4TO OMHOPOAHOCTL NOAAPU3SYWUHX , 
CBOHCTB M€XK3BeC32HOH MaTepHH B JleOeRe COxXpaHAeTCA i 
B NOAAX MpPOTyKXeCHHOCTBHBW AO MHOFHX COTeEH Tapcek 4H, | 
NO-BHAUMOMY, OOH YHO OOMaAMAWULHX 3AMeCTHOH BHTAHY- 
TOCTbW NO AYYY 3peHnHaA. 

Boe Mbl yxKe COpaTHIH BHHMaHve Ha eHHOOOPpasHe B MOMO2%#KeHHH 


TWIOCKOCTeH NOJMAPH3ANHH VIA 3Be3, C paccCTOAHHAMH Oomee 1 KnC B wro- F 
ganaqHoH uactu OOnacTH. Mcxoga H3 COBepIeHHO MHOrO XapakTepa no- | 
AAPH3ANHH JIA 3Be3, PACMOMO2XRXeHHHIX 3eCb, HO MMECIOWNX PpaccTOAHHA | 
meHee 700—800 nc MO2%KHO AyMaTb, 4TO MOAAPH3aNHA MaeKHX 3Be3f | 
B »TOM paHOHe CBA3aHa C MOJeEM OAHOPOAHO TOAApH3yromleH MaTepuH Ha 
paccrosHuH OKONO | knc. B 3TO noe BOMKHA NONadaTh TyMaHHOCTb Ff 
BepHapfa 144. Tak Kak 3Be3fbl, HAXOJAMIHECA 3a Hel, COXpaHAIOT O6mee & 
JIA 9TOTO pahOHa HalipaBJeHHe NOAAPH3ANHH HU BHIeTNIOTCH CPE OCTaIb- | 
HbIX 3Be3]. JIMUIb HO €€ BeJIMYMHE, TO OHA JOJKHA OBITh MPH3HaHa BXO- 
AAWeH KaK COCTABHa» YaCTb B yKa3aHHoe, ropa3qo Oomee OOMIMPHOe NOME 
OAHOPOAHO NoOAApH3ylouleH MaTepnu. Hs conoctraBieHus noaspusanun | 
C MOPMOMeCHHeM 3Be3, ITOFO PaHOHA MOMKHO 3aKJIOUHTb, YTO NOrTMOMLeHHe 
oko0 1" Boobie HE BbISIBAeT NOMAPU3aIlHH, B 10 BPCMA Kak OCTa/IbHaa 
NOrioualwoulad MAaTePpHA BbISbIBAeT NOAAPUsaNHIO Am, B cpemHemM paBHylo 4 
0"03 na 1” Bu3syaitbHoro norjomlenus. ‘fe 


OAHOPOAHOCTh NOMAPH3aIlHH B 3TOM paHOHe Pe3KO Hapymlaetca BOG- \) 
Jiacth cKonjenua NGC 6871. Cpeauee sHayeHne ramakTMyuecKkoro n03H-_ 
WMOHHOFO yaa MAOCKOCTH MpeCHMYUIECTBEHHHIX KOMeOaHMi IA 4TeHOB | 
CKOMIEHHA COCTaBAReT OKOO 60°. [IpHMepHO 98TO 2%Ke MOMOXKeHNe MOcKO- |) 
CTH NPCHMYULECTBEHHDIX KOJeOaHHi COXpaHAeTCA H WIA BCeX 3Be30 BOGO- J) 
IUMPHOM paHOre, MexKalleM elle able K BOCTOKY OT CKOMMeHHA, rpa- \h 
HHIbl KOTOPOrO OOO3Ha4eHbI Ha pHc. 5. Tlo-BuAMMOMY, 9Ta NOAApHsanHA \ 
CBASaHa CO CPaBHHTebHO O/IM3KHM TOIeM HOAApHsyloUleH MaTepHH, TaK 1 


} 


H 
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KaK XapakTep NOAPH3alHH HaXOMAMWeCA B %TOM palioHe 3Be3/bI 
BD+34°3929, koTopaa yaaneHa or Hac Ha paccrosHue scero 600 nc, noa- 
HOCTbIO COrlacyeTca C NOMAPH3auMeli Apyrux 3Be3y. MoxHO AyMaTb, 4TO 
TO. NOWAPHSYloulee MOE BECbMa OOWIMPHO HM MOKPHIBAeT 4YTb AM He BCIO 
HCCACMYEMyIO HAMM O6aCTb, Tak Kak PAX 3Be3q C paccrosHuamu oT 500 nc 
moO 1 KC, PACNOAOKeHHHIX MHOPAA TOBOABHO [aeKO 3a mpezesamMu o60- 
3HaueHOrO Hamu Ha KapTe paHOua, NOwAPH30BaH B TOM %Ke NMOCKOCTH. 
370 3Be3qn: HD 189751, HD 193444, HD 194335, BD + 39°4189. To xe 
cAMOE MOMOHKEHHE MIOCKOCTH MPCHMYULECTBEHHEIX KOeOaHHH CHOBa pac- 
MpOCTpaHAeTCA Ha BCE 3Be3QbI, BIVIOTh MO CaMbIX YaIeHHbIX, B palone 
H€CKOABKO 3anlagqHee ckonmeHua NGC 6913, npumepuHpie rpanuubl KOTO- 
poro Tak%e OTMEYeHBI- Ha pc. 5. KaxkeTca BeCbMa BePOATHDIM, 4YTO B 
O6OUX aTHX palioHax Oonee yAaneHHad MbWieBad MaTepuA He BHOCHT cy- 
ULECTBEHHOH MOJIAPH3aWH B MpPOXOAAMee Gepes Hee 3Be3RHOe HBV UeCHHE. 
B sTOH CBASH OTM€THM, 4TO Mepexog BOau3u cKONAeHua NGC 6871 or 
pPaHOHa, XaPaKTePH3yeMOrO NOAAPH3aNNeH C NO3MIMOHHEIMH yraaMmu m10- 
cKOCTeH NPCHMYINeCTBEHHHIX KOMeOaHHH OT 170 go 30°, K pafiony, rae aT 
yribl 1€%#KaT B mpememax oT 45 no 65°, He COoNpOoBOxaeTCA 3aMeTHBIM 
A3MCHCHHEM BEMYMHBI NOroueHuA. MuTepecHo TakxKe OTMETHTD, UTO LIA 
WI€HOB CKONMeHuA NGC 6871 Ha6m1ogaeTca HeKoTOpoe, uAyuee c 3anaza 
da BOCTOK, YMeHbIIeHHe BeHUHHBI P/Ay OT 3HaveHHH, MpHMepHO paB- 
ibix 0.020, n0 3Ha4ueHuH, MeHbIuMx 0.010, uv emle zanbie 9TO M3MeHeHHe 
MOXKHO NpociewuTb Ha 3Be3ze HD 191201, nonapu3auuto KoTOpoh B mMa0- 
-KOCTH, OOWeH C NMTOCKOCTAMM MOJAPH3alMH BCeX 3Be3 CKOMMeHUA, Ce- 
TyeT CuHTaTh OTPHaTeibHOoH. VM onATb 3TH H3MCHEHWA HE CBA3AHBI CO 
‘KOJIDKO-HHOYAb SHAUMTeCIBHBIM W3MeHeHHeM OraAomenua. He cBxa3aHo 
> M3MCHEHHEM TIOPIOMeCHHA HW MOABJICHHe Y BCeX 3Be3 B paHoHe KOOp- 


[MHaT 2==20"12" 8— + 37° (rpanuus paiiona cHOBa OTMeY¥eHI Ha Kapre) 
1eOO/1bWIOH, HO PeryAAPHOH NOAAPU3ZaNHU, 3aMeTHO OTMAHYHOH OT MOA- 
M3aILMH 3Be3, B COCeJHUX palionax. Bce 2aT0 calyxKUT yKa3aHHeM Ha Cy- 
HeECTBOBaHHe 3Ha4HTebHBIX H NOMYAC JOBONbHO pe3KO HacTyMalollux 
I3MCHCHHA NOAAPHSYIOUIMX CBOHCTB Me@XK3Be32ZHOH MaTepHu B OGOMACTAX, 
me ee paciipemeeHue ABIACTCA JOBOJbHO OMHOPOAHEIM. ITO HE MOMKHO 
(a3aTbCA YMBUTCJIbHBIM, CCJIH UMCTb B BUHAY, YTO NOMAPH3YIOWlaA CNOCOG6- 
(OCTb IbLIEBOH MATeEPHH MmpHoOpetaeTca NOM BAMAHMEM KaKOFO-TO OpHeH- 
UpyIOWero MbIVIMHKH TO/Id, BEPOATHO MarHuTHOrO, HM 4TO B JleOene OHO 
)PHEHTHPOBAHO IIPHMePHO IO sy4uy 3peHuA. 

Emme apie K BOCTOKY CHOBa HaCTyNaeT pe3KOe H3MCHEHHE B IOVI0- 
KEHHM MVIOCKOCTeH NOMAPH3AlHH MaseKHX 3Be37: NWOCKOCTH MpeumMylectT- 
CHHBIX KOMeCOaHHH MOUTH BCeX 3Be3q, HAaYHHaA OT 3Be31 — 4YIeHOB acco- 
juwamuH Jle6enb V, B BOCTOUHBIX paHOHaxX HawleH OOMaACTH MOKa3bIBaloT 
CHIeCHILHIO TPyNMHPOBaTbCA OKONO 3HAYCHHH TanaKTHYeCKHX MO3SHIMOHHBIX 
raoB 110—120°. Sto u3MeHeHHe NOMAPH3ANHH HECOMHEHHO CBA3aHO C MOLI- 
BIMH OOaKaMH TIbIeBOH MATePHH, MePpeXOAAWIMMH B CIMVIOWHYIO 3aBecy 
; paspuke Maeunoro Ilytu, KoTopple O0KaH30BaHbI, aK BBIMIe MbI yxKe 
‘Ka3bIBaid, B OCHOBHOM Ha paccTosuuax 1—1.5 knc. To, 4To feo 06- 
TOHT MMCHHO TaK, MOXKHO OTYETIMBO MIPOCJeAHTb Ha NPHMepe MbMeBOrO 
Oaka ceBepHee ckonmeHnna NGC 6913. 3to o62aKo 3aMeTHO Ha doro- 
pabuu oOmacTH M Ha KapTe pacnpemereHHaA Morsomlaiomeh MaTepHH. 
lormomeHue B palOHe ero OKaaM3aMM ye K paccTosHHo 1.3 KIC 
TaHOBHTCA Ooubule 4". 3Be30bl, PaCMOAOXKeHHEIe 3a STHM OONAKOM, Xa- 
AKTePH3YIOTCA OOAbUIOM H MOBOAbHO OHOPOAHOH MOMAPH3aNHeH, Pesko 
TAHYHOH OT MOMAPH3alHuH 3Be3q, exKAalIMX K 3alagky OT oO6aKa, rae 
OrmOUleHHe 3HaUHTeTbHO MeHbUIE. 


* 
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IIpumepHoO Ha Kpalo 3aBeCbl H3 9THX OONAKOB JI@2KMT CKOMNMEHHE | 
NGC 6913, 418 ueHoB KoTroporo XuaprHep Haute [385], aro noraome- 


Hue fo 2"6 He BbIsbIBAeT NOMAPHsAaHM, a MocteLyloulee MOrAoMeHNe 


NpHBOAKT K Moaapu3anun 0037 Ha 1” norsoulenua. Ucxoga xe u3 mpes- 
CTABJICHHA, YTO MBI 3@Cb UMEeM [EMO C MOCTEMOBATeBHO Haka {bIBalO~ 
WUMCH LeHCTBHEM T1OeH, KOTOPHIe MOAPH3YIOT MPOXOMAMMA CBeT NOTH 
IIPOTHBONOJIOMKHBIM OOPa3s0M, HalienHaA XUJIbTHEPOM rpanuya pa3szena 
aTHX NOMeH MO2KHA ObITh CTOABMHYTa IpHMepHO Ha 1” u Torga pacmpe- ¢ 
Ae€MeHHe NOMAPH3aMH MPHXOANT B COracve C AaHHBIMH O paciipewerenun | 
IIbIIGBOH MAaTeEpHH. ; 
SakaHuNBad paccMOTpeHHe MOApnsauun B JleOexe, HEOOXOAMMO yno- | 
MAHYTh O MOMAPHsalMn CBeTa 3Be3_ C AHOMAIbHO OOVIDUIMM MOPJOULeHHeM. | 
Bae MbI HalluaH, uTo ecu 3Be3ne Ne 12 Cyg VI He mnpunucnipaTh ano- & 
Ma.IbHOrO COOCTBEHHOrO WBeTa, ee CAeMyeT CYMTATb, BHE 3aBHCHMOCTH OT 4 
TOFO, HPHHaAWexKUT JM OHA K CKOHeHHIO OB 3Be3n, Cyg VI umn aBasetca 1 
3Be30H TepewHeroO (OHA, CBA3A€HHOH C HEOOJbUIMM, HO CHAbHO TOrJo- | 
WlalomlHM OOaKOM MbLIeBoH MaTepnHu. TIlomaspHsanyua ee u3yyeHua — 
OobWad HW OTAMYAIOMaACA M19 HalpaBAeHHIO OT NOAApH3aNHH coceqHUX | 
3Be3], — NOATBeEPXAaeT 29TO 3akOUeHHe. B NOMOOHOM 2%xe TOTO%KeHHH Ha- | 
xonutca wv 3Be34a Ne 3 Cyg VI. 


Summary 


Polarization has been deduced for 196 stars located in the area of } 
Cygnus. For most of them distances have been computed and interstellar 
absorption found (table 1). The material shows that in the region there 
exist some space groups of hot stars of O-association type, indicated f 
by the author as Cyg. I, II, Ill and V; the dust matter in the region is | 
distributed with extreme irregularity. The chart of the distribution of ab- i 
sorption for 1.5—2.0 kpc distances is given on Fig. 4. At first polariza- } 
tion in the region seems to be distributed in a chaotic way, but the | 
analysis results in discerning some regularity which can be explained if we | 
assume that polarization is introduced into stellar radiation by the dust | 
matter located mainly within the limits of 1.5 kpc. The dust matter in | 
Cygnus is found to be characteristic of producing different polarization ( 
in different places, but the uniformity of its polarizing capacities is pre- | 
served in fields having many a hundred parsec in size and ranging along 
the light ray, that is along the spiral arm. 
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1961 BECTHHK JEHHHIPAXZCKOIO YHHBEPCHTETA 


KPATKHE HAYUHbIE COOBLUEHM A 


A. E. TeapmMan 


HEKOTOPbIE HEPABEHCTBA JIS OJHOPOJ.HbIX 
CHMMETPHYECKHX BbITTYKJIBIX ®YHKUMK 


Boluuciaa HeKuM KOIMPUUNeEHT B OAHOM JCMMe 3 TEOPHH AUMepeHiHabHbIX ypaB- 
HeHHH [1], Mbl 3aMeTHAM, UTO CBOHCTBa CHMMeTPHH, OJHOPpORHOCTH * HM BOrHyTOCTH (6e3 
KaKHX-JM60 WHBIX YCIOBHi) MeaawoT cbyHKuHnio F(x), x2, ..., X,) CPaBHHMOH CO CpeTHHM 
apH@MeTHYECKHM ee APryMeHTOB, a HMCHHO: 


X, + xXot... + X, 


: rte hen Meee 


PACS Xo, eee, 5) < 

Hwoxe w3naraeTca MOKa3aTeAbCTBO 3TOrO HepaBeHCcTBa UH Apyroro, Oau3KOrO K HeEMYV 

mo uyee. CreqcTBuemM 9THX TABYX H€PaBCHCTB ABIACTCH TEOPeMa 3, yCTaHaBJMBalwillaa (axt ; 
CpaBHHMOCTH 110601 OHOpOTHOK CHMMeTpHyHOH (pOpMbl CTeNeHH Mm C NOJOKHTCAbHbIMH 
KoaduuuentamMu C M-MU CTeCIMe€HAMH CpeWHerO TeOMeTPHYeCKOrO HW CpeWHero CTEMeCHHOTO 


Min (Xi) Xo) ».., X,) C@ aprymeutos. Teopema LIllypa (cm. [2], tT. 48) saBaaetca uacTHBIM | 
cayuaeM 9TOrO HepaBeHCTBa. 
Teopema 1. /7ycmp F (x,, Xo, ..., X,) —CuMmMempuNecKad BO2ZHYMAaA COHOPOOHAt 


PynKyun (NOKa3amMeAb’ OOHOPOOHOCMU paseH eOuHuYye). Toz20a 


pie Se 1 1) 


IPM E# gp Oy one) SGA < Pn 


Tox a3zaTeabcrTsBo. Ucnoap3ys MOCNEMOBaATeAbHO CBOLHCTBAa CHMMeTDHH, BOrHY~ 
TOCTH H OJHOPOTHOCTH, NOAYYMM 


n 
> ECAP 2s toe ee ee 
FR X65 ee) Eee 
n 
-F Myst Xe Pie sie Ala 8 tee iste Xe Ho ae = ee 
S SS ie eS aie PE a SE Tee ee OecG) > i. = ia a al => 
= n , n ’ ’ n 
Xt Xg ... x 
ae PL I, ce, 1: 
n 
Teopema 2. Iycmp F(x, X9, ..., Xn) — CuMMemputecKas .OOHOpOOHAA MyHKyUA, 
v(t) — cmpozo sospacmanwwan hyXKyuA, maka, 4mo PyYHKYUA ¢(¥y, Yo .-., 1 
= $F (e", e%, ..., e%n) suinyxaa. Tozda npu x;>0 (i=1,2,..., n) umeem mecmo 
HepaseHcmsbo 
n 
B(x, Kas |: 5) Kp) Maes aaa eee eee 
ILokasateabcrsBo. Vcnoabsya te xe coo6paxeHua, ITO B Teopeme 1, noayuum 
n ‘ (: 
» bF (e be evi ees ern, e1, eda, Ps evi+l) 
y , y [ = 
UF (e%, e%, .,., e 8) = t=! > 
n 
( Verse P O00 ai Se abate eas VtYot -.. + Ip 
> oF \e e ,e M. tra: a )- 
Yityat +--+, 7 
=e / eX Os 1 oeanelt 


* C mokasaTetemM ORHOPOAHOCTH, paBHBIM eAMHULEe. 
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Orciwona 
Vik Var ae Aye 
y 4 y 
FOB, eB) @ ie a GE ae | 
ollaraa y; = In x,;, nomyyum 
n 
1 ag Rem <P Vien Xover ey 
Teppema 3. /lycms P,, (x), X2, .-., X_) — cummempu4eckan OOHOpodHan dopma 


emeneHu m ¢ NOAOHCUMEAbHELMU KOSHGUYUeHMA uu. TO20a npuw x; > 0 umeem mecmo He- 
pasexcmso 


m 


hs ae eam ae a Carer cnge nates at 2a ee Nate tear ep ee 
m m m 
4 CG) enya ees 
Sey loc ee ; a 
n 
Hoxa3zateapbcrso, Paccmorpum (pyHKWHIO 
ea s 
m om m 
Die Versa Sn) Doe ga ei Yn J 
KOTOPad OOjanaeT CaeAyWIUMMU CBOHCTBaMU: 
a) P(y1, yo, ..-, Yn) CHMMeTpu4Ha x OMHOPOMHA (C MOKa3aTeAeM OAHOPOAHOCTH, paB- 
HbIM eJIMHHLe); 
6) ®(y;, Yo, ..., Yn) BOPHYTAa, TaK Kak aBaseTca CYMMOM BOFHYTHIX CJlaraeMbIX (akT 


BOPHYTOCTH KaxKQOro M3 CaraeMbix, MMCMOUHX BULL Any} yy. yin, pie” abe 0) ase Om 
+ Y2+---+%,=— 1, ussectren (cm. [2], 7. 10, 11 nan 40)); 


z 
B) byakuna In ® (e7, e”, |... e°) — ppinyxaa. 
AevctButeabHo, ynoTpe6iaa usBectHoe HE PaBeHCTBO 


n Pie rig. 
» abis Vs a; - De, 
i=1 


i=1 i=1 


WIM, YTO TO He CaMOe€, HePaBeHCTBO 


n te n : : 
DV el) Der VS Gre 0 ey 0), ee 
| i=1 


a 


noayuuM 
DV GiGi V ly 02, .0+> ¥ Ung) <3 Oy tn acs Ua) Dh, ve, 8) 2) 


(3a 4; H 8; B HepaBeHcTBe (1) MpHHaTHI caaraeMple, COCTaBAMIOMIMe COOTBETCTBEHHO 
Ms, Up, 2s y-8,) Hh O(V;, Uy, ..., Up)). 


D; q; 
JlorapHpMupys HepaseuctBo (2) u 3amenaa u; =e 4, v; =e 4, Oy 4M 


Dit Prt Qo ees 
abit 2 ce. 2 Men See ee < 
q 
=< + [In ® (e”!, 2, ..., 2°) 4+ In ®(e%, 0%, ..., 0”), 
? Ey fh Zn 
(TO ROKa3bIBaeT (hakT BbIMyKNOCTH yuKynn In O (e*, e”, ..., e *). 
Takum oOpasom, dyHKyua Py), yo, ..., Y_) YROBMeTBOpAeT. BCeM YCAOBMAM TeopeM 
| u 2, noTOMy ; 
ty 
OCU elie ty ia Vree Vim OP i Var ca Va) 
< ME Fe oi, 1, 01). (3) 


‘aMeHasd B (3) yj; = x!" uw y4uTbIBas, ¥TO 


ete ep lee a FY), 
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TOa.yYuHM 
Uke 
Py Vy ced D) Gay Ses ha S Pre Cae aoe) a 
xt x oe 
<P Al, J, 14) ee 
YTO H Tpe6oOBaNOCh NOKAaZaTb. 
Summary 


It is shown that every concave symmetric homogeneous function of the first ac® 
gree satisfies the unequality . 
Xy+xXet...+ % : 
F Gy Si Xn) = 


A generalization of the theorem of Shoor is also demonstrated. 
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